IDROMRY 41125,4) 
N.N. Chentzov 





ILM. Yaglom 


The 
USSR Olympiad 
Problem Book 


THE USSR OLYMPIAD PROBLEM BOOK 


A Series of Undergraduate Books in Mathematics 
R. A. ROSENBAUM, Editor 
Introduction to Matrices and Linear Transformations 

Daniel T. Finkbeiner, I 


Introduction to Probability and Statistics, 2nd Edition 
Henry L. Alder and Edward B. Roessler 


The USSR Olympiad Problem Book: Selected Problems and Theorems of 
Elementary Mathematics 
D. O. Shklarsky, N. N. Chentzov, 1. M. Yaglom 


GOLDEN GATE BOOKS 


A Concrete Approach to Abstract Algebra 
W. W. Sawyer 


A Modern View of Geometry 
Leonard M. Blumenthal 


Sets, Logic, and Axiomatic Theories 
Robert R. Stoll 


An Elementary Introduction to the Theory of Probability 
B. V. Gnedenko and A. Ya. Khincltin 


The Solution of Equations in Integers 
A. O. Gelfond 


The Real Number System in an Algebraic Setting 
J. B. Roberts 


D.O. SHKLARSKY 
N. N. CHENTZOV 
I. M. YAGLOM 


THE USSR OLYMPIAD 
PROBLEM BOOK 





Selected Problems and Theorems 
of Elementary Mathematics 


Revised and Edited by 
IRVING SUSSMAN, University of Santa Clara 


Translated by 
JOHN MAYKOVICH, University of Santa Clara 


W.H. FREEMAN AND COMPANY 





SAN FRANCISCO AND LONDON 


© Copyright 1962 by W. H. Freeman and Company 


The publisher reserves all rights to reproduce this 
book in whole or in part, with the exception of the 


right to use short quotations for review of the book. 


Printed in the United States of America 
Library of Congress Catalog Card Number: 61-15273 


FOREWORD TO THE 
THIRD (Russian) EDITION 





THis BOOK CONTAINS 320 unconventional problems in algebra, arithme- 
tic, elementary number theory, and trigonometry. Most of these 
problems first appeared in competitive examinations sponsored by the 
School Mathematical Society of the Moscow State University and in 
the Mathematical Olympiads held in Moscow. The book is designed 
for students having a mathematical background at the high school 
level;t very many of the problems are within reach of seventh and 
eighth grade students of outstanding ability. Solutions are given 
for all the problems. The solutions for the more difficult problems 
are especially detailed. 

The third (Russian) edition differs from the second chiefly in the 
elimination of errors detected in the second edition. Therefore, the 
preface to the second edition is retained. 


t The level of academic attainment referred to as ‘‘high school level’’ is the 
American ninth to twelfth grades. The USSR equivalent is seventh to tenth 
grades. This means that this material is introduced about two years earlier 
in the Russian schools. Since Russian children begin their first grade studies 
about a year later than do American children, the actual age disparity is not 
as much as two years [Editor]. 


PREFACE TO THE 
SECOND (Russian) EDITION 


THE PRESENT VOLUME, which constitutes the first part of a collection, 
contains 320 problems involving principally algebra and arithmetic, 
although several of the problems are of a type meant only to encourage 
the development of logical thought (see, for example, problems 1-8). 

The problems are grouped into twelve separate sections. The last 
four sections (Complex Numbers, Some Problems from Number Theory, 
Inequalities, Numerical Sequences and Series) contain important theo- 
retical material, and they may well serve as study topics for school 
mathematical societies or for the Society on Elementary Mathematics 
at the pedagogical institutes. In this respect the supplementary refer- 
ences given in various sections will also prove useful. All the other 
sections [especially Alterations of Digits in Integers and Solutions 
of Equations in Integers (Diophantine equations)] should yield material 
profitable for use in mathematics clubs and societies. 

Of the twelve sections, only four (Miscellaneous Problems in Algebra, 
Polynomial Algebra, Complex Numbers, Inequalities) concern algebra; 
the remaining sections deal with arithmetic and number theory. A 
special effort has been made to play down problems (particularly those 
in algebra) involving detailed manipulative matter. This was done 
to avoid duplicating material in the excellent Problem Book in Algebra, 
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by V. A. Kretchmar (Government Technical Publishing House, Moscow 
1950). On the other hand, an effort has been made to render much 
of the book attainable to eighth grade, and even seventh grade, 
students. 

More than three years have passed since the appearance of the first 
edition of this book. During this period the original authors received 
a great many written and oral communications with respect to it, 
and these have been seriously considered in the reworking of the 
material and in deciding which features were worth retaining and 
emphasizing and which aspects were weak. As a result, the book 
has undergone considerable revision. About sixty problems that were 
in the first edition have been omitted—some appeared to be too diffi- 
cult, or were insufficiently interesting, and others did not fit into 
the new structure of the book. Approximately 120 new problems have 
been added. The placing of each problem into a suitable section 
has been restudied; the sections have been repositioned; all the solu- 
tions have been reworked (several were replaced by simplified or 
better solutions); and alternative solutions have been provided for 
some of the problems. Hints have been given for every problem, 
and those problems which to the authors appear of greater difficulty 
have been starred(*). Sections 3,5,6,9, and 10 have undergone such 
significant changes that they may be considered as having been com- 
pletely rewritten. Sections 1, 2, 4, 7, and 11 have been revised radi- 
cally, and only Sections 8 and 12 have had relatively minor alterations. 

The first edition of the book was prepared by I. M. Yaglom in 
collaboration with G. M. Adelson-Vel’sky (who contributed the section 
on alteration of digits in integers and also a number of problems to 
other sections, particularly to the section on Diophantine equations). 
An important contribution was made to the first edition by E. E. 
Balash (who contributed the section on numerical sequences and series) 
and Y. I. Khorgin (who made the principal contribution to the section 
on inequalities). Solutions for other problems were written by various 
directors of the School Mathematical Society of the Moscow State 
University. About 20 problems were taken from manuscripts of the 
late D. O. Shklarsky. 

The rewriting of the book for the second edition was done by I. 
M. Yaglom, who made extensive use of the material of the first 
edition. 

In conclusion, the author wishes to thank A. M. Yaglom, whose 
advice was of invaluable assistance while the book was being written 
and who initiated the rewriting of the section on complex numbers. 
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The author is also indebted to the editor, A. Z. Rivkin, whose inde- 
fatigable labors on the first and second editions made possible many 
improvements, and to all the readers who made valuable suggestions, 
especially I. V. Volkova, L. I. Golovina, R. S. Guter, G. Lozanovsky, 
I. A. Laurya, Y. B. Rutitsky, A. S. Sokolin, and I. Y. Tanatar. 


I, M. Yaglon 


EDITOR’S FOREWORD TO THE 
ENGLISH EDITION 





One of the important facets of science education in the USSR has 
been their series of mathematical competitive examinations held for 
students of high ability in the secondary schools. Those contests, 
which are being emulated increasingly in our own educational system, 
culminate each year in the Soviet Union in their Mathematical 
Olympiads held at Moscow University, preliminary qualifying and 
elimination examinations having been held nationwide throughout the 
academic year. 

This book, compiled over a twenty-year period, is a collection of 
the most interesting and instructive problems posed at these compe- 
titions and in other examination centers of the USSR, plus additional 
problems and material developed for use by the School Mathematics 
Study Societies. Perhaps the greatest compliment which can be paid 
to the problems created for this purpose by leading Soviet mathema- 
ticians (or taken and adapted from the literature) has been the extent 
to which the problems have been used in our own contests and ex- 
aminations. 

Soviet students and teachers have had available in published form 
the problems, and their solutions, given in such examinations, but 
this material has not generally been available in the United States. 
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A few of these problems have been translated and published in such 
American journals as The American Mathematical Monthly of The 
Mathematical Association of America, and problems of similar scope 
appear as regular features of Several American journals. Except for 
some compilations from these sources, little exists by way of problems 
which deal with real and active mathematics instead of the fringe 
and recreational aspects of the science or with conventional textbook 
exercises. 

This translation and revision of the Third Revised and Augmented 
Edition of the Olympiad Problem Book should therefore fill a very 
definite need in American schools and colleges. It contains 320 
problems—a few of them merely recreational and thought-provoking, 
but most of them seriously engaged with solid and important 
mathematical theory, albeit the preparational background is assumed 
to be elementary. The problems are from algebra, arithmetic, 
trigonometry, and number theory, and all of them emphasize the 
creative aspects of these subjects. The material coordinates beauti- 
fully with the new concepts which are being emphasized in American 
schools, since the “unconventional” designation attributed to the 
problems by the original authors means that they stress originality 
of thought rather than mere manipulative ability and introduce the 
necessity for finding new methods of attack. 

In this respect I am reminded of the observation made by some 
forgotten character in some forgotten novel who opined that the 
ultimate test of an educative effort lay not nearly so much in what 
sort of questions the students could finally answer as in what sort 
of questions they could finally be asked! 

Complete solutions to all problems are given; in many cases, 
alternate solutions are detailed from different points of view. 
Although most of the problems presuppose only high school mathe- 
matics, they are not in any sense easy: some are of uncommon 
difficulty and will challenge the ingenuity of any research mathe- 
matician. On the other hand, many of the problems will yield readily 
to a normally bright high school student willing to use his head. 
Where more advanced concepts are employed, the concepts are dis- 
cussed in the section preceding the problems, which gives the volume 
the aspect of a textbook as well as a problem book. The solutions 
to more advanced problems are given in considerable detail. 

Hence this book can be put to use in a variety of ways for students 
of ability in high schools and colleges. In particular, it lends itself 
exceptionally well to use in the various Institutes for high school 
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mathematics teachers. It is certainly required reading for teachers 
dealing with the gifted student and advanced placement classes. It 
will furnish them with an invaluable fund for supplementary teaching 
material, for self-study, and for acquiring depth in elementary 
mathematics. 

Except for the elimination of the few misprints and errors found 
in the original, and some recasting of a few proofs which did not 
appear to jell when translated literally, the translation is a faithful 
one: it was felt that the volume would lose something by too much 
tampering. (For this reason the original foreword and preface have 
also been retained). Thus the temptation to radically alter or simplify 
any understandable solution was resisted (as, for example, in the 
sections on number theory and inequalities, where congruence 
arithmetic would certainly have supplied some neater and more direct 
proofs). Some notations which differ in minor respects from the 
standard American notations have been retained (as, for example, 
Cx instead of Cz). These will cause no difficulty. 

All references made in the text to books not available in English 
translation have been retained; no one can know when translations 
of some of those volumes will appear. Whenever an English trans- 
lation was known to exist, the translated edition is referred to. 

The translation was made from the Third (Russian) Edition of 
Selected Problems and Theorems of Elementary Mathematics, which 
is the title under which the original volume appeared in the Soviet 
Union. Mr. John Maykovich, instructor at the University of Santa 
Clara, was the translator, and he was assisted by Mrs. Alvin (Myra) 
White, who translated fifty pages. The writing out, revising, editing, 
annotating, and checking against the original Russian were by my 
own hand. 

Thanks are due the following persons for their assistance in reading 
portions of the translation, pointing out errors, and making valuable 
suggestions: Professor George Polya of Stanford University,t Professor 
Abraham Hillman of the University of Santa Clara, and Professor 
Robert Rosenbaum of Wesleyan University. 

I shall be very grateful to readers who are kind enough to point 
out errors, misprints, misleading statements of problems, and in- 
correct or obscure proofs found in this edition. 


January 1962 Irving Sussman 


t I would also like to call attention to Professor Polya’s new book Mathe- 
matical Discovery (Wiley) which contains elementary problems and valuable 
textual discussion of approaches to, and techniques of, problem solving. 
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FROM THE AUTHORS 


THE THREE VOLUMES that make up the present collection of problems 
are the commencement of a series of books based on material 
gathered by the School Mathematics Society of the Moscow State 
University over a twenty-year period. The text consists of problems 
and theorems, most of which have been presented during meetings 
of the various sections of the School Mathematical Society of the 
M.S.U. as well as in the Mathematical Olympiads held in Moscow. 
(The numbers of the problems given in the Olympiads are listed on 
p. 5). 

These volumes are directed to students, teachers, and directors of 
school mathematical societies and societies on elementary mathematics 
of the pedagogical institutes. The first volume (Part I) contains 
problems in arithmetic, algebra, and number theory. The second 
volume is devoted to problems in plane geometry, and the third to 
problems in solid geometry. 

In contrast to the majority of problem books intended for high 
school students, these books are designed not only to reinforce the 
student’s formal knowledge, but also to acquaint him with methods 
and ideas new to him and to develop his predilection for, and ability 
in, original thinking. Here, there are few problems whose solutions 
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require mere formal mastery of school mathematics. Also, there are 
few problems intended for the superficially “clever” or adroit student 
—that is, problems involving artificial methods for solving equations 
or systems of equations of higher degree. On the other hand, these 
books do contain many problems demanding originality and non- 
standardized formulations. 

In the selection of problems, emphasis has been given to those 
aspects of elementary mathematics which are pertinent to contempo- 
rary mathematical developments and new directions. Several groups 
of problems are worked out in detail in the section on answers and 
hints, especially when individual problems involve more mature 
mathematics (for instance, elementary number theory and inequalli- 
ties). Some of the problems have been taken from classics of the 
mathematical literature and from articles published in recent mathe- 
matical journals. 

In view of the unconventional nature of the problems, they may 
prove difficult for students accustomed to conventional high school 
exercises. Nevertheless, the School Mathematical Society of the 
M.S.U. and the directors of the Moscow Mathematical Olympiads 
believe that such problems are not beyond the persevering student. 

It is recommended that the suggestions for using this book be read 
before the problems are undertaken. 

Parts I and II of this work were compiled by I. M. Yaglom, and Part 
III was done principally by N. N. Chentzov. In addition to the listed 
authors, many directors of the School Mathematical Society of the 
M.S.U. contributed; their names are listed in the Preface to each 
volume. Some forty problems were taken from the manuscripts of 
D. O. Shklarsky, who worked with the School Mathematical Society 
from 1936 to 1941, and who was killed in action on the military front 
in 1942. In view of the very great influence which D. O. Shklarsky 
exerted through his work with the Society, and in particular upon 
the contents of this volume, it is appropriate to place his name first 
in authorship of it. 

The authors will be grateful to readers who send them new, and 
possibly better, solutions to the problems or new problems suitable 
for inclusion in such a book as this. 


SUGGESTIONS FOR USING THIS BOOK 


THIS BOOK cONTAINS (1) statements of problems, (2) solutions, (3) 
answers and hints for solving the problems. For more effective use 
of the book, the answers and hints appear at the end. 

The starred problems are more difficult, in the opinion of the 
authors, than the others; the few double-starred problems are the 
most difficult. (Naturally, there will be differences of opinion as to 
which problems are more difficult than others.) 

For most of the problems the authors recommend that the reader first 
attempt a solution without recourse to the hints. If this attempt is 
unsuccesful, the hint can be referred to, which should aid in arriving 
at a solution. If, then, the reader cannot solve a problem, he can (of 
course) read the solution; but if he appears to be successful in find- 
ing a solution, he should compare his answer with that given in the 
answers and hints section. If his answer disagrees with that given, 
he should try to determine his possible mistake and correct it. If 
the answers agree, he should compare his solution with that given 
in the solutions section. If several solutions are given in the answers 
section, the reader will profit by comparing the various solutions. 

These suggestions are perhaps not as pertinent to the starred prob- 
lems as they are to the others. For the starred problems it might 
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prove advisable for the reader to read the hint before attempting the 
problem. For the double-starred problems it is recommended that 
the hints be consulted first. These problems may profitably be con- 
sidered as theoretical developments and their solutions read as textual 
material. Also, each of the double-starred problems might be con- 
sidered as a topic for a special report, or paper, to be given before 
a mathematics club. Before attempting one of the more difficult 
problems, the reader should solve and analyze the simpler neighboring 
problems. 

Some solutions involve techniques not ordinarily found in the high 
school curriculum. With each such problem this information is given 
in small type. 

The problems are, in general, independent of each other; only 
rarely does the solution of one problem involve the results of another. 
Some exception is made in the final four sections, where the prob- 
lems are more closely allied. 


NUMERICAL REFERENCE TO THE 
PROBLEMS GIVEN IN THE 
MOSCOW MATHEMATICAL OLYMPIADS 


THE OLYMPIAD MATHEMATICAL COMPETITION for seventh to tenth grade 
students consists of two examinations. The first (Type I question) 
is for elimination purposes; the second (Type II question) is for the 
finalists. 


Olympiads Type I Type II ~ 
For 7th -8th Grade Students 
VI (1940) 48 110(a) 
VII (1941) 75 68, 208 
VIII (1945) 64(a), 110(b), 152(a) 78(b), 83 
IX (1946) 76, 198 30, 125 
X (1947) 71(a), 201(a) 5, 91(a), 140 
XI (1948) 122 — 
XII (1949) 39 9, 11, 92(b), 117(a) 
XIII (1950) { — 141(a) 
XIV (1951) 7(b)! 203 
XV (1952) 8, 542 75 
For 9th-10th Grade Students 
I (1935) — 134(d), 176 
II (1936) — 56 
V (1939) 168 43. 165, 217 
VI (1940) 80, 113 81, 144, 269(b) 
VII (1941) 75, 172, 177(a), 214 209 
VIII (1945) 33, 64(b), 173 195 
IX (1946) 29, 131, 192(a) 95, 126 
X (1947) 71(b), 197, 200 10, 91(c) 
XI (1948) 190(a) 124(a) 
XII (1949) 169 9, 11, 88, 117(b) 
XIII (1950) 82, 171 90(b) 
XIV (1951) 7(b) 
XV_ (1952) 1933 1943 





! For sixty teams. 
2 Problems given to eighth to ninth grade students. 
3 Problems given only to tenth grade students. 


INTRODUCTORY PROBLEMS 


1. Every living person has shaken hands with a certain number 
of other persons. Prove that a count of the number of people who 
have shaken hands an odd number of times must yield an even 
number. 

2. In chess, is it possible for the knight to go (by allowable moves) 
from the lower left-hand corner of the board to the upper right-hand 
corner and in the process to light exactly once on each square? 











— 
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Figure 1 


3. (a) WN rings having different outer diameters are slipped onto 
an upright peg, the largest ring on the bottom, to form a pyramid 
(Figure 1). We wish to transfer all the rings, one at a time, to a 
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second peg, but we have a third (auxiliary) peg at our disposal. 
During the transfers it is not permitted to place a larger ring on a 
smaller one. What is the smallest number, &, of moves necessary 
to complete the transfer to peg number 2?t 

(b)* A brain-teaser called the game of Chinese Rings is con- 
structed as follows: 1 rings of the same size are each connected to 
a plate by a series of wires, all of which are the same length (see 
Figure 2). A thin, doubled rod is slipped through the rings in such 
a way that all the wires are inside the U-opening of the rod. (The 
wires are free to slide in holes in the plate, as shown.) The problem 
consists of removing all the rings from the rod. What is the least 
number of moves necessary to do this? 





Figure 2 


4. (a) We are given 80 coins of the same denomination; we know 
that one of them is counterfeit and that it is lighter than the others. 
Locate the counterfeit coin by using four weighings on a pan balance. 

(b) It is known that there is one counterfeit coin in a collec- 
tion of similar coins. What is the least number of weight trials 
necessary to identify the counterfeit? 


5. Twenty metal blocks are of the same size and external ap- 
pearance; some are aluminum, and the rest are duraluminum, which 
is heavier. Using at most eleven weighings on a pan balance, how 
can we determine how many blocks are aluminum? 


6. (a)* Among twelve similar coins there is one counterfeit. It 
is not known whether the counterfeit coin is lighter or heavier than 
a genuine one (all genuine coins weigh the same). Using three 
weighings on a pan balance, how can the counterfeit be identified 
and in the process determined to be lighter or heavier than a genuine 


coin? 





t This is sometimes referred to as the Tower of Hanoi problem [£ditor]. 
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(b)** There is one counterfeit coin among 1000 similar coins. 
It is not known whether the counterfeit coin is lighter or heavier 
than a genuine one. What is the least number of weighings, on a 
pan balance, necessary to locate the counterfeit and to determine 
whether it is light or heavy? 


Remark: Using the conditions of problem (a) it is possible to locate, in three 
weighings, one counterfeit out of thirteen coins, but we cannnot determine 
whether it is light or heavy. For fourteen coins, four weighings are necessary. 

It would be interesting to determine the least number of weighings necessary 
to locate one counterfeit out of 1000 coins if we are relieved of the necessity 
of determining whether it is light or heavy. 


7. (a) A traveler having no money, but owning a gold chain 
having seven links, is accepted at an inn on the condition that he 
pay one link per day for his stay. If the traveler is to pay daily, 
but may take change in the form of links previously paid, and if he 
remains seven days, what is the least number of links that must be 
cut out of the chain? (Note: A link may be taken from any part 
of the chain.) 

(b) A chain consists of 2000 links. What is the least number 
of links that must be disengaged from the chain in order that any 
specified number of links, from 1 to 2000, may be gathered together 
from the parts of the chain thus formed? 


8. Two-hundred students are positioned in 10 rows, each containing 
20 students. From each of the 20 columns thus formed the shortest 
student is selected, and the tallest of these 20 (short) students is 
tagged A. These students now return to their initial places. Next 
the tallest student in each row is selected, and from these 10 (tall) 
students the shortest is tagged B. Which of the two tagged students 
is the taller (if they are different people)? 


9. Given thirteen gears, each weighing an integral number of 
grams. It is known that any twelve of them may be placed on a 
pan balance, six on each pan, in such a way that the scale will be 
in equilibrium. Prove that all the gears must be of equal weight. 

10. Refer to the following number triangle. 
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Each number is the sum of three numbers of the previous row: the 
number immediately above it and the numbers immediately to the 
right and left of that one. If no number appears in one or more of 
these locations, the number zero is used. Prove that every row, 
beginning with the third row, contains at least one even number. 


11. Twelve squares are laid out in a circular pattern [as on the 
circumference of acircle]. Four different colored chips, red, yellow, 
green, blue, are placed on four consecutive squares. A chip may be 
moved in either a clockwise or a counterclockwise direction over four 
other squares to a fifth square, provided that the fifth square is not 
occupied by achip. After acertain number of moves the same four 
squares will again be occupied by chips. How many permutations 
(rearrangements) of the four chips are possible as a result of this 
process? 


12. An island is inhabited by five men and a pet monkey. One 
afternoon the men gathered a large pile of coconuts, which they 
proposed to divide equally among themselves the next morning. 
During the night one of the men awoke and decided to help himself 
to his share of the nuts. In dividing them into five equal parts he 
found that there was one nut left over. This one he gave to the 
monkey. He then hid his one-fifth share, leaving the rest in a single 
pile. Later during the night another man awoke with the same idea 
in mind. He went to the pile, divided it into five equal parts, and 
found that there was one coconut left over. This he gave to the 
monkey, and then he hid his one-fifth share, restoring the rest to 
one pile. During the same night each of the other three men arose, 
one at a time, and in ignorance of what had happened previously, 
went to the pile, and followed the same procedure. Each time one 
coconut was left over, and it was given to the monkey. The next 
morning all five men went to the diminished nut pile and divided it 
into five equal parts, finding that one nut remained over. What is 
the least number of coconuts the original pile could have contained? 


13. Two brothers sold a herd of sheep which they owned. For 
each sheep they received as many rubles as the number of sheep 
originally in the herd. The money was then divided in the follow- 
ing manner. First, the older brother took ten rubles, then the 
younger brother took ten rubles, after which the older brother took 
another ten rubles, and soon. At the end of the division the younger 
brother, whose turn it was, found that there were fewer than ten 


10 Introductory Problems 


rubles left, so he took what remained. To make the division just, 
the older brother gave the younger his penknife. How much was 
the penknife worth? 

14.* (a) On which of the two days of the week, Saturday or Sun- 


day, does New Year’s Day fall more often? 
(b) On which day of the week does the thirtieth of the 


month most often fall? 


yes 


ALTERATIONS OF DIGITS IN INTEGERS 


15. Which integers have the following property? If the final digit 
is deleted, the integer is divisible by the new number. 


16. (a) Find all integers with initial digit 6 which have the fol- 
lowing property, that if this initial digit is deleted, the resulting 
number is reduced to 3 its original value. 

(b) Prove that there does not exist any integer with the pro- 
perty that if its first digit is deleted, the resulting number is 3); the 
original number. 


17.* An integer is reduced to 3 its value when a certain one of 
its digits is deleted, and the resulting number is again divisible by 9. 
(a) Prove that division of this resulting integer by 9 results 

in deleting an additional digit. 
(b) Find all integers satisfying the conditions of the problem. 


18. (a) Find all integers having the property that when the third 
digit is deleted the resulting number divides the original one. 
(b)* Find all integers with the property that when the second 
digit is deleted the resulting number divides the original one. 


19. (a) Find the smallest integer whose first digit is 1 and which 
I] 
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has the property that if this digit is transferred to the end of the 
number the number is tripled. Find all such integers. 

(b) With what digits is it possible to begin a (nonzero) integer 
such that the integer will be tripled upon the transfer of the initial 
digit to the end? Find all such integers. 


20. Prove that there does not exist a natural number which, upon 
transfer of its initial digit to the end, is increased five, six, or eight 
times, 


21. Prove that there does not exist an integer which is doubled 
when the initial digit is transferred to the end. 


22. (a) Prove that there does not exist an integer which becomes 
either seven times or nine times as great when the initial digit is 
transferred to the end. 

(b) Prove that no integer becomes four times as great when its 
initial digit is transferred to the end. 


23. Find the least integer whose first digit is seven and which is 
reduced to 4 its original value when its first digit is tranferred to 
the end. Find all such integers. 


24. (a) We say one integer is the “inversion” of another if it 
consists of the same digits written in reverse order. Prove that there 
exists no natural number whose inversion is two, three, five, seven, 
or eight times that number. 

(b) Find all integers whose inversions are four or nine times 
the original number. 


25. (a) Find a six-digit number which is multiplied by a factor 
of 6 if the final three digits are removed and placed (without changing 
their order) at the beginning. 

(b) Prove that there cannot exist an eight-digit number which 
is increased by a factor of 6 when the final four digits are removed 
and placed (without changing their order) at the beginning. 


26. Find a six-digit number whose product by 2, 3, 4,5, or 6 con- 
tains the same digits as did the original number (in different order, 
of course). 


THE DIVISIBILITY OF INTEGERS 


27. Prove that for every integer x: 
(a) 2?— xn is divisible by 3; 
(b) 2° — 2 is divisible by 5; 
(c) n’—~n is divisible by 7; 
(d) n'!' —n is divisible by 11; 
(e) n'*—n is divisible by 13. 


Note: Observe that n2—m is not necessarily divisible by 9 (for example, 
22 — 2 = 510 is not divisible by 9). 
Problems (a-e) are special cases of a general theorem; see problem 240. 


28. Prove the following: 
(a) 38" — 28 is divisible by 35, for every positive integer n; 
(b) n’ —5n*+ 4n is divisible by 120, for every integer n; 
(c)* for all integers m and n, mn(m® — n*°) is divisible by the 
number 56,786,730. 


29. Prove that #2? + 37+ 5 is never divisible by 121 for any posi- 


t For a discussion of the general concepts involved in the solution of the 
majority of the problems in this section, see the book by B. B. Dynkin and V. 
A. Uspensky, Mathematical Conversations, Issue 6, Section 2, ‘‘Problems in 
Number Theory,’’ Library of the USSR Mathematical Society. 
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tive integer n. 
30. Prove that the expression 
m> + 3m'‘n — 55min? — lom*n? + 4mn* + 12n5 
cannot have the value 33, regardless of what integers are substituted 
for m and n. 


31. What remainders can result when the 100th power of an integer 
is divided by 125? 


32. Prove that if an integer 2 is relatively prime to 10, the 101st 
power of ” ends with the same three digits as does 2. (For example, 
1233/9! ends with the digits 233, and 37!" ends with the digits 037.) 


33. Find a three-digit number all of whose integral powers end 
with the same three digits as does the original number. 


34. Let N be an even number not divisible by 10. What digit 
will be in the tens place of the number N®, and what digit will be 
in the hundreds place of N*°? 


35. Prove that the sum 
e+ 2k + 34+ --- +n", 
where » is an arbitrary integer and & is odd, is divisible by 1 + 2 + 
Sess +N. 
36. Give a criterion that a number be divisible by 11. 


37. The number 123456789(10)(11)(12)(13)(14) is written in the base 
15—that is, the number is equal (in the base 10) to 


14 + (13)-15 + (12)-15? + (11)-153 + --- 4+ 2-159? + 15". 
What is the remainder upon dividing the number by 7? 


38. Prove that 1, 3, and 9 are the only numbers K having the 
property that if K divides a number N, it also divides every number 
obtained by permuting the digits of N. (For K =1, the condition 
given is trivial; for K = 3, or 9, the condition follows from the well- 
known fact that a number is divisible by 3, or 9, if and only if the 
sum of its digits is divisible by 3, or 9.) 


39. Prove that 27,195* — 10,8878 + 10,152® is exactly divisible by 
26,460. 


40. Prove that 11!°—1 is divisible by 100. 
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41. Prove that 22225555 + 55552??? is divisible by 7. 


42. Prove thas a number consisting of 3” identical digits is di- 
visible by 3%. (For example, the number 222 is divisible by 3, the 
number 777,777,777, is divisible by 9, and so on). 


43. Find the remainder upon dividing the following number by 7: 
LQ! 4 LOO) pe see pe TONY 


44, (a) Find the final digit of the numbers 9° and 2%, 
(b) Find the final two digits of the numbers 2° and 3%, 
(c)* Find the final two digits of the number 14“4", 


45. (a) What is the final digit of the number 
Con CE 


(where the 7th power is taken 1000 times)? What are the final two 
digits? 
(b) What is the final digit of the number 


G™) 
(.) 


which contains 1001 sevens, as does the number given in problem 
(a), but with the exponents used differently? What are the final two 
digits of this number? 


46.* Determine the final five digits of the number 
( (0) ) 
Nag ee. 
which contains 1001 nines, positioned as shown. 
47.* Find the last 1000 digits of the number 
N=1+4 50 + 50? + 50° + --- + 509% . 


48. How many zeros terminate the number which is the product 
of all the integers from 1 to 100, inclusive? 
Here we may use the following well-known notation: 
1-2-3-4---(n —1)-n=n! 
(called factorial »). The problem can then be stated more succinctly: How 


many zeros are at the end of 100!? 


49. (a) Prove that the product of ” consecutive integers is divisi- 
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ble by n!, 
(b) Prove that if @a+5+---+k Sn, then the fraction 


n! 
a\b\---k! 
is an integer. 
(c) Prove that (m!)! is divisible by m!*-!, 
(d)* Prove that the product of the » integers of an arithmetic 
progression of m terms, where the common difference is relatively 
prime to n!, is divisible by z!. 


Note: Problem 49 (d) is a generalization of 49 (a). 


50. Is the number, Cito, of combinations of 1000 elements, taken 
500 at a time, divisible by 7?t 


51. (a) Find all numbers ~ between 1 and 100 having the property 
that (z — 1)! is not divisible by x. 
(b) Find all numbers » between 1 and 100 having the property 
that (x — 1)! is not divisible by n?. 


52.* Find all integers » which are divisible by all integers not 
exceeding Un. 


53. (a) Prove that the sum of the squares of five consecutive 
integers cannot be the square of any integer. 
(b) Prove that the sum of even powers of three consecutive 
numbers cannot be an even power of any integer. 
(c) Prove that the sum of the same even power of nine con- 
secutive integers, the first of which exceeds 1, cannot be any integral 
power of any integer. 


54. (a) Let A and B be two distinct seven-digit numbers, each 
of which contains all the digits from 1 to 7. Prove that A is not 
divisible by B. 

(b) Using all the digits from 1 to 9, make up three, three- 
digit numbers which are related in the ratio 1:2:3. 


55. Which integers can have squares that end with four identical 
digits? 


56. Prove that if two adjacent sides of a rectangle and its diagonal 
can be expressed in integers, then the area of the rectangle is divi- 


t More ‘‘standard”’ notations for this are C(1000, 500) or C300? or (‘g09). How- 
ever, retention of the notation used in the original will cause no difficulty [ Editor). 
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sible by 12. 
57. Prove that if all the coefficients of the quadratic equation 
ax?+bx+c=0 
are odd integers, then the roots of the equation cannot be rational. 


58. Prove that if the sum of the fractions 
1 1 1 


n tay ed 


(where » is a positive integer) is put in decimal form, it forms a 
nonterminating decimal of deferred periodicity.' 





59. Prove that the following numbers (where m and n are natural 
numbers) cannot be integers: 











] 1 1 
M=— == 5 ass 
(a) 9 +3 t arr 
1 1 1 
b N= — . 
(b) oo ee n+m 
2A 1 1 
(c) a wea ere 


60.** (a) Prove that if p is a prime number greater than 3, then 
the numerator of the (reduced) fraction 


1 1 ‘| 
Wee tee le, ahs ee 
rae a ee 
is divisible by p?. For example, 


aaa aaa aaa 
the numerator of which is 5’. 
(b) Prove that if p is a prime number exceeding 3, then the 
numerator of the (reduced) fraction which is the sum 
1 1 1 


pee pene are SR ee oe 
a ee SST 


is divisible by p. For example, 


t Deferred periodicity means that the periodic portion is preceded by one or 
more nonrepeating digits. The criterion is whether the denominator of the 
(reduced) fraction has a common factor with 10 [Editor]. 
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1 1 3 205 
2? 3? 42 «144 
has a numerator which is divisible by 5. 
61. Prove that the expression 


a> + 2a 
a4+3a+1’ 
where a is any positive integer, is a fraction in lowest terms. 
62.* Let ai, ad, -+-,an be m distinct integers. Show that the product 
of all the fractions of form roars 
63. Prove that all numbers made up as follows, 


10001, 100010001, 1000100010001, --- 


, where 22k > 1, is an integer. 


(three zeros between the ones), are composite numbers. 
64. (a) Divide a'?* — d'* by 
(a + b\a@ + bat + b*y\(a> + b8\(a'® + b'*)(a? + b*)(a5* + 5%) . 
(b) Divide a?**! — b*** by 
(a + ba? + Bat + b*\(a® + 5%). - (a! + Ba + By). 


65. Prove that any two numbers of the following sequence are 
relatively prime: 


2+1, 2+1, 241, 241, 2641, ---, 2"41, > 


Remark: The result obtained here proves that there is an infinite number 
of primes (see also problems 159 and 253). 


66. Prove that if one of the numbers 2*—1 and 2"+ 1 is prime, 
where > 2, then the other number is composite. 


67. (a) Prove that if p and 8p-— 1 are both prime, then 8p +1 
is composite. 
(b) Prove that if p and 8p? +1 are both prime, then 8p? — 1 
is also prime. 


68. Prove that the square of every prime number greater than 3 
yields a remainder of 1 when divided by 12. 


69. Prove that if three prime numbers, all greater than 3, form 
an arithmetic progression, then the common difference of the progres- 
sion is divisible by 6. 
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70.* (a) Ten primes, each less than 3000, form an arithmetic pro- 
gression. Find these prime numbers. 
(b) Prove that there do not exist eleven primes, all less than 
20,000, which can form an arithmetic progression. 


71. (a) Prove that, given five consecutive positive integers, it is 

always possible to find one which is relatively prime to all the rest. 

(b) Prove that among sixteen consecutive integers it is always 
possible to find one which is relatively prime to all the rest. 


SOME PROBLEMS FROM ARITHMETIC 


72. The integer A consists of 666 threes, and the integer B has 
666 sixes. What digits appear in the product A- 8B? 


73. What quotient and what remainder are obtained when the 
number consisting of 1001 sevens is divided by the number 1001? 


74. Find the least square which commences with six twos. 


75. Prove that if the number @ is given by the decimal 0.999..., 
where there are at least 100 nines, then a@ also has 100 nines at 
the beginning. 


76. Adjoin to the digits 523... three more digits such that the 
resulting six-digit number is divisible by 7, 8, and 9. 


77. Find a four-digit number which, on division by 131, yields 
a remainder of 112, and on division by 132 yields a remainder of 98. 


78. (a) Prove that the sum of all the m-digit integers ( > 2) is 
equal to 
49499-- -95500---0. 


(n — 3) nines (mw — 2) zeros 


(For example, the sum of all three-digit numbers is equal to 494,550, 
20 
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and the sum of all six-digit numbers is 494,999,550,000.) 

(b) Find the sum of all the four-digit even numbers which 
can be written using 0,1, 2,3,4,5 (and where digits can be repeated 
in a number). 


79. How many of each of the ten digits are needed in order to 
write out all the integers from 1 to 100,000,000 inclusive? 


80. All the integers beginning with 1 are written successively 
(that is, 1234567891011121314---). What digit occupies the 206,788th 
position? 


81. Does the number 0.1234567891011121314---, which is obtained 
by writing successively all the integers, represent a rational number 
(that is, 1S it a periodic decimal)? 


82. We are given 27 weights which weigh, respectively, 1?, 2?, 3%, 
---,27? units. Group these weights into three sets of equal weight. 


83. A regular polygon is cut from a piece of cardboard. A pin 
is put through the center to serve as an axis about which the polygon 
can revolve. Find the least number of sides which the polygon can 
have in order that revolution through an angle of 253 degrees will 
put it into coincidence with its original position. 


84. Using all the digits from 1 to 9, make up three, three-digit 
numbers such that their product will be: 
(a) least; (b) greatest. 


85. The sum of a certain number of consecutive positive integers 
is 1000. Find these integers. 


86. (a) Prove that any number which is not a power of 2 can be 
represented as the sum of at least two consecutive positive integers, 
but that such a representation is impossible for powers of 2. 

(b) Prove that any composite odd number can be represented 
as a sum of some number of consecutive odd numbers, but that no 
prime number can be represented in this form. Which even numbers 
can be represented as the sum of consecutive odd numbers? 

(c) Prove that every power of a natural number » (” > 1) can 
be represented as the sum of » positive odd numbers. 


87. Prove that the product of four consecutive integers is one less 
than a perfect square. 


88. Given 4n positive integers such that if any four distinct integers 
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are taken, it is possible to forma proportion from them. Prove that 
at least x of the given numbers are identical. 


89.* Take four arbitrary natural numbers, A, B,C, and D. Prove 
that if we use them to find the four numbers A,, B,,C,, and D,, 
which are equal, respectively, to the differences between A and B, 
Band C, C and D, D and A (taking the positive difference each 
time), and then we repeat this process with A,, B,,C, and D, to ob- 
tain four other numbers A:, B2,C:, and D,, and so on, we eventually 


must obtain four zeros. 
For example, if we begin with the numbers 32, 1, 110, 7, we obtain the fol- 
lowing pattern: 


32, is 110, 7, 
31, 109, 103, 25, 
78, 6, 78, 6, 
72 72, 72, 72, 

0, 0, 0, 0 


90.* (a) Rearrange the integers from 1 to 100 in such an order 
that no eleven of them appear in the rearrangement (adjacently or 
otherwise) in either ascending or descending order. 

(b) Prove that no matter what rearrangement is made with 
the integers from 1 to 101 it will always be possible to choose eleven 
of them which appear (adjacently or otherwise) in the arrangement 
in either an ascending or a descending order. 


91. (a) From the first 200 natural numbers, 101 of them are 
arbitrarily chosen. Prove that among the numbers chosen there exists 
a pair of numbers such that one of them is divisible by the other. 

(b) From the first 200 natural numbers select a set of 100 
numbers such that no one of them is divisible by any other. 

(c) Prove that if one of 100 numbers taken from the first 200 
natural numbers is less than 16, then one of those 100 numbers is 
divisible by another. 


92. (a) Prove that, given any 52 integers, there exist two of them 
whose sum, or else whose difference, is divisible by 100. 
(b) Prove that out of any 100 integers, none divisible by 100, 
it is always possible to find two or more integers whose sum is 
divisible by 100. 


93.* A chess master who has eleven weeks to prepare for a 
tournament decides to play at least one game every day, but in order 
not to tire himself he agrees to play not more than twelve games 


Problems (89-98) 23 


during any one week. Prove that there exists a succession of days 
during which the master will have played exactly twenty games. 


94. Let N be an arbitrary natural number. Prove that there ex- 
ists a multiple of N which contains only the digits 0 and 1. Moreover, 
if N is relatively prime to 10 (that is, is not divisible by 2 or 5), 
then some multiple of N consists entirely of ones. (If N is not 
relatively prime to 10, then, of course, there exists no number of form 
11 ---1 which is divisible by N.) 

95." Given the sequence of numbers 


OV Ty Zion Oy Lovely 345 DOR OO, 9% Hy 


where each number, beginning with the third, is the sum of the two 
preceding numbers (this is called a Fibonacci sequence). Does there 
exist, among the first 100,000,001 numbers of this sequence, a num- 
ber terminating with four zeros? 


96.* Let @ be an arbitrary irrational number. Clearly, no matter 
which integer ” is chosen, the fraction taken from the sequence 


ue =0 ees et , --+, and which is closest to a, differs from @ 


n "no n’'’ Rn 
by no more than half of 1/z. Prove that there exist ”’s such that 


the fraction closest to a differs from @ by not more than 0.001(~-). 


97. Let m and x be two relatively prime natural numbers. Prove 
that if the m + n-— 2 fractions 





m+n 2m + n) 3(m + n) . (m — 1)(m+n) 
m , m ? m > , m ’ 

m+t+n 2m + n) 3(m + n) 3 (n —1)\(m +n) 
no! n ; n ; ‘ n 


are points on the real-number axis, then precisely one of these 
fractions lies inside each one of the intervals (1, 2), (2, 3), (3,4), --:, 
(m+n—2,m+n-—1) (see Figure 3, in which m = 3, n = 4). 


7 7 
@ I 4 
0 1 Z 3 4 5 6 7 


Figure 3 


98.* Let 41, @2,@3,°--,@, be m natural numbers, each less than 
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1000, but where the least common multiple of any two of the numbers 
exceeds 1000. Prove that the sum of the reciprocals of these numbers 
is less than 2. 


99.* The fraction g/p, where p # 5 is an odd prime, is expanded 
as a (periodic) decimal fraction. Prove that if the number of digits 
appearing in the period of the decimal is even, then the arithmetic 
mean of these digits is 9/2 (that is, coincides with the arithrnetic 
mean of the digits 0,1,2,---,9 (this shows that the “greater” and 
the “lesser” digits of the period appear “equally often”). If the number 
of digits in the period is odd, then the arithmetic mean of these 
digits is different from 9/2. 


100.* Prove that if the numbers of the following sequence are 
written as decimals, 


Gi Ge Bs Gn 
pp’ pr?’ pre? 
(where p is a prime different from 2 or 5, and where dq, 4@2,---,d@n 


are all relatively prime to pf), then some (perhaps only one) of the 
first few decimal fractions may contain the same number of digits 
in their periods, but the subsequent decimal fractions of the sequence 
will all have p times as many digits in their periods as has the 
preceding term. 

For example: }4=0.3; 4=0.4, 49 = 0.370; 8% = 0.987654320; 419 
has 27 digits in its period; $§3 has 81 digits in its period; and so on. 

Remark: By ‘‘the greatest integer in z’’ we shall mean the greatest integer 
not exceeding x (that is, to the left of x on the number axis if x is not a whole 
number). This concept will be designated by the use of brackets, that is, by 
writing [2]. For example: [2.5] = 2, [2] = 2, [—2.5] = —3. 


101. Prove the following properties of the greatest integer in a 
number. 
(1) [x+y] 2 [x] +Iy)- 


(2) [| = [=| , where ” is an integer. 


n 





(3) xl +[x+--|+ tee +[*+ maT | = tnx] 


102.* Prove that if p and q are relatively prime natural numbers, 
then 
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eles ak ae Pepe | ae 
=($]+ | ]+[E4] +--+ [454 ]-S 4. 


103. (a) Prove that 


iththte+h=[F]4+[F]4[F]+-- sear 
1 2 3 n 


where ?¢, is the number of divisors of the natural number z. [Nofte: 
1 and » are always counted as divisors.] 
(b) Prove that 


st st spt: +s=[4]+45]+44]+ ve eae 
1 2 3 n 


where Ss, is the sum of the divisors of the integer 2. 


104. Does there exist a natural number x” such that the fractional 
part of the number (24+ // 2 )*, that is, the difference 


(24+V2)—-[(24+V2)], 
exceeds 0.999999? 


105.* (a) Prove that for any natural number z, the integer 
[(2+VV3 )*] is odd. 
(b) Find the highest power of 2 which divides the integer 
(1 +V3)]. 
106. Prove that if ~ is an odd prime, it divides the difference 
[(2 + V5) — Qpti 


107.* Prove that if p is a prime number, the difference 


is divisible by p. (Ci is the number of combinations of elements 
taken p at a time, where % is a natural number not less than p.) 


For example, 


s _ 11-10-9-8-7 _ 
Cu = 1-2-3-4-5 = 902) 


5 ru 
ch [> ]= 462-2, 


which is divisible by 5. 
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108.* Prove that if the positive numbers a@ and £ have the property 
that among the numbers 


[a], [2a], [3a], ees [8], [28], [38], tan 


every natural number appears exactly once, then a@ and 8 are ir- 
rational numbers such that l/a-+1/8 =1. Conversely, if @ and 8 
are irrational numbers with the property that l/a+1/8=1, then 
every natural number N appears precisely once in the sequence 


[a], [2a], [3a], ar [8], [28], [38], ee 


We shall designate by (a) the whole number nearest a. If a lies exactly be- 
tween two integers, then (a) will be defined to be the larger integer. For ex- 
ample: (2.8) = 3; (4) = 4; (3.5) = 4. 


109.* Prove that in the equality 


(where N is an arbitrary natural number) every fraction may be 
replaced by the nearest whole number: 


-(B)+(B)+ Qe Be 


> 


EQUATIONS HAVING INTEGER SOLUTIONS 


110. (a) Find a four-digit number which is an exact square, and 
such that its first two digits are the same and also its last two digits 
are the same. 

(b) When a certain two-digit number is added to the two- 
digit number having the same digits in reverse order, the sum is a 
perfect square. Find all such two-digit numbers. 


111. Find a four-digit number equal to the square of the sum of 
the two two-digit numbers formed by taking the first two digits and 
the last two digits of the original number. 


112. Find all four-digit numbers which are perfect squares and 
are written: 


(a) with four even integers; 
(b) with four odd integers. 
113. (a) Find all three-digit numbers equal to the sum of the 
factorials of their digits. 
(b) Find all integers equal to the sum of the squares of their 
digits. 
114. Find all integers equal to: 
(a) the square of the sum of the digits of the number; 
27 
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(b) the sum of the digits of the cube of the number. 


115. Solve, in whole numbers, the following equations. 
(a) 14+ 243!+--- +x ay. 
(b) 1! +2!43f!4+---+2l=y7. 


116. In how many ways can 2” be expressed as the sum of four 
squares of natural numbers? 


117. (a) Prove that the only solution in integers of the equation 
x? + y? + 227 = 2xyz 


isx=y=2z2=0. 
(b) Find integers x, y,z,v such that 


x? y? + 2? 4+ v? = 2xvzv. 
118.* (a) For what integral values of & is the following equation 
possible (where x, y, 2 are natural numbers)? 
x+y? + 22 = kxyz. 
(b) Find (up to numbers less than 1000) all possible triples 
of integers the sum of whose squares is divisible by their product. 


119.** Find (within the first thousand) all possible pairs of rela- 
tively prime numbers such that the square of one of the integers 
when increased by 125 is divisible by the other. 


120.* Find four natural numbers such that the square of each of 
them, when added to the sum of the remaining numbers, again 
yields a perfect square. 


121. Find all integer pairs having the property that the sum of 
the two integers is equal to their product. 


122. The sum of the reciprocals of three natural numbers is equal 
to one. What are the numbers? 


123. (a) Solve, in integers (positive and negative), 


Ee if, WS Leal 

xy 14? 
(b)* Solve, in integers, 

1 

ee 

% y 3 


(write a formula which gives all solutions.) 
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124. (a) Find all distinct pairs of natural numbers which satisfy 
the equation 
eS yy 


(b) Find all positive rational number pairs, not equal, which 
satisfy the equation 


xY = yt? 
(write a formula which gives all solutions). 


125. Two seventh-grade students were allowed to enter a chess 
tournament otherwise composed of eighth-grade students. Each con- 
testant played once against each other contestant. The two seventh 
graders together amassed a total of 8 points, and each eighth grader 
scored the same number of points as his classmates. (In the tourna- 
ment, a contestant received 1 point for a win and 3 point for a tie.) 
How many eighth graders participated? 


126. Ninth- and tenth-grade students participated in a tournament. 
Each contestant played each other contestant once. There were ten 
times as many tenth-grade students, but they were able to win only 
four-and-a-half times as many points as ninth graders. How many 
ninth-grade students participated, and how many points did they 
collect? 


127.* An integral triangle is defined as a triangle whose sides are 
measurable in whole numbers. Find all integral triangles whose 
perimeter equals their area. 


128.* What sides are possible in: 
(a) a right-angled integral triangle; 
(b) an integral triangle containing a 60° angle; 
(c) an integral triangle containing a 120° angle? 
(Write a formula giving all solutions.) 
Remark: It can be shown that an integral triangle cannot have a rational 


angle (that is, an angle whose degree measure is a rational number) other than 
one of 90°, 60°, or 120°. 


129.* Find the lengths of the sides of the smallest integral tri- 
angle for which: 
(a) one of the angles is twice another; 
(b) one of the angles is five times another; 
(c) one angle is six times another. 


130.** Prove that if the legs of right-angle triangle are expressible 
as the squares of integers, the hypotenuse cannot be an integer. 


30 


EVALUATING SUMS AND PRODUCTS 


131. Prove that 
(a + 1) + 2)02 + 3)-+-(2n — 1)2n = 27-1-3-5-+-(22 — 3)(2n — 1). 


132. Calculate the following sums. 


1 1 1 1 
ag Soo T Ba tN Gea 
1 1 1 1 
a a a ee eee ils Be 
O98 oR Sag geen 
1 1 
(c) ee 


[2:94 ° 2845 * F456 


1 


seen: (2 — 3\n — 2)n — 1)n~ 


133. Prove that 


, 


(a) 1:242-343-44-- + n(n +1) = ABTS 


(b) 1-2-34+2:3-44 3-4-54 --- + n(n 4+ 1m 42) 


= a(n + 1m + 2) + 3) | 
4 
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(c) 1-2-3---p +2-3---p(p+1) +++) tuirt 1) 
n(n + 1)G2 + 2)-+-(2 + p) 


tees tin t+p-hH= are 


for any p. 
134. Calculate the following sums. 
ai Te ae ee eee ee gi? s 
CD) eR 2P bBo see y 
(Cy TS 2 BE eee 
(d) 12+ 3°4+ 5°94 --- + (2m — 3). 
135. Prove the identity 
a+b1l+e+ce1+ayl+6)4+d1+a(14+d)14c) 
+++ + U1 + all t+) +) 
=(1+a)1+d)14+c)---1+)—-1. 
Investigate the case in which a=b=c=-:-- =], 
136. Calculate the following. 
fay Ven 22) SS ease ge- hs 
(-b) Crier t+ Case + Cras ties + Chay. 
137. Prove that 


1 1 1 1 1 
SE laps oN cae ee Be ces 
los log © Jona loom lop 2 


where 100! is the product 1-2-3---100. 











138. Given » positive numbers qa, @2,°+:,d,. Find the sum of all 
the fractions 


1 
Ak (ax, + Ae, ae, + Gk, + k,)*+*(Ge, + Ak, + -°+ + Gk,) 


’ 


where the set &,,%:,+::,&, of indices runs through all possible 
permutations of 1,2,---,# (of which there are n!). 


139. Simplify the following expressions. 


(a) (1 + SQ + att gata) (1+ a) 


(b) cos a@cos 2acos4@--- cos2"a. 
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140. How many digits are there in the integer 2'°° after it has 
been “multiplied out”? 
141. (a) Prove that 
1 1 1 3.65 99 1 


i <lVY2~2 4 °6 100. 10 
(b) Prove that 


13.5) 9 72 
2 4 6 100 12: * 





Remark: The result of problem (b) is evidently a refinement of that of 
problem (a). 
142. Prove that 
2100 2100 
——= < Cin < : 
10 2 scotia 
(C®, is the number of combinations of one-hundred elements taken 
fifty at a time.) 





143. Which is larger, 99" + 100" or 101" (where 2 is a natural 
number)? 


144. Which is larger, 100° or 300! ? 


145. Prove that, for any natural number ”, the following is true: 


Q< (1 i i <3. 
1 
146. Which is larger, (1.000001)'-°%.% or 2? 
147. Which is larger, 1000! or 10012 


148. Prove that for any integer 2 > 6 


ace 


149.* Prove that if m > #2 (where m,m are natural numbers): 


(a) (1 ‘ =a > (1+ -\" 


For examole, 
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l mt+i 1 n+l 
(b) (1+ =) See) (n = 2). 
m 
For example, 


3 4 
(1+) eee ee (1+) Ser ag 2ae 


2 8 8 3 81 81 8 
From problem (a) it follows that in the sequence of numbers (1 + 1/2), 
(1 + 1/3)3, ---,(1 + 1/n)", ---, each is greater than that preceding. Since, on 


the other hand, no member of the sequence exceeds 3 (see problem 145), it 
follows that if m —> o, the magnitude of (1+ 1/n)" approaches some definite 
limit (which is evidently a number between 2 and 3). This limiting number is 
designated by e. It is equal, approximately, to 2.718281828459045---. 

Analogously, problem 149 (b) shows that in the sequence (1 + 1/2)8, (1 + 1/3), 
(1 + 1/4)5, ---, (1 + 1/n)"*+1, --- every number is less than that preceding. Since 
every number of the sequence exceeds 1, the magnitude (1 + 1/n)*+1, where n 
increases without bound, tends toward some limiting number. The numbers 
of the second sequence then become successively closer and closer to the 
numbers of the first [that is, the ratios (1 + 1/n)"+!: (1 + 1/n)” = 1+ 1/n become 
closer and closer to 1]. Hence, the limiting number must, in the second case, 
also be equal to e. This number, e, plays a very important role in higher 
mathematics, and is encountered in a wide variety of problems (see, for ex- 
ample, problems 156 and 159). 


150. Prove that, for any integer m, the following inequality holds, 


(2) <anl< n( 2)" ; 


where é = 2.71828:-- is the limit of (1 + 1/n)" as n> o~., 

This result is an extension of the result of problem 148. It follows, in par- 
ticular, that for any two numbers, ai and a, such that a, < e< ae (for ex- 
ample, for a; = 2.7 and a2 = 2.8; for a: = 2.71 and a2 = 2.72; for a: = 2.718 and 
a2 = 2.719, and so on) for all integers » which are ‘‘large enough’’ (greater 
than some integer N, where the magnitude of N depends on what a: we con- 
sider), the following inequality holds: 


n \" n \” 
(+) >n!> (+) : 
a ae 
Thus, the number e is that limitig number which separates the numbers a for 
which (n/a)” exceeds, or ‘‘dominates,’’ »! from those numbers a for which the 
(n/a)® are ‘‘dominated’’ by n!. (The existence of such a limiting number 
follows from problem 148.) 
Actually, (n/a2)" <n! for every n exceeding 6 [if a2 >e, and if n >6, in 


view of problem 150, n! > (n/e)”]. Further, from the results of problems 145 
and 149, it follows that, for n = 3, the following inequalities hold: 
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n>e> (1 +o) aoe 
n n” 

n't! > (n + 1)” ; 

Vn ak gro ie 

consequently, for n = 3, Vn diminishes as m increases. It is readily seen 

that if nm becomes very large, Vn approaches as close to unity as we wish. 

It follows, for example, that log! 10" — k/10*, for sufficiently large k, can 

be made as smal] as we wish. Let us now select an N such that the inequality 

ON < e/a: holds. Then for » > N the approximation Vn< e/a: is still 

more improved, and from problem 150 it follows that 


Be) a) 
ni <{(s—) <(—} . 
von a 
The inequality of problem 150 admits a great deal of precision. It is possible 


to show that for sufficiently large » the number nm! is approximated by 
Cv n (n/e)”, where C is a constant equal to Y2r: 


a nN nt 
ni = Vn () 
e 


(more precisely, it is possible to prove that if increases without bound, ratio 





n! 
¥ 2nn (n/e)” 
tends to unity. (See the book by A. M. Yaglom and E. M. Yaglom, Non- 
elementary Problems Treated by Elementary Means, Library of the Mathe- 
matical Society, Volume 5)]. 


151. Prove that 


ntl < 1k 4 2k 4+ 3k 4 ++. tnt 


K+1 
< (1+ 2) a 
n 





k+1 





(n and k are arbitrary integers). 


Remark: A particular consequence of problem 151 is the following: 


SN ada i 


(See also problem 316.) 


152. Prove that for all integers n > 1: 


t The approximation given for 1! is usually referred to as Stirling's formula 
[| Editor). 
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1 1 1 1 3 
(a) Soa ee ue er 
1 1 1 
b) 1l< sss 
(b) er ae ac eer oe 


153.* (a) Calculate the whole part of the number 
1 1 1 1 
Lo Vs Ve Fio00.000 * 
(b) Calculate the sum 
1 1 1 1 
Vi0,000 * /10,001 * vi0,002 * '"' * 174,000,000 
to within a tolerance (allowable error) of 1/50. 
154.* Find the whole part of the number 


i 


+" + S7000,000 


ee eee oe 
¥4 ° ¥5 V6 
155. (a) Determine the sum 


1 1 1 1 
ioe 7 17 12 "T 39002 











to a tolerance of 0.006. 
(b) Determine the sum 


a eee | 1 
io) + an + ar 7 t O00 


to a tolerance of 0.000000015. 


156. Prove that the sum 


1 1 1 1 
yee heen aca oe! Ree a Cae 
a Z 3 : 4 a" si n 
is greater than any previously selected number WN, if m is taken 
sufficiently great. 


Remark: The calculation of this sum can be made very precise. It is pos- 
sible to show that the sum 
ee ee 
2 3 4 n’ 
for large n, is very close to the value of logn (this logarithm taken to the 
base e = 2.718---). In every case, it can be shown that for any n the difference 
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ipo ee pao 
2 3 n oa 


does not exceed unity (see the reference following problem 150 to the book by 
A. M. Yaglom and E. M. Yaglom). 


157. Prove that if in the summation 


1 1 1 1 
fee ie ge ge cao Ae Oe 
te ge ee 
we throw out every term which contains the digit 9 in its denomi- 


nator, then the sum of the remaining terms, for any n, will be less 
than 80. 


158. (a) Prove that, for any n, the following holds: 


id 4 1 1 
Pa ee Pag os eS ee 


(b) Prove that for all 


It is evident that the inequality of problem (b) is a refinement of problem 
(a). An even more precise bound in given by problem 233. That problem 
shows that the sum 


is less than 72/6 = 1.6449340668--- (but for any number less than n2/6, for in- 
stance for N = 1.64 or for N = 1.644934, it is possible to find an m such that 
the sum 


will exceed N). 
159.* Consider the sum 


1 1 1 1 1 1 1 1 1 
RD Page tne, Pgs ag gage ge agi ae fg 
in which the denominators run through the prime numbers from 2 
to some prime number p. Prove that this sum becomes greater than 
any preassigned number N, provided the prime p is taken sufficiently 
great. 


Remark: The summation of the series in this problem can be found with 
great accuracy. For large p, the sum 


Problems (157-159) oF 


ieee ey ek. te aa. 
2 3 5 7 v7) 
differs relatively little from log log p (where the logarithms are taken to the 
base e = 2.718---), and the differences 
lt+p4+yte+ot ee — log log p 

never exceed 15 (refer to the book by A. M. Yaglom and E. M. Yaglom), 
Comparison of the results of this problem with those of problems 157 and 158 
emphasizes that among the prime numbers may be found arbitrarily large 
integers (this problem reaffirms that there are infinitely many). It is possible, 
for example, to say that the primes are ‘‘more numerous’’ in the sequence of 
natural numbers than either squares or numbers failing to contain the digit 9, 
inasmuch as the sum of the reciprocals of all the squares, as well as the sum of 
all those reciprocals of whole numbers not containing the digit 9, are bounded 
(by 13 and by 80, respectively), whereas the sum of the reciprocals of all 
the primes becomes arbitrarily great. 


MISCELLANEOUS PROBLEMS 
FROM ALGEBRA 


160. If 2+6+c=0, what does the following expression equal? 


b—e¢ c—a a—b a b Cc 
(— 7 b + Cc Veet cites), 

















161. Prove that if a+b+c=0, then 
a@+b3+ c= 3abe. 
162. Factor the following: 
(a) a8+65+ 3 — 3abe; 
(bt) (@a+b4+c¥-A2-—B—C., 
163. Rationalize the denominator: 
eae eee 
VatVo+r¥e ° 
164. Prove that 
(a+ b +c) — g333 — 9333 — 6338 
is divisible by 
(a+b+cfh—a—-—P-—c. 
38 
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165. Factor the following expression: 
a a’ +1. 
166. Prove that the polynomial 
O00 9808 f ATTTT wf gttte Lgl 4] 
is divisible by 
Be ea ee aa ee 


167. Using the result of problem 162 (a), find the general formula 
for the solution of the cubic equation 


+ px+q=0. 

Remark: This result enables us to solve any equation of the third degree. 

Let 
3+ Ax?+ Be +C=0 
be any cubic equation (the coefficient of x3 is taken as 1, since in any other 
case we can divide through by the coefficient of 13). We make the substitution 
r=yte, 
and we obtain 
ys + 3cy? + 3e¢y + 8 + Aly? + 2cy+c2)+ By+o+C=0, 


or 
y? + (3c + A)y? + (3c? +2Ac + By t+ (c2+ A+ Be+ C)=0. 
From this, if we set e = —A/3 (that is, x = y — A/3), we arrive at 
3A2 2A? AS Ai AB 
3 —_— _s — 
w+ (= a+ B)y +(- a7 ts5 5 +C)=0 


which has the same forms as that of the given problem: 
yit+pytq=0, 


where 


A? 2A’ AB 
p=-3 +B and g== 7 OS +C. 


168. Solve the equation 
Va —-Vatx=x. 
169.* Find the real roots of the equation 


1 
a eee = <a<—}. 
x’ + 2ax+ 16 atJa+x—-+ + x + (0 a z) 
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170. (a) Find the real roots of the equation 








VRAD oO 1) $2V 44+ 23x =x 
a a es ee 
{n radicals} 


(all roots are considered positive). 
(b) Solve the equation 


Algebra 


(In the expression on the left the fraction designation is repeated n 


times.) 


171. Find the real roots of the equation 


Vn+3—4V¥x—-14+Vx4+8-—6/%x—1=1. 


(All square roots are to be taken as positive.) 


172. Solve the equation 


[se +1[—la}+3|42—1|—2|4—2(=s4+2. 


173. A system of two second-degree equations 


{ x—y=0, 
(x—aP+ y=] 


has, in general, four solutions. For what values of a is the number 


of solutions of this system decreased to three or to two? 


174. (a) Solve the system of equations 


ee 
x+ay=1. 


For what values of a does this system fail to have solutions, and 


for what values of a are there infinitely many solutions? 


(b) Answer the above question for the system 


iA ae 
xt+tay=l1. 
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(c) Answer the above question for the system 
ag +y+2=1, 
one as 
X+2z2+az=a’. 

175. Find the conditions which must be satisfied by the numbers 
1, @, @3,@, such that the following system of six equations in four 
unknowns has a solution: 

Xi t X2 = Qa. , 
NX, + 2X3 = 13, 
Atm = aya, 
Xo + X3 = 3, 
Xe t % = ana, , 
Xy t+ Xy = AsQX,. 
Find the values of the unknowns %, x2, %3, X. 
176. How many real solutions has the following system? 


{ xtv=2, 


mw—-2=1., 


177. (a) How many roots has the following equation? 


sinx = =~ 
100 ° 
(b) How many roots has the following equation? 
sinx = logx. 
(Note: log x = logio x .) 


178.* Prove that if x, and x. are roots of the equation x? — 6x + 
1=0, then xf+4 x7 is, for any natural number 2, an integer not 
divisible by 5. 


179. Is it possible for the expression 


2 2 2 2 
(A; + dz + +++ + Aoa9 + Broo)? = A: + Az + +++ + Aoa9 + Aiooo 
+ 2a;d2 + 2asa3 + +++ + 2a999@1000 
(where some of the numbers dj, @2, «++, @99, i000 are positive and the 
test are negative) to contain the same number of positive and nega- 


tive terms in a,a;? 
Investigate the analogous problem for the expression 


(a, + dz + +++ + Ggo99 + A10.000)? - 
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180. Prove that any integral power of the number 1/ 2 —1 can 
be expressed in the form “~N —VWN—1, where N is an integer 
(for example: (1/2 —1)??}=3-—-2V2 =V9—-V8, and (V2 — 
—1l8=5Y%2 -7=V50 -V499. 

181. Prove that the number 99,999 + 111,1111/ 3 cannot be written 
in the form (4 + BY’ 3), where A and B are integers. 


182. Prove that %/2 cannot be represented in the form p+ qV7, 
where ~,q,7 are rational numbers. 


183. (a) Which of the following two expressions is greater? 
2.00000000004 ; 
(1.00000000004)? + 2.00000000004 ’ 
2.00000000002 
(1.00000000002)? + 2.00000000002 
(b) Let a>6>0. Which of the following is greater? 
1 aay i Salle pcan a ia 
bane a ee a 
1+64+04+---+6") 
14+64+8+---+ 

184. Given ” numbers q, d,--:,dx. Find the number x such that 

the sum 
(x — a)? + (x — a)? +--+ + (x — an)? 
has the least possible value. 

185. (a) Given four distinct numbers a, < a, < a; < a,. Put these 
numbers in such an order, @:,, @:,,di,, Gi, (t1, t2, 23, 74 being some rear- 
rangement of 1, 2,3, 4) that the sum 

® = (ai, — ai,)? + (Gi, — ai)? + (Gi, — Gi)? + (Qi, — a:,)? 
has the least possible value. 
(b)* Given 2 real distinct numbers a, d:,-+-,@n. Put these 
numbers in such an order Qi + Gis ***, Gig that the sum 
OG, HG Gy Ok Pee EO ai 4 ay Ha 
has the least possible value. 


186. (a) Prove that, regardless of what numbers a, ad, ---, Gn, 1, 
bz, -++, b, are taken, the following relation always holds: 
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Vat Rh+Vaeits b+. + VAR 
2>VQ@tat-:: +aF%+G+b+-°- +5). 
Under what conditions does the equality hold? 

(b) A pyramid is called a right pyramid if, when a circle is 
inscribed in its base, the altitude of the pyramid falls on the center 
of the circle. Prove that a right pyramid has less lateral surface 
area than any other pyramid of the same altitude and base area and 
having the same perimeter. 


Remark: The inequality of problem (a) is a special case of what is called 
the Inequality of Minkowski (see problem 308). 


187.* Prove that for any real numbers qd, @2,---,@, the following 
inequality holds: 


Va + (1 —a,)? + Va + (1 — as)? 
Ale 8 +Vaat Oak + Vat d—aye Ye . 
For what values of the numbers is the left member equal to the 


right member? 


188. Prove that if the numbers x, and x, do not exceed 1 in ab- 
solute value, then 


et ——————r 2 
Vi-xv+VI-xs2 te eee 
For what numbers x, and x, does the equality hold? 


189. Which is greater, cos (sin x) or sin (cos x)? 


190. Prove, without using logarithm tables, that: 














(a) 1 1 : 
log.  logsz : 
1 1 
SZ 
(b) loge T % log. 2 


191. Prove that if @ and # are acute angles, with a < §, then 
(a) a—sina<8—sinB; 
(b) tana—a<tanp—§&8. 


192.* Prove that if @ and @# are acute angles and a < 8, then 
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tan a w tan @ 
a B 


193. Find the relationship between arcsin{[cos(arcsin x)] and 
arccos [sin (arccos «x)]. 


194. Prove that for arbitrary coefficients @3:, dso, °**, @2, @1, the sum 
cos 32x + a3; cos 31x + G3) cos 30x + --- + @, cos 2x + a,cosx 


cannot take on only positive values for all x. 
195. Let some of the numbers qa, @2,--:,@n be +1 and the rest 
be —1. Prove that 


. Q\a2 Q,;42Q3 G,{Q2°**GAn 
2 le EE OS et a ee 
sin (a F 9 + A oP onal 48 


Vi 


=af2+aV2+aV2+---+4aV 2, 


For example, let a, = @. = ++: =a, = 1: 








: 1 1 
2 — — 1 ws. 
sin (1+ 5 +] + 


THE ALGEBRA OF POLYNOMIALS 


196. Find the sum of the coefficients of the polynomial obtained 
after expanding and collecting the terms of the product 


(1 — 3x + 3x?)9(1 + 3x — 3x7)". 
197. Which of the expressions, 
(1 + x? — x3)1000 or (a ces x + 3¢3)1000 ; 


will have the larger coefficient for x?° after expansion and collecting 
of terms? 


198. Prove that in the product 
OU a ace ale ily LN Meee alli oe S| ae ee A cals oe ie a Sa 
after multiplying and collecting terms, there does not appear a term 
in x of odd degree. 
199. Find the coefficient of x*° in the following polynomials: 
(a) (L$ 2)! + (La) + x8 + a) Ee lO, 
(b) (1 + x) + 2(1 + x)? + 3(1 + x)? + +--+ + 1000(1 + x)! , 
200.* Find the coefficient of x? upon the expansion and collecting 
of terms in the expression 
45 
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(Cx - - 2)? — 2% -- 2? — --- — Vy. 
— 


nm times 


201. Find the remainders upon dividing the polynomial x + x* + 
1? + 27 + ac8t fe Stake 
(a) by x—1; 
(b) by x? —-1. 


202. An unknown polynomial yields a remainder of 2 upon division 
by x—1, and a remainder of 1 upon division by x — 2. What re- 
mainder is obtained if this polynomial is divided by Cx — Dix — 2Y 


203. If the polynomial x'®*! — 1 is divided by x* 4+ x7 4+ @x% 4 x 41, 
a quotient and remainder are obtained. Find the coefficient of x** in 
the quotient. 


204. Find an equation with integral coefficients whose roots include 
the numbers 


(a) 2 4a Ss 
(bb) VWw2+¥73. 


205. Prove that if @ and 8 are the roots of the equation 
e+ pxt+i=do, 
and if 7 and 6 are the roots of the equation 
e+t+aqx+i=O0, 
then 
(a—7TrVB- THe + THB+H=G—-Pp. 
206. Let @w and ®# be the roots of the equation 
e+ px+q=d0, 
and 7 and 6 be the roots of the equation 
et Px+Q=090. 


Express the product 
(a — 7B — rhe — dB —- d) 
in terms of the coefficients of the given equations. 
207. Given the two polynomials 
Ye+axt+1=0, 
V+txta=0. 
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Determine all values of the coefficient a@ for which these equations 
have at least one common root. 


208. Find an integer a such that (x — a\x — 10) + 1 can be written 
as a product (x + 6)(x +c) of two factors with integers 6 and c. 


209. Find (nonzero) distinct integers a,b, and c¢ such that the fol- 
lowing fourth-degree polynomial with integral coefficients, can be 
written as the product of two other polynomials with integral coef- 
ficients: 


x(x — ax — bx—c)4+1 





210. For what integers a,, @:,-°:+,@,, where these are all distinct, 
are the following polynomials with integral coefficients expressible 
as the product of two polynomials with integral coefficients? 


(a) @— ae = a)4—@s)**@= aa) — 1; 


(b) (xe — a,x — a2)\(x — a3): +(x — an) +1. 


211.* Prove that if the integers @;, ds, ---,@, are all distinct, then 
the polynomial 


Cea as) ag) ed 


cannot be written as a product of two other polynomials with integral 
coefficients. 


212. Prove that if the polynomial 
P(x) = Gox® + yx"! + +++ Hani tan, 


with integral coefficients, takes on the value 7 for four integral values 
of x, then it cannot have the value 14 for any integral value of x. 


213. Prove that if the polynomial 
ox" + A,xX® + G2x° + A3x* + Ayx? + asx? + Oex+ a1, 


of seventh degree, with integral coefficients, has for seven integral 
values of x the value +1 or —1, then it cannot be factored as the 
product of two polynomials with integral coefficients. 


214. Prove that if the polynomial 
P(x) = Gox” + Qx™"! + 00+ + Gn-1X + Gn , 


with integral coefficients, has odd values for x =0 and x=1, then 
the equation P(x) =0 cannot have integral roots. 
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215.* Prove that if the polynomial 
P(x) = dox™ + Q\yx™ +++ +an-ix tan, 
with integral coefficients, is equal in absolute value to 1 for two 
integers x = p and x =q (p> gq), and if the equation P(x) =0 has 


rational roots a, then p — q is equal to 1 or 2, and a= pet. 


216.* Prove that neither of the following polynomials can be writ- 
ten as a product of two polynomials with integral coefficients: 


(a) 2222 + 2 3¢2220 + 452218 + 62x2216 + Bx2214 
+ +++ + 2218x* + 2220x? + 2222 ; 


(b) xt + x9 + gt oe + xt@t xt). 


217. Prove that if the product of two polynomials with integral 
coefficients is a polynomial with even coefficients, not all of which 
are divisible by 4, then in one of the polynomials all coefficients 
must be even, and in the other not all coefficients will be even. 


218. Prove that all the rational roots of the polynomial 
PO) Rae aga 8s geiko Ba 


with integral coefficients and with leading coefficient 1, are integers. 


219.* Prove that there does not exist a polynomial 
P(x) = ox" + ax) + oe) + Gn + Gp 


such that P(0), P(1), P(2), --- are all prime numbers. 

Remark: The proposition stated in this problem was first proven by the 
mathematician L. Euler. Also credited to him are polynomials whose values 
for many consecutive integers are prime numbers. For example, for the poly- 
nomial P(x) = 22 — 79% + 1601, the 80 numbers P(0)=1, P(1) = 1523, P(2), 
P(3), ---, P(79) are all primes. 


220. Prove that if the polynomial 
P(x) = x™ + Ayx®' + Agxt-? +--+) + Aner t+ An 


assumes integral values for all integral values for x, then it is pos- 
sible to represent it as a sum of polynomials 


Pr(x) =1, Px) = x, Pox) = ee eX PG) 


os x(x — 1)\(x — 2)---(x —n +1) 
1-2-3--- , 
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having the same property [in view of problem 49 (a)] and having 
integral coefficients. 


221. (a) Prove that if the mth degree polynomial P(x) has integral 
values for x = 0,1, 2,---, », then it has integral values for all integral 
values of x. 

(b) Prove that if a polynomial P(x) of degree » has integral 
values for » + 1 successive integers x, then it is integral valued for 
all integers x. 

(c) Prove that if the polynomial P(x) of degree » has integral 
values for x = 0,1, 4, 9, 16, ---, 2”, then it has integral values for all 
integers x which are perfect squares (but this does not necessarily 
follow for all integers x). 

Give an example of a polynomial which assumes integral values 
for all integers x which are perfect squares, but which for some 
other value of x yields a rational (not whole) number. 


COMPLEX NUMBERS 


In many of the problems in this section the following formulas are 
useful. 
(1) The formula for the product of complex numbers in trigonometric form: 
(cos a + isin a)(cos B + 7sin 8) = cos(a + 8) + tsin(a@ + B). 
(2) De Moivre’s formula: 
(cosa + isin a)" = cosna + isinna 
(where n is a natural number), which is an n-fold application of the previous 


formula. 
(3) The formula for the roots of complex numbers: 


cos a + 7sina = cope + eee 
n n 
(k = 0,1, 2, -,n—)), 
which is an extended form of De Moivre’s theorem. 
In particular, a large role is played in the following problems by the formula 
for the nth rooths of unity, that is, the roots of the nth-degree equation 








a*™—1=0, 
which are given by the following formulas: 
= a - 360°. ._ . 360°- 
t= Veeco F 10 Shes Laver 


(k=0,1,2,-::,n—1), 
50 


Problems (222-225) 51 


The following observation will often be useful in solving the problems of 
this section. Let the equation of degree n, 


am + aie™—! + aoe™-2 4+ +--+ +an-ie t+ an=0, 


have the n roots %1, %2,°°-,2%n-1,2%n. Then the left member of the equation is 
divisible by (x — x1)(x@ — %2)---(x — Zn); that is, 
e™ tae" ee) ban it +n = (2 — wile — 22): --(2 — Sn-1)(4 — Zn) - 


If we multiply out the second member of this equation and equate coefficients 
of like powers of x from both members, we obtain the following formulas giving 


relationships between the coefficients on the left and the roots of the equation 
(Vieta’s formulas). 


Qi = —(t1 tte tess + an-1 + an), 
G2 = LiXe + M13 + +++ + In-1Fn, 
Q3 = —(Xitets +--+ + Uy-2Fn-120) , 
Mid, Siena yb Batt etaod wag aha av anaed: o eacbsaeela ; 
Qn—1 = (—1)°"Maiees ss tn-1 + 212+ ++ ayn + +++ + Lek3-+ Sn), 


Qn = (—1)"x122%3---Fn . 
222. (a) Prove that 
cos 5a = cos' a — l0cos*'asin?a+ 5cosasinia, 
sin 5a = sin'a — 10sin?’ a cos*a + 5sinacos‘a. 
(b) Prove that for integers x 
cos na = cos*a — Ci, cos*’ asin? a + Cicos*‘asinta 
—Cicos**asin’a+-::-, 
sin na = Ch cos"! asina — Cacos** asin a 
+ Ci cos*asin'a—---, 
where the terms designated by ---, which are readily identified from 


the given terms, are continued while they preserve the sense of the 
binomial coefficients. 


Remark: Problem (b) is, of course, a generalization of problem (a). 
223. Express tan 6a@ in terms of tan a. 
224. Prove that if x+ ds 2cos a, then 

x 


x" + zE ole 2cosna. 
x” 
225. Prove that 
sing + sin(g + a) + sin(g + 2a) + --- + sin(g + na) 


._ (at+lae. na 
sin hen sin (¢ + =) 





’ 


Sie 
sin — 
2 
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52 
and that 
cos g + cos(g + a) + cos(g + 2a) + --- + cos(¢ + na) 
> sin {n+ la < De cos (¢ + a 
sin = 
2: 
226. Find the value of 
cos? a + cos? 2a + --- + cos’na, 
and of 
sin? a + sin? 2a + --- + sin?na. 
227. Evaluate 
cos a + Chcos 2a + Ci. cos 3a + --- + Ch’ cos na + cos(n + la 
and 


sina + Chsin2a + Ci sin3a+---+ Chr 'sinna + sin(n + la. 


Prove that if m,, and p are arbitrary integers, then 
qT. ni . Qn... 2nit . omit... 3nit 
sin — + sin sin + sin —— sin —— 

p p p 
+--+ + sin (p — Vmit sin {6 = Wnt eat) 


228. 











sin 


-£, if m + nis divisible by 2p and m — 1 is not divisible by 2); 
= £ if m—n is divisible by 2p and m + n is not divisible by 29; 
0, if m+n and m—~» are both divisible by 2p, or if neither 


is divisible by 2p. 


229. Prove that 
617 2nit 1 
> On 1 aha Beta PTI ee 








eb: 2n ai 
an+1 2n+ 1 


230. Construct an equation whose roots are the numbers: 
. A : N ; n 
sin? , sin? , sin? yore, sin? ; 
eS ed | pe nd "on +1 
IT 2 311 nil 
cot? , cot? ,°o7, cot? ; 
i mee Deed in +1 
































2 
(b) cot on 


Problems (226-233) 
231. Find the following sums. 


(a) cot? 








IT IT 
t? 
ew (ia 





IT 
2n+1 A 2n+1 


232. Calculate the following products. 














; 211 
(a) sin sin 
2n+ 1 an +1 
and 
sin —— sin CLA Sl ll 
2 2n 2n 
2 
b 
PD) Oo ea on 
and 
poe ge 2 ole rer 
2n 2n 2n 


2 





3H 


an+1 








3, nit 
a2n+1 2n+1 
asia (xn — 1) 
n 
sh nit 
2n+1 2n+1’ 
(n— ll 
cos ———-+— , 
an 
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233. Using the results of problems 231 (a) and (b), show that for 


any natural number » the sum 


lies between the values 





2 
(0 n+1 
1 
— 1 
(1 mei) op 


and 








Ve 
6 


IT? 
aay 


Remark: A particular result which follows from problem 233 is 


m2 


ie , 
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where the summation on the left is the limit to which 1+ 1/22?+--- +1/n? 
tends as n > o. 


234. (a) On a circle which circumscribes an n-sided polygon 
A,A:z:::An, a point M is taken. Prove that the sum of the squares 
of the distances from this point to all the vertices of the polygon is 
a number independent of the position of the point M on the circle, 
and that this sum is equal to 2”R?, where FR is the radius of the 
circle. 

(b) Prove that the sum of the squares of the distances from 
an arbitrary point M, taken in the plane of a regular n-sided polygon 
A,A2-::An to all the vertices of the polygon, depends only upon the 
distance / of the point M from the center O of the polygon, and is 
equal to n(R? + /?), where R is the radius of the circle circumscribing 
the regular n-sided polygon. 

(c) Prove that statement (b) remains correct even when point 
M does not lie in the plane of the n-sided polygon AiA2---An. 


235. Let M be a point on the circle circumscribing a regular n- 
sided polygon A,A:---An. Prove the following. 

(a) If m is even, then the sum of the squares of the distances 
from M to the vertices indicated by even-numbered subscripts (for 
example, A2, A,, and so on) is equal to the sum of the squared dis- 
tances to the vertices having odd subscripts. 

(b) If is odd, then the sum of the distances from the point 
M to the vertices of the polygon which are even-numbered is equal 
to the sum of the distances to those which are odd-numbered. 


236. The radius of a circle which circumscribes a regular n-sided 
polygon A,A;---A, is equal to R. Prove the following: 
(a) The sum of the squares of all the sides and all the 
diagonals is equal to n’?R?. 
(b) The sum of all the sides and all the diagonals of the 
polygon is equal to n cot = R. 


(c) The product of all the sides and all the diagonals of the 
polygon is equal to %/? Rinin-n V2, 


237.* Find the sum of the 50th powers of all the sides and all 
the diagonals of the regular 100-sided polygon inscribed in a circle 
of radius R. 


238.* Prove that in a triangle whose sides have integral length 
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it is not possible to find angles differing from 60°, 90°, and 120° 
and commensurable with a right angle. 

239.* (a) Prove that for any odd integer p> 1 the angle arc 
cos — cannot contain a rational number of degrees. 


p 


(b) Prove that an angle arc tan 7 where p and q are dis- 


tinct positive integers, cannot contain a rational number of degrees. 


10 


SOME PROBLEMS OF 
NUMBER THEORY 


These problems are concerned with that division of mathematics treating 
properties of integers, Elementary Number Theory. Many of the problems in 
other sections of this book also deal with number theory—particularly Sections 
3,4, and 5. Several of the following theorems, stated here as problems, play 
an important role in number theory (see, for example, problems 240, 241, 245~ 
247, 249, 253). Clearly, these problems do not pretend to explore with any 
completeness the rich variety of methods and ideas that have permeated this 
discipline, which is at once one of the most fruitful and one of the most dif- 
ficult of all mathematical endeavors. A good systematic account of some parts 
of number theory is given in the book by B. B. Dynkin and V. A. Uspensky, 
Mathematical Conversations, Issue 6, Library of the USSR Mathematical Society. 
There the reader will find alternate solutions to some of the problems of this 
section. An excellent condensed treatment is the article by A. Y. Khinchin, 
“Elementary Number Theory,’ appearing in the Encyclopedia of Elementary 
Mathematics, Government Technical Publishing House, Moscow, 1951, which 
contains, as an appendix, an extensive bibliography covering the topics touched 
on in the article. 


240. Fermat’s Theorem. Prove that if p is a prime number, then 
the difference a? — a is, for any integer a, divisible by p. 


Remark: Problems 27 (a)-(d) are special cases of this theorem. 


241. Euler’s Theorem. Let N be any natural number and let r 
56 
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be the number of integers in the sequence 1, 2,3,---,M—1 which 
are relatively prime to N. Prove that if @ is any integer which is 
relatively prime to N, then a’ — 1 is divisible by N. 


Remark: lf the number WN is prime, then all the integers of the sequence 
are, of course, relatively prime to N; that is, r= N-— 1. In this case, Euler’s 
theorem assumes the form a%-! -— 1 is divisible by N, if N is prime. It is 
clear that Fermat’s theorem (problem 240) can be considered a special case of 
Euler's theorem. 

If N =p", where p is a prime number, then of the first N—1= p*—-1 
positive integers, those not relatively prime to N= p” will be p, 2p, 3p,---, 
N — p= (p"-! — 1)p. Therefore, we have r = (p” — 1) — (p”-!— 1) = p”— p®™-}, 
and Euler’s theorem provides the following corollary: The difference 
ap™-P"~1 _], where p is prime and a is not divisible by p, is divisible by p”. 

If N = pi'pe?---pyk, where pi, pe, ---, px are distinct primes, then the number 
r of prime numbers less than N and relatively prime to N is given by the 


formula 
r= N(1 -=\(1 -+)s (1 -+). 
Pi pe Pk 


(See, for example, the article by A. Y. Khinchin, referred to above.) If N = p” 
is a power of the prime p, this formula yields 


1 
r= pr(1 = --) =p™—p', 
Dp 
which is the result obtained previously. 


242.* According to Euler’s theorem, the difference 2‘ —1, where 
k= 5"—5"', is divisible by 5” (see problem 241, and the remark 
following it). Prove that there exists no & less than 5% — 5*-? such 
that 2" — 1 is divisible by 5”. 


243. Let us write, in order, the consecutive powers of the number 
2: 2,4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, ---. Note that in 
this sequence the final digits periodically repeat with a period of 4: 


2, 4, 8, 6, 2, 4, 8, 6, 2, 4, 8, 6, ---. 


Prove that, if we begin at a suitable point of the sequence, the last 
ten digits of the numbers of the sequence will also repeat periodically. 
Find the length of the period and the number of integers in the 
sequence for which this observed periodicity occurs. 


244.* Prove that there exists some power of 2 whose final 1000 
digits are all ones and twos. 


245. Wilson’s Theorem. Prove that: if the integer p is prime, 
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then the number (p— 1)! +1 is divisible by p; if p is composite, 
then (p— 1)! 4+ 1 is not divisible by p. 


246.* Let p be a prime number which yields the remainder 1 upon 
division by 4. Prove that there exists an integer x such that x74 1 
is divisible by /. 


247.** Prove the following. 

(a) If each of the two integers A and B& can be represented 
as the sum of two squares, then their product A-B can also be re- 
presented in this manner. 

(b) All prime numbers of form 4% + 1 can be written as 
the sum of two squares, and no number of form 4” +3 can be so 
expressed. 

(c) A composite number N can be written as the sum of 
two squares if and only if all its prime factors of form 42+ 3 oc- 
cur an even number of times. 

For example, the numbers 10,000 = 2'-5‘ and 2430 = 2?-3?-5-13 can 
be represented as the sum of the squares of two integers (in the first 
number there are no factors of form 42+ 3, and in the second 
number there is one such factor, 3, which occurs twice); the number 
2002 = 2-7-11-13 cannot be represented as the sum of two squares 
(the factors 7 and 11, of form 4n + 3, appear once). 


248. Prove that, for any prime )p, it is possible to find integers x 
and vy such that x? + y? + 1 is divisible by p. 


249.** Prove the following. 

(a) If each of two numbers A and B can be written as the 
sum of the squares of four integers, then their product A-B can 
also be represented in this manner. 

(b) Every natural number can be written as the sum of not 
more than four squares. 

example, 35 = 25+9+1=574+ 3?4+ 1% 60=49+9414+1=7+4+ 
3° + 12+ 1?; 1000 = 900 + 100 = 30? + 10%, and so on. 


250. Prove that no number of the form 4*(8% — 1), where » andk 
are integers, that is, no number belonging to the geometric progres- 
sions 


%,. 2B; 212, 448 ee ry 
15, 60, 240, 960, ---, 
23, 92, 368, 1472, -::-:, 
31, 124, 496, 1984, 


Problems (246-252) 59 


can be a square or the sum of two squares or three squares of 
integers. 


Remark: It has been shown that every integer which cannot be written in 
form 4"(8k — 1) is representable as the sum of three or fewer squares. How- 
ever, the proof is very complicated. 


251.** Prove that every positive integer can be written as the 
sum of not more than 53 fourth powers of integers. 


Remark: Experimental trials indicate that integers of moderate size are 
representable as the sum of far fewer fourth powers than 53. To the present 
time, no integer has been produced which cannot be given as the sum of 19, 
or fewer, fourth powers. (Of the numbers less than 100, only one—the number 
79—requires as many as 19 fourth powers; that is four terms of 2‘ and 15 units). 
It has been conjectured that 19 fourth powers suffice for every integer, but no 
proof of this has as yet appeared. The best result in this direction has been 
the proof that every natural number can be written as the sum of not more 
than 21 fourth powers. This is a substantial improvement over the proposition 
given as problem 251, but the proof of it involves considerable higher mathe- 
matics. 

In problem 239 (b) it was stated that every integer can be written as the 
sum of not more than four squares. It has also been shown that every integer 
can be written as the sum of not more than nine cubes. 

All these propositions are embraced by the following remarkable theorem: 
For every positive integer k there exists a positive integer N (depending, of 
course, on k) such that every integer may be written as the sum of not more 
than N kth powers of positive integers. This theorem has been provided with 
several different proofs, but only recently has a proof been given which does 
not require considerable higher mathematics. In 1942 the Soviet mathematician 
U. V. Linnik gave the elementary proof. This proof is presented in the popular 
little book by A. Y. Khinchin, Three Pearls of Number Theory, Government 
Technical Publishing House, Moscow, 1949.t Although Linnik’s proof is ele- 
mentary, it is not easy reading. Khinchin himself remarks that almost any- 
body can understand it with ‘‘only two or three weeks work with pencil and 


paper.”’ 


252.** Prove that every positive rational number (in particular, 
every positive integer) can be written as the sum of three cubes of 
positive rational numbers. 


Remark: Not all positive rational numbers can be represented as the sum 


of two cubes of positive rational numbers. Consider, for example, the number 
1. The equation 


t An English translation has been published by Graylock Press, Rochester. 
N. Y., 1952, 64 pp., $2.00 [Editor]. 
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can be written 


(ng) = (mq) + (np) , 
where m,n, p, and g are integers. But it is known that no solution in integers 
exists for the equation 
x =f. y3 = z3 


(a proof of this may be found in most standard texts on number theory). 
253. Prove that there exists an infinite number of prime numbers. 


254. (a) Prove that among the numbers of the arithmetic pro- 
gressions 3, 7, 11, 15, 19, 23, --- and 5, 11,17, 23, 29, 35, --- there are an 
infinite number of primes. 

(b)* Prove that there are an infinite number of primes in 
the arithmetic progression 


Dy 9) 13, 47, 21, 2a; 38% 


(c)* Prove that there are an infinite number of primes in 
the arithmetic progression 


It, 21,31, 41, 917-6L, =". 


Remark: The following more general theorem holds: Jf the first term of 
an infinite arithmetic progression of integers 1s relatively prime to the com- 
mon difference, the progression contains an infinite number of primes. How- 
ever, the proof of this theorem is quite complicated. (It is interesting that an 
elementary, albeit very difficult, proof of this classical theorem of number 
theory was published for the first time only in 1952 by the Danish mathema- 
tician Selberg. Prior to this the only known proofs involved higher mathematics). 


11 


SOME DISTINCTIVE INEQUALITIES 


This section presents several problems relating to inequalities stemming from 
two important inequalities which play a major role in mathematical analysis 
and in geometry. These are the theorem relating arithmetic and geometric 
means (problem 268), and the so-called Cauchy-Buniakowski inequality (problem 
289). Many problems on inequalities, not related to these two but of importance 
in other applications, appear in other sections of this book (see, in particular, 
Sections 6 and 7). 

A great many interesting inequalities may be found in the Problem Book in 
Algebra, by V. A. Kretchmer, Government Technical Publishing House, Moscow, 
1950, where an entire chapter is devoted to inequalities. That book offers 
alternative proofs of several of the inequalities presented here. There is also 
much interesting material in the books by P. P. Korovkin, /nequalities (Govern- 
ment Technical Publishing House, Moscow, 1951), by G. L. Nevyashy, In- 
equalities (Pedagogical Publishing House, Moscow, 1947), and particularly that 
by Hardy, Littlewood, and Polya, Inequalities, (Government Technical Publish- 
ing House, Moscow, 1949).1 

The initial chapters of the last book may be read by persons not acquainted 
with higher mathematics’ 

The following problems are not presented in order of increasing difficulty. 


t The last book was originally written in English. It is published by Cam- 
bridge University Press, revised edition, [Editor]. 
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The ordering is such that in some instances the result of one problem will be 
useful in solving the next; in other instances problems conceptually related are 
grouped together. The simplest properties of inequalities are assumed known. 

In all the problems of this section, small English letters designate real 
numbers. 


Theorems on Arithmetic and Geometric Means and Their Applications 
We know, from formal mathematics courses, that the geometric mean of two 
positive numbers a and 6 is less than, or equal to, their arithmetic mean, 
a+b 
2 ? 
and the equality holds only if a= 0. This is proved as follows. 
If we square both members of the inequality and clear of fractions, we arrive 


Yab< 





(1) 


at 
4ab S (a + b)?. 
Expanding the right member, transposing 4ab to the right side, and so on, we 
obtain 
0 <a? — 2ab+ Bb? = (a — 5)? , 
which clearly is true for all numbers a and 0, since the square of any real 
number is nonnegative. 

Hence, inequality (7) holds for every real number. Moreover, it is evident 
that (a2 — b)? can be zero only if a = 6; that is, the last inequality reduces to 
the equality only for @= 6. Therefore, this criterion must hold also for in- 
equality (1). 

Inequality (1) may be rewritten in the following equivalent form, which we 
shall use hereafter: 





2 )/= 2 cr) 
If we expand the left member of (1’), clear of fractions and put all terms in 
the right member, we obtain 

0 S 2a? + 2b? — (a2 + 2ab + b*?) = (a — D)?.. 

Use of inequalities (1) and (1’) simplifies the solution of the first of the prob- 
lems which follow. These two forms of the inequality are useful in the deri- 
vation of many generalizations, the most important of which are the propositions 
of problems 268 and 283. 

The arithmetic mean of n positive numbers aj, a2, -*:,@n is defined by the 
following expression: 


(y's a? + 0b 


Asay = a1 t+ade+ +--+ tan 
n 
The geometric mean of n positive numbers a1, a2, ---, Gz is defined as the nth 


root of their product: 


T,(a) = */ dide= On 3 
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Finally, the harmonic mean of n positive numbers is the number H(a) such 
that 
1 _ Va + fan + +++ + Ian 
H(a) n 

(the reciprocal of the harmonic mean of nm numbers is the arithmetic mean of 
the numbers inverse to the given ones). In particular, the harmonic mean of 
two numbers a and b is determined by the equation 


] 1/1 1 
c =2(; ar: ) 

from which c = 2ab/(a + b). 
255. 


(a) Prove that, of all rectangles having the same given 
perimeter P, the square encloses the greatest area. 
(b) 


Prove that, of all rectangles having the same given area 
S, that of smallest perimeter is the square. 
256. 


Prove that the sum of the legs of a right triangle never 


exceeds 1’ 2 times the hypotenuse of the triangle. 
257. 


Prove that for every acute angle @ 


tana+cotw22. 
258. 
then 


Prove that if @+6=1, where a and J are positive numbers, 


LY 1\? 25 
(«+ =) + (6+ a) ee 
Determine for what values of @ and 6 the equality holds. 


259. Prove, given any three positive 
lowing inequality holds: 


numbers a, 6, and c, the fol- 


(a+ 66+ cle +a) = Babe . 
Show that the equality holds only for a=b=c. 
260. 


For what values of x does the following fraction have the 
least value? 


a+ bx! 
x? 


261. 


A butcher has an inaccurate balance scale (its beams are of 
unequal length). 


Knowing that it is inaccurate, and being an honest 
merchant, he weighs his meat as follows. 


(a and 8 positive). 


He takes half of it and 
places it on one pan, and he places the weights on the other pan; 
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then he weighs the other half of the meat by reversing this pro- 
cedure, that is, by removing the weights and placing the meat on 
that pan. Thus, the butcher believes he is giving honest weight. 
Is his assumption correct? 


262. (a) Prove that the geometric mean of two positive numbers 
is equal to the geometric mean of their arithmetic and harmonic 
means. 

(b) Prove that the harmonic mean of two positive numbers 
a and b does not exceed the geometric mean, and that the equality 
holds only if a= 0. 


263.* Prove that the arithmetic mean of three positive numbers 
is not less than their geometric mean, that is, 


at+b+c 
3 


and that the equality holds only if a=b=c. 


= Vabe , 


264. Prove that, of all triangles with the same given perimeter, 
the greatest area is enclosed by the equilateral triangle. 


265. Given a three-faced pyramid having a right trihedral angle 
at the vertex. Designate the edges from the vertex by x,y, and z. 
For what x,y, and z is the volume of the pyramid a maximum if 
it is known that 

x+ty+z=a? 


266. Given six positive numbers d, @:2, ds, b,, 62, b3. Prove that the 
following inequality holds: 
¥(a + b,)(@2 + bas + 63) = ¥/a,a243 + ¥/b,babs . 


267. A Special Case of the Theorem Concerning the Arithmetic and 
Geometric Means. Given 2” positive numbers @, @2,+-+,@2m. Prove 
the inequality 

IP'ym <= Azm(a) ; 


that is, 

Pa 2 Ae 
and that the equality holds only if all the numbers q, @2, ---, @.™ are 
equal. 


268.* Theorem of the Arithmetic and Geometric Means for n Num- 
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bers. Prove that for any positive numbers aj, d2,+°*,@n 
l’,(a) < A,(a) ’ 
that is, 


and that the equality holds only if a, = a, =+-: = an. 

269. (a) Consider all sets of » positive numbers whose sum is a 
given number k&. Prove that the maximum product of the numbers 
of any such set is attained when all the numbers are equal. 


(b) Given » positive numbers @), @2,°--,@n. Prove that 
ial Oe aL ot Oa ee ts 
ae a3 ay 
270. Prove that for 2 positive numbers ay, ad, ---, @, the following 


inequality holds, 
H(a) ST(a), 


that is, 
n — 
7 Gk CEE en 
1 1 1 
$e pete 
a, Qe Qn 
and that the equality is obtained only if a; = a, = +++ = 4h. 


271. Prove that for two positive numbers a and Db 





nil a+nb 
a 
Vab" s n+l’ 
and that equality can hold only if a= 6. 
272. Prove that for any set of positive numbers q,, @2, -++, dn 
1 1 1 3 
Cay bay oe oe Gy) Sb a eee pe en 
ay Qe an 
When does the equality hold? 
273. Prove that for any integer 2 > 1 


+1\" 
le areal 
n (45 


274. Prove that the following inequality holds for any four posi- 
tive numbers a, @2, Qs, Q4: 
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@,0;0;0; < ae + 2a, + 3as + 40. \: 
}—--§ 10 ° 


275. Prove the following. 


1 1 1 1 [ 2 es 


(a) De ge n+1 





(n(n+1)J/2 
(b) 128 3h deve nn < [EE 


([2] means “the largest integer in @”). 
276. Let a, a2, --*,@n be positive numbers, and let 


S=Q,;+ 42+ -°: + An. 
Prove that 


2 3 
+a) +a)-Q+ta)Sltst+o tate tS. 


277. Prove that for every integer 
V2V4 YB VO Sn4+ 1, 
278. For which value of x is the product 
(1 — x)§(1 + x)(1 + 2x)? 


a maximum, and what is this value? 
279.* Inscribe between a given segment of a circle and the arc 


of the circle the rectangle of greatest area. 
280. From a square piece of cardboard measuring 2a on each side 


| 


Figure 4 
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a box with no top is to be formed by cutting out from each corner 
a square with sides 6 and bending up the flaps, as shown in Figure 
4. For what value of 5 will the box contain the greatest volume? 


Two Generalizations of the Theorem Concerning 
Arithmetic and Geometric Means 


The power mean of order a of n positive numbers ai,a2,---,a@, is defined 
to be the number 
a” a” vet a® \1/a 
os Sree 


in particular, if a = k is a whole number, we obtain 


Si(a) = Ju t+ap+---+ak 
n 
It is easy to see that Si(a) = A(a) and S_i(a) = H(a). 

If a = 0, the expression for Sa is meaningless. On the other hand, it can 
be proved that if a —-0, then S.(a) tends to the geometric mean I'(a).t There- 
fore, it is convenient to define So(a) = (a). (An additional justification for 
this definition is given in problem 282.) The power mean of order 2 is referred 
to as the quadratic mean. 

Inequality (1’) (see the remark at the beginning of this section) can now be 
stated as follows: The arithmetic mean of two numbers does not exceed their 
quadratic mean (and the equality holds only if the numbers are equal). 


281.* (a) Prove that the arithmetic mean of » positive numbers 
does not exceed the quadratic mean: 
(44+ gris a) 2 ata,t-+: tan 
n ~ n . 
The equality holds only if the numbers are all] equal. 
(b) Let & be any integer greater than 1. Prove that the 


arithmetic mean of » positive numbers does not exceed their power 
mean of order k: 


(444+ ahs ta)" s aj +az+-::+ak 
n ~ n : 
The equality holds only if all the numbers are equal. 


t That is, 


a a a@ 
; a~+tar%+--- ta%\Uae yn, 
lim (See ee = Vaid2°--An . 
a—0 n 


See V. E. Levine, ‘‘Elementary proof of one theorem of the theory of means,”’ 
Math. Educa., Issue 3, pp. 177-181. Moscow, 1958. 
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282. Prove that the power mean of order @ of » positive numbers, 
for a > 0, is not less than the geometric mean, and, for a <0, is 
not greater than the geometric mean (equality holds only if all x 
numbers are equal.) 


Remark: The theorems of problems 268 and 270 are particular cases of this 
proposition. 


283.* Theorem of Power Means. Prove that if a < §, then the 
power mean of order @ does not exceed the power mean of order f: 


— a fay (ia an)" 
n n ; 


lA 


The equality holds only if a, = a, = --- =@p. 


284. (a) The sum of three positive numbers is equal to6. What 
is the smallest value which the sum of their squares can have? 
What is the smallest value which the sum of their cubes can have? 

(b) The sum of the squares of three positive numbers is 
equal to 18. What is the smallest possible value for the sum of the 
cubes of these numbers? What is the smallest possible value for 
the sum of these numbers? 

The symmetric mean of order k of n positive numbers aj, dz, ---, dn (where 
k is a natural number not exceeding n) is defined to be the kth root of the 
sum of all possible products of these n numbers taken & at a time: 


= ® f/aiae---Oe + Q1G2-++Ae—10e41 + +°+ + On—K410n—K4+2'' On 
> x(a) = ola é 
n 


It is clear that 3°1(a) = A(a), Dina) = (a). 
285. Prove that 
On) = (Se) ee 
286. Theorem of the Symmetric Mean. Prove that if k >/, then 
D(a) S Da) . 
The equality holds only if a; = a, = ++: = Qn. 


287. Given that the sum of all six possible pairwise products of 
four numbers is equal to 24. What is the smallest value possible 
for the sum of the four numbers? What is the greatest possible 
value for the product of the numbers? 


288. Leta+PB+r=7z. 
(a) Find the smallest possible value for 
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a B T 
—+ — + tan — 
an an any 


(b) Find the largest possible value for 
B 


a v 
tan —- tan —-tan—., 
Z 2 


The Cauchy—Buniakowski Inequality 
The following elementary inequality is readily verified: 
aib: + arbe < a? + a2" b? + BF 
or, 
(aibi + aebe)® S (at + a§)(bj + B) . (1) 
Expanding both sides and collecting all terrns on one side we obtain 


(aibe — a2bi)? 20. 


It follows that inequality (1) becomes an equality if 


aibe = aah , 
that is, if 

21 _ ae 

bi be 


Inequality (1) yields a significant generalization which is important in in- 
equality theory and has useful applications in mathematics and physics.t 


289. The Cauchy-Buniakowski Inequality. Prove that for any 2n 
real numbers a), @,-:-:-,dn and 06,,b:,---,6, the following inequality 
holds: 


(aid) + Goby + +++ + anda? S (Qi t apt +++ tanbi +b, t+ +++ +55). 
The equality holds only if 


> 
> 
i) 
3 


290. Use the Cauchy-Buniakowski inequality to derive the results 
of problem 272. 


291. Use the Cauchy-Buniakowski inequality to obtain the theorem 
of problem 281 (a). 


292. Prove that if w+ 8+y7= 7, then 


t This inequality is sometimes referred to, in other texts, as the Cauchy- 
Schwarz inequality [Editor]. 
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B 


a v 
tan? — + tan?— + tan? +21. 
+ tan 9 + 9 


293. Prove for any positive numbers %, %2,°°+, Xn; Visas ***, Yn: 
Ver + yn? + ee + ye)? Foe + + In)? 
<Vitete tet Voit yt tn 


294. Let Q be the sum of all the possible pairwise products of the 
nN positive numbers a, d2,°-:,@n, and let P be the sum of their 
squares. Prove that 





295. Prove that, given 2m positive numbers pf, po, -°°, Pai X1, X2, 
--+,> x,, the following inequality holds: 


(pit + Pox, Free + DnXn)* 
S (pit fot -+ + pa pitt + pore + <0 + PaXn). 


296. Verify that for any three arbitrary numbers x, x2, x; the fol- 
lowing inequality holds: 


1 1 1 2 1 1 I 
(5 + 3 + =%) < rea + 3" + ra < 
297. Prove that if x1, %2,-++, Xn} Yi» ¥2,°**,¥n are positive numbers, 
then 


Vay + WV xy $e + Vn In 
Sta REV 
298. Let a, G2, +++, ns 51,02, +++, Ons C1, C2, °**, Cn} Gi, dz, +++, dn be 
four sequences of positive numbers. Prove the inequality 
(a,b\c,d; + G2brC2d, + +++ + GnbdnCrdn)* 
< (ait aptast+ +++ + abit bb + b§ + +++ +04) 
x (cr tetest ++ edi +d;+d3+-+++dh). 
299.* The Cauchy-Buniakowski inequality (problem 289) verifies 
that the relationship 


(ai tart-:> ta,Xbi + b+ --- + B3) 
(a,b, + doby + +++ + Anba)® 


where ay, dz, °°*,@n; 01, bs, ---, b, are two sequences of positive num- 
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bers, is greater than or equal to 1 (and is equal to 1 only if Bie 
l 
a a +). Prove that this value is always included between 
2 n 


1 and the quantity 
Te ( Vv M.M:/mim, > Vmim2/M,M, ?, 


= ( YMiMe/mim: + Vmim/M\M, ; | 

2 , 
where MM, and m, are, respectively, the greatest and the least of the 
numbers da, @2, -:-,@n,, and M, and m, are, respectively, the greatest 
and least of the numbers 4, 52, ---,5,. In which case does the value 
exactly equal the following? 


1+ (Malm — Vmm./M,M, ) 
Se eS ee ea 


Some Additional Inequalities 


300. Chebvcheff’s Inequality. Let a,, @2,-++, Qn and By, bo, -+-, da be 
two nonincreasing sequences of numbers. The following inequality 
holds: 


Q+aete+ t+ Gn Ptbete:+ +d, — abi + Gobet +++ + andr 


n n n 
the equality holding only if a, = a, = --- =a, and), =b =--- =. 
Remark: It is possible to show that if ai,a@2,---,@, iS a nonincreasing 
sequence of numbers, and if bi, bz, ---,b, is mondecreasing, then 


a@+ae+::: + an bi + bo +--+ + bn x arbi + debe + +++ + anda 


nN n n 


The proof of this proposition is left to the reader. 


301. Let p and gq be positive rational numbers for which 


pee aes 

p q 
Prove that for any positive numbers x and y the following inequality 
holds: 


xy < diy Aye : 
p q 
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Remark: For p = q = 2 we obtain the Elementary Theorem of the Arithmetic 
and Geometric Means. 


302. Let @ and 8 be positive rational numbers, where a + 8 = 1. 
Prove that for any positive numbers 4a, d2,°--,@n;} 5, b2,-°-, 6b, the 
following inequality holds: 


arbe + avbe + --» + a%b8 S (a, Harte) tan, +b, +++: +b). 


Remark: If a= 8=}, it is readily seen that we obtain the inequality of 
problem 297, which is equivalent to the Cauchy-Buniakowski inequality. 


303. Holder’s Inequality. Let p and q be positive rational numbers 
such that 
id. 4 a = 1 3 
p q 
Prove that for any positive numbers x, %2, +++, %n} Yi» V2, °**,¥n the 
following inequality holds: 
Mi¥1 + X22 + +++ + Xan 
Gt Pan her ae) OO Ee eee Ae 


Remark: If p=q=2, this inequality becomes that of Cauchy-Buniakowski 
(problem 289), which, in turn, is a special case of Hélder’s inequality. 


304. Let a1, dz, -°-+,@n; 01, b2, --+, On} ++ +3 Li, 2, ->-, dn be & sequences 
of positive numbers, and a, f, ---, 4 be & positive number such that 


a@+B+---+A4=1. 
Prove that 


aebe vel Py arbe nscale ete An gepe 
S (ay + an tes Hanh + bp tee +O th tee hy, 


305. Let ai, a2, ---,@n be m positive numbers, and let g be their 
geometric mean (9 = Ya,a.:--a,). Prove that 


(1 + a,)1 + a2)---( +a.) 21+ 9)". 


306. Prove that if a1, @2,°++,@n; 51,62, +++, Ons ots Liv, ++, d, are 
k sequences of positive numbers, then the following holds: 


Wao" ~ "Qn ae Yb.b2- + +B, a a wt Vliloe sly 
<¥q+tat-: +hyasteat-:- t+hatb+-°- +h). 
307. Let x,y, and z be positive numbers for which 


xtyt+z=l1. 


Problems (302-308) 73 


(+2)1+2)a+t)ee, 


308. Minkowski's Inequality. Let ay, do, +++, ni D1, 62, °++, Oni e885 
li,d:, +++,l,, be & Sequences of positive numbers. Prove that 


Prove that 


Vaitaite tat Verte +h 
te tVvR t+ hte +h 
2 Va, tb+ thy t+ (2th te thy te s+ (Gn tba te thy . 

Remark: The inequality of problem 308 [a generalization of the result of 

problem 186 (a)} can also be written in the form 
S2(a) + S2(b) + --- + S2(l) 2 SXa+b4+--> +1), 
where S; is the quadratic mean of n numbers (see p. 67). 

A more general formulation of Minkowski’s inequality is as follows. If 
Qi, @2,-°+-, Gn; bi, be, +--+, bn -+-3 lide, +++, ln, are k sequences of positive numbers, 
then 
=> Saatot+---+2 ifa>l; 

S Sedat+b+--- +) ifa<l. 
In particular, the inequality of problem 306, which may be written 
ria)+Tb)+---+ FO sTa+b+---4+) 


S2(a) + S2(b) + ++. + sub 


or 
So(a) + So(d) + --- + Sol) S Sola +b+--- +1) 


is a special case of Minkowski’s inequality for a = 0° 


DIFFERENCE SEQUENCES AND SUMS 


Consider the sequence of numbers 
Uo, U1, U2, +++, Uns ttt 


The first difference sequence of this sequence is the set of numbers 


Uy =U — Wo; 

ul) = us — us; 

us) = us — ue; 
sande . 

Un) = Und — Un ** 


The second difference sequence is the difference sequence of the previous 
sequence: 


uw? =u, — ud. 

Analogously, the sequence of differences of kth order, u{", u:”, uf, ---, ul, 
is the sequence obtained by working on the (k — 1)st sequence of differences, 
uit) wit?) yf), .... For example, if the initial sequence of numbers is 
the arithmetic progression 1,5,9,13,17,---, then the first row of differences 


consists of the numbers 4, 4, 4,4, ---, and the differences of second order form 
74 
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a sequence of zeros: 0,0,0,0,---. If the initial sequence is the set of squares 
of integers, 1, 4,9, 16, 25, 36, 49, ---, then the differences of first order form the 
sequence of odd numbers: 3,5,7,9,11,13,---; the differences of second order 
form the sequence 2,2,2,2,---, and the third sequence (differences of third 


order) consists of zeros. [In the examples investigated we quickly arrived at 
a sequence of zeros, and this is related to the general proposition of 309 (b).] 

The sequences of differences of a finite sequence of numbers can be con- 
veniently written in triangular array: 


Uo Ut U2 wee Un 


Here it is apparent that each number is the difference of the two adjacent 
numbers of the row above. For an infinite sequence of numbers the triangular 
(infinite) array has the form 


In a fashion analogous to finding the successive sequences of differences of 
a set of numbers we can also define sequences of sums. The sequence of 


sums of first order of the set of numbers wo, w1, wz, ---,Un, +++, which we shall 
designate by writing #{", a), ai, ..-, a0, ---, is defined by 

a = Uo + U1; 

a =U + U2; 


The sequence of sums of kth order of the numbers wo, uw, -++, tn, +++ iS Ob- 
tained from the (k — 1)st row of such sums. We shall designate the sums of 
kth order by a{", a{"),..-, a), .-- 
For example, if the initial set is the sequence of ones, 1,1,1,1,---, then 
the sequence of sums of first order consists of two’s: 2,2, 2,2, -+-; the sequence 
of sums of second order is 4,4,4,4,---; the third sequence is 8, 8, 8,8, ---; 
and so on. If the initial set is the sequence of natural numbers, 1, 2,3, 4,5, 


then each sequence of sums will form an arithmetic progression: 
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3, 5, 7, 9, 11, 13; 
8, 12, 16, 20, 24, 
20, 28, 36, 44, ea 
and so on. 
Sequences of successive sums of a finite set wo, Wi, --+, Un Can be conveniently 


displayed in triangular array: 


Uo U1 U2 Un-1 Un 


Here, each number is the sum of the two adjacent numbers in the row above. 
If we consider an infinite sequence of numbers uo, w1, U2, --+, un, then the tri- 
angular array continues indefinitely. 

We now consider a related concept, Pascal’s Triangle (or the Arithmetic 
Triangle): 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 


Here, the rows are bordered on each end by ones, and the interior integers are 
obtained as the sum of the two adjacent numbers of the previous row. 

For convenience we shall start the row enumeration of the Pascal triangle 
with the number zero; that is, the number one at the apex of the triangle will 
be thought of as the Oth row; the sequence 1, 1 constitutes the first row, and 
so on. We shall designate the (k + l1)st element of the nth row as ce (that 
is, in each row, too, we shall start counting from zero). Using this terminology, 
we have the following format for Pascal’s triangle: 


A number of properties of the members in the Pascal triangle have been 
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developed in the book by B. B. Dynkin and V. A. Uspensky, Mathematical 
Conversations, Issue 6, Section 2, Chapter III, Library of the Mathematical 
Society. The material contained in the problems of this section are closely 
related to the material in the interesting popular book by A. E. Markuskevich, 
Reflexive Series, Government Technical Publishing House, Moscow, 1950. 

The sequence of numbers obtained by successively substituting, for x in a 
polynomial P(x%) = aox* + aiz*-! + --- tae -1% + ay the sequence of integers 
1,2, 3,--+-,n [that is, the sequence P(1), P(2),---, P(n)] will be called the kth 
order sequence of P(x). A special case of a kth order sequence is the sequence 
1%, 2k, 3k, 4k... nk,.-- (that is, P(x) = x). 


309. Let to, 21, tte, +++, %#n be a sequence of kth order; that is, let 
Un = Aon* + aytk? + +++ + ay. 
(a) Prove that «<’ forms a sequence of (k — 1)st order. 
(b) Prove that the (& + 1)st difference sequence of this se- 
quence consists only of zeros. 


310. Prove that if t, = ado" + ayn*-! + --- + a*, then all the num- 
bers of the &th row of the difference sequences 7t, 11, tt2, °+*, Un, *°* 
are equal to a,k!. 


311. Prove that: 


(a) #0 = Chun + Chttns; + Chttnse + ++ + Cittnse’ 
(b) wh = (—1)*Chun + (—1)'Chttn ss 
+ (—1)*-*Chunse +o + Chttnse. 
312. Prove that 


n(n — 1)\(n — 2)---(n-—k+ 1) 


ko 
ces Rk! 


(k>0), 


where k! = 1-2-3:--kR. 
313. Prove that 
teH Cig Ce Cae os Ce 


314. Assume that the (& + 1)st row of successive differences [dif- 
ferences of (k + 1)st order] of some seqnence consists of zeros, but 
that the kth row consists of nonzero numbers. Prove that this 
sequence is a sequence of order &. 


Remark: The theorem represented by this problem is the converse of the 
theorem of problem 309 (b). There we were to prove that the (k + 1)st row 
of the differences of a kth order sequence consists of zeros. Here we are to 
prove that if the (k + 1)st differences of some sequence consists of zeros, then 
the sequence is of kth order. 
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315. Find the formula giving the sum of the series 
44+244+34+---4+n!. 
316. (a) Prove that the sum 1* + 2+ 34+.---+n* is a poly- 
nomial in ” of degree k +1. 


(b) Calculate the coefficients of nt! and of n* of this poly- 
nomial. 


317. We say that a sequence of integers is divisible by a number 
d if every number of this sequence is divisible by d. {For example, 
the sequence of numbers m!* — n is divisible by 13; the sequence of 
numbers 3° — 2° is divisible by 35; the sequence of numbers 75 — 
on® + 4n is divisible by 120. See problems 27 (d), 28 (a), (b)]. 

Let u, be a kth order sequence, #, = aon* + ayn*"! + --- + ay, where 
the coefficients do, a:, @2, --:,a@* are relatively prime integers. Prove 


that if the sequence u, is divisible by an integer d, then d is a divisor 
of k!. 


318. Calculate (C2)? + (Ch)? + (Ca)’ + +++ + (Cry. 


319. Using the result of problem 313, prove Newton’s binomial 
formula: 


(a +b) = gt + bak'b + BE Datos 2 re © eM el : 
; oe 1 
20. Consider the sequence 1, hee Construct the 


successive-difference triangle: 


1 ee 
4 20 60 
I ] 
5 © 30 
1 
~ 6 


Turn this triangle 60° clockwise such that the apex consists of the 
Number ]: 
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Ce 


Disregard the minus signs of this triangle, and divide through every 
row by the number at the end of that row to obtain 


eee eee meee reser eee eer er ere ean ese sreoreseeee 


Finally, substitute for each number its reciprocal (that is, replace 


a/b by b/a). 
Prove that this end result gives Pascal’s triangle. 


SOLUTIONS 


1. Consider the total number of handshakes which have been 
completed at any moment. This must be an even number, since every 
handshake is participated in by two people, thus the total number 
is increased by two. The number of handshakes, however, is also 
the sum of the handshakes made by each individual person. Since 
this sum is an even number, the count of the people who have shaken 
hands an odd number of times must be even (otherwise, odd times 
odd would given an odd contribution to the total). 


2. In order to traverse the chessboard, stopping precisely once on 
each square, the knight must move 63 times. At each move the 
knight goes from a square of one color toa square of another color. 
Thus, in an even number of moves the knight is again on a square 
of the same color as that of the square he started from, and in an 
odd number of moves he is on a square of the other color. Therefore, 
the knight can not arrive at the opposite end of the diagonal of the 
chessboard in 63 moves: the initial and final squares are the same 
color. 


3. (a) Let us denote the minimum number of transfers necessary 
to construct a pyramid consisting of ” rings on the second peg (under 


80 
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the conditions given by the problem) by A(m). Clearly, k(1) =1. 
Further, if = 2, then to transfer the second ring to the second peg, 
we must first transfer the first ring from the second peg to the auxil- 
liary peg; then we place the second ring on the second peg and 
transfer the first (smallest) ring to the second peg. Thus, k(2) = 3. 
If n = 3, then to transfer the lowest (largest) ring to the second peg, 
in the necessary arrangement, we must first move the two rings al- 
ready on the second peg to the auxilliary peg. This requires k(2) 
moves, and &(2) moves will be required again to replace the rings on 
the second peg after the largest ring is moved from the first peg to 
the second peg. Thus, 


R(3) = 2k(2) + 1=7. 
In an analogous way find 

R(4) = 2k(3) + 1 = 15; 

k(5) = 2k(4) + 1=31. 
In general, 

k(n) = 2k(u-—1)4+1. 


Noting that, for example, k(3) = 2? — 1, k(4) = 2‘ — 1, and so on, we 
assume as an induction hypothesis that k(z —1)=2"-'— 1. Then 


k(n) = 2k(n — 1) +1 = 2(27!— 1) +1=2"—-1. 


Thus, by the principle of finite mathematical induction, it follows 
that k(n) = 2* — 1 for all x. 

(b) Designated by A(m) the least number of moves necessary to 
remove m rings from the rod. From the beginning position it is pos- 
sible to remove either the first ring [see Figure 5(a)] or the second 
[Figure 5(b)]; consequently, A(1) = 1 and A(2) = 2 (for two rings, we 
first remove the second ring, then the first). 

In order to remove the 7th ring it is necessary to remove the 7 — 2 
preceding rings; otherwise the zth ring cannot be moved to the end 
of the rod. On the other hand, if the (¢ — 1)st ring is already removed, 
then the zth ring cannot be removed [see Figure 6(a)] (it is evident 
that if three rings are removed, then the fourth cannot be removed). 
But if the (¢ — 1) st ring is removed, then the (2 + 1)st ring can easily 
be removed [see Figure 6(b) and (c)]. 

Now it is not difficult to answer the question posed by the problem. 
In order to remove the last of the rings it is first necessary to 
remove the first ~ — 2 rings. This can be done in AK(m — 2) moves; 
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Figure 5 


after this the final ring can be taken off in one more move. It then 
remains to remove the (» — 1)st ring. We will designate by k(m) the 
number of moves necessary to remove only the mth ring, under the 
condition that all the preceding rings have already been taken off. 
We obtain 


K(n) = K(n— 2)+14+ kn — 1). 


We shall now find an expression for the number A(m). Clearly, in 
order to remove the nth ring from the rod we must put the (” — 1)st 
ring back on the rod. This can be done in k(n — 1) moves [the same 
number of moves which were necessary to remove the (m — l)st ring 
from the rod, the moves now being done in reverse order]. The mth 
ring is now easily removed from the rod, requiring only one addi- 
tional move. Finally, the (x —1)st ring must be taken off the rod, 
for which k(n — 1) more moves are needed. Thus, we obtain 


k(n) = 2k(n—1)+1, 
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Figure 6 
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from which we easily derive 
R(n) = 2" —- 1 
{see the solution to problem (a)]. 
Now the formula which determines A(m) takes the form 
K(n) = K(n — 2) + 2"! . 
But since A(1) = 1 and A(2) = 2, we readily find, for » = 2m (an even 
number) that 
K(n) = K(n — 2) + 2°! = Kin — 4) + 2-1! 4 23 
= AG =O) or ak 2h eet es 
= K(2) + 2" 4 Qa-9 4 Qe-5 + ++. + 28 
Qrti aN 23 1 
ea goat agne se) 
If 2 = 2m +1 (an odd number), 
K(n) = K(n — 2) + 2""! = K(n — 4) + 2" + 2" 
= KS 6) 2 ih eet See 
K(1) + 2%! — 2"-3 + 25 + +++ 42? 


Dnt — 22 1 
pa Se Ot S71) 
+ ta4 3¢ ) 





lI 


4. (a) We divide the coins into three groups: two having 27 coins 
each and one having 26 coins. A first weight trial is made by plac- 
ing a group of 27 coins on each of the two pans. If the pans do not 
balance, the counterfeit coin is among those in the lighter pan. If 
the scale is in balance, the counterfeit coin is among the 26 un- 
weighed coins. Therefore, it suffices to solve the following problem: 
To find, by three weight trials, a light counterfeit. coin among 27 
coins (the problem of detecting the counterfeit in the group of 26 coins 
can be reduced to this by simply adding to the set of 26 coins a 
genuine coin from the 54 which were weighed). 

For a second weight trial we divide the 27 coins into three groups 
of nine each and place a group of nine coins on each of the two pans. 
This will reveal which group of nine coins contains the counterfeit. 
The group of nine coins containing the counterfeit is then divided 
into three groups of three coins each. A third weight trial will tell 
which group of three coins contains the counterfeit. Finally, a fourth 
weight trial involving two of the three doubtful coins will reveal the 
counterfeit. 

(b) Let k be a natural number which satisfies the inequalities 
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3* > n and 3*-! <n. We Shall show that the number k satisfies the 
conditions of the problem. 

First we show that, at most, k weight trials are enough to allow 
detection of the counterfeit coin. We divide the coins into three 
groups such that in each of two equal groups there are 3*-' (or fewer) 
coins and the number of coins in the third group does not exceed 
3‘-'(this is possible for 2 < 3"). The two groups having the same 
number of coins are placed on the pans of the balance; this enables 
us to determine which group contains the counterfeit [see the solu- 
tion to problem (a)]. If the group containing the counterfeit coin 
contains fewer than 3*-' coins, we add to it enough (genuine) coins 
from the other two groups to give it 3‘-' coins. This group of 3*7! 
coins containing the counterfeit is again divided into three groups, 
as before, and a second weight trial is made, as before. The pro- 
cedure is continued until after, at most, k weight trials we arrive at 
a group containing only one coin—that is, we have located the counter- 
feit coin. 

It is now necessary to show that & is the minimal number of weight 
trials which will guarantee the detection of the counterfeit coin under 
all circumstances. (Note: We might, under certain circumstances, 
succeed with fewer weight trials. For example, if two coins are 
chosen at random and compared, we might be fortunate enough to 
have chosen the counterfeit coin as one of them. However, this does 
not give us a procedure by which we can be sure, under all possible 
circumstances, of detecting the counterfeit by the required number 
of weight trials.) 

In each weight trial, as outlined above, the coins are divided into 
three groups, two of which are placed on each of the two pans, and 
the third being the unweighed group. If with an equal number of 
coins on each pan the scale balances, then, of course, the counter- 
feit is in the third group. If the pans are out of balance, we know 
that the counterfeit is on one of the pans, although a prior knowledge 
as to whether the counterfeit is lighter or heavier than the rest is 
needed to tell us on which of the two pans it lies. 

Let us assume that in an arbitrary sequence of weight trials the 
result of each weighing is l/east favorable with respect to enabling us 
to detect the counterfeit coin; that is the counterfeit is always in 
that group of three which contains the largest number of coins. 
Then upon each weight trial the number of coins in the group 
which contains the counterfeit will not be less than 4 the to- 
tal number of coins (that is, upon division of the coins into three 
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groups, one of the groups must contain not fewer than 4 of them). 


Then after k —1 weight trials the number of coins in the group 


containing the counterfeit will be not less than a and, since 


n>3*-!, the counterfeit will not be found by k — 1 weight trials. 


Remark: It can be shown that the answer to the problem can be expressed 
in the following form: The minimal number of weight trials necessary to de- 
tect the one counterfeit coin in a collection of n coins is [logs(n — 3]) + 1, where 
the brackets designate ‘‘the largest integer in the number’’ (see the note just 
prior to problem 101). 


5. One block is placed on each pan (first weight trial). There are 
two possible outcomes: 

On the first weight trial one of the pans is heavier. In this event 
one of the blocks must be aluminum and the other duraluminum. We 
now place both blocks on one pan and weigh them against pairs of 
remaining blocks (those being divided into nine pairs arbitrarily). 
Any pair of blocks which outweighs the first pair must consist of 
two duraluminum blocks. If the first pair is the heavier, then both 
blocks of the second pair are alminum. If both pairs balance, the 
second pair contains one aluminum and one duraluminum block. 
Thus, for this first event the number of duraluminum blocks can be 
determined by at most ten weight trials. 

On the first weight trial the pans balance. In this event both blocks 
are aluminum or both are duraluminum. As before, we now place 
both blocks on one pan and weigh them against pairs of remaining 
blocks. Assume that the first k pairs of blocks from the nine pairs 
have the same weight as the test blocks, and that the (k + 1)st pair 
tested have a different weight. (If k = 9, then all the blocks weigh 
the same, and so there are no duraluminum blocks. The event in 
which k= 0 falls into the general case.) Suppose, for definiteness, 
that the (k + 1)st pair is heavier than the test blocks [the reasoning 
which follows will be quite analogous if the (k + 1)st pair is lighter]. 
Then the original two blocks, as well as all those of the first & pairs 
tested, must be aluminum. Therefore, in the 1+(k+]1=k+2 
weight trials already made we have found k+1 pairs of aluminum 
blocks. Now we compare the two blocks of the (k + 1)st (heavier) 
pair. [This is the (k + 3)rd weight trial.] If both blocks are of the 
same weight, they must both be duraluminum; if they are not of 
the same weight, one is aluminum and the other is duraluminum. 
In either event we are able, after k +3 weight trials, to display a 
pair of blocks of which one is aluminum and the other duraluminum. 
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By using this pair we can determine in, at most, 8 — k weight trials 
how many duraluminum blocks remain among the 20 — 2(k+4+ 2)= 
16 — 2k unweighed ones, using the technique employed in the first 
event. The number of weight trials used in this second event is then 
equal to R+ 3+ (8—) =11. 


6. (a) Divide the coins into three sets of four coins each. For a 
first weight trial we place a group of four coins on each pan. There 
are two possibilities, which we shall investigate separately: 

(1) The pans balance. 

(2) One pan outweighs the other. 

The pans balance. In this event the counterfeit coin is in the un- 
weighed set, and all eight coins on the scale are genuine. We num- 
ber the coins of the doubtful group 1,2,3,4. We carry out second 
weight trial by placing coins 1, 2, and 3 on one pan and placing the other 
three coins now known to be genuine on the other pan. There are 
two possibilities: 

(A) The pans are in balance. In this event coin 4 is the counter- 
feit. A third weighing, comparing coin 4 with a genuine one, will 
tell whether it is lighter or heavier. 

(B) One pan is heavier. In this event the counterfeit is one of 
coins 1,2, or 3. If the genuine coins are the heavier, then the 
counterfeit is a light coin, and vice-versa. One more weight trial 
will identify which of coins 1, 2, or 3is a light coin, hence counter- 
feit [see the solution to problem 4(a)]. If the pan containing coins 
1,2, and 3 is the heavier, then the counterfeit coin is heavier than 
a genuine one. One weight trial will identify it. 

One pan outweighs the other. In this event all the other coins are 
genuine. Let us designate the coins on the heavier pan by the num- 
bers 1,2,3,4 (if one of these coins is false, then it is heavier than 
the others) and the coins on the lighter pan by 1’, 2’, 3’, 4’ (if one of 
these coins is false, then it is lighter than the others). A second 
weight trial is made by placing coins, 1,2, and 1’ on one pan and 
coins 3,4, and 2’ onthe other. Again, there are several possibilities: 

(A) The pans balance. In this event the counterfeit coin is either 
3’ or 4’ (and is lighter than a genuine coin). A third weight trial is 
made by placing coin 3’ on one pan and coin 4’ on the other; the 
lighter coin will be the counterfeit. 

(B) The pan containing coins 1, 2, and 1’ is heavier. In this event 
coins 3,4, and 1’ are genuine; were either coin 3 or coin 4 heavier 
than the others, or were coin 1’ light, then in the second weight 
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trial the pan containing coins 3,4, and 2’ would have been heavy, 
which was not the result for this case. Therefore, the counterfeit 
coin is either coin 1 or coin 2 (and it is a heavier coin), or else it is 
coin 2’ (and it is a lighter coin). A third weight trial is made, plac- 
ing coin 1 on one pan and coin 2 0n the other. If the pans balance, 
then the counterfeit coin is 2’. If the pans fail to balance, then the 
counterfeit coin is on the heavier pan. 

(C) The pan containing coins 3,4, and 2’ is heavier. Reasoning 
as before, we conclude that coins 1, 2, and 2’ are genuine and that 
if one of the coins 3 or 4 is counterfeit, then it is a heavier coin 
than the others, and if coin 1’ is the counterfeit, then it is lighter. 
A third weighing is made by placing coin 3 on one pan and coin 4 
on the other. If the pans balance, then the counterfeit is 1’; if, on 
the other hand, one pan is heavier, then it contains the counterfeit 
coin. 

(b) We shall prove in three stages, (A), (B), (C), that if the num- 


n 


et , then the counterfeit coin can be detected 





ber of coins is NS 7 
(and determined to be heavy or light) by » weight trials, and if 

3" — 
N> 


to this problem). We shall solve first the following related problem, 
applying relaxed conditions. 

(A) Suppose we are given N coins, divided into two groups, which 
we shall designate X and Y (we do not exclude the possibility that 
one of the groups contains no coins). We assume that one of the N 
coins is counterfeit, and also that if the counterfeit is in the X group, 
then it is lighter than all the others, but if it is in group Y then it 
is heavier than all the others. We must show that if N S 3", then 
the counterfeit coin can be detected by means of n weight trials on a 
pan balance, and if N > 3", then this is not always possible.’ If group 
Y contains no coins, the problem becomes as follows. There is one 
counterfeit coin among JN coins, and it is lighter than the others; to 
prove: that if NM < 3", then the counterfeit can be found by weight 
trials on a pan balance, and if N> 3", then this is not always pos- 
sible; see problem 4(b).] 

The proof will be given by mathematical induction. First we show 
that 7f N< 3*, the counterfeit can always be detected by n weight 
trials. If m=1, that is if N=1,2, or 3, the proposition is quite 


2 , then 2 weighings do not necessarily suffice (see the hint 








1 This statement has one obvious exception: If N= 2 and groups X and Y 
each contains one coin, then, of course, the counterfeit coin cannot be detected. 
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obvious (except as noted in the preceding footnote). For example, 
if N = 3, then it suffices to compare two of the coins from one group. 
Assume now that it has been shown that if NV < 3*-’, then the counter- 
feit coin can be found by z — 1 weight trials. Now let N S$ 3". Place 
on each pan x coins from group X and y coins from group Y, where 
x and y are selected to satisfy the inequalities 


5 a ae ee 
N-—2&x+y) 3". 
(For N Ss 3" the inequality N — 2(x+ y) S$ 3", or x+y As 
compatible with x+y a = 3"-'; that is, it is always possi- 
ble to choose numbers x and y such that 3*"'2x+y2 AS, 


If the pans balance, the counterfeit coin is among the N — 2x + y) 
coins which were not placed on the scale; if one of the pans is hea- 
vier, the counterfeit is either among the x coins of group X on the 
lighter pan, or among the y coins of group Y on the heavier pan. 
But according to the induction hypothesis we can, in either event, 
find the counterfeit coin by conducting z — 1 additional weight trials 
{since both N — 2x + y) and (x + y) fail to exceed 3*-'].t This pro- 
ves, by induction, that if N < 3", then ” weight trials suffice for find- 
ing the counterfeit. 

We now prove that if N> 3*, then the counterfeit cannot, in 
general, be detected by n weight trials. (By ‘‘in general’’ we mean 
that there simply does not exist a sure program which will always 
locate the false coin in” trials. There is always the possibility, for 
example, that if we select two coins at random, one of them might 
be the counterfeit; but we are not concerned with this sort of ac- 
cidental success.) For this proof we make an additional assumption to 
relax our conditions. We assume that in addition to the two sets X 
and Y of coins, together containing N > 3" coins, we have at our dits- 
posal a quantity of coins all known to be genuine. We designate this 
last group of coins by Z (how many there are is not important). We 
shall show, by using these auxiliary coins, that the counterfeit can- 
not, in general, be found by weight trials. 

It is easily verified that if 2 = 1 (that is, if the total number AN of 
coins in X and Y exceeds 3), then one weighing will not always suf- 


t If N > 2, then x = 1, y = 1 is not an exception, because there are now, be- 
yond the two coins, some number of coins known to be genuine. Comparison 
of one of the genuine coins with either one of the doubtful coins will enable 
us to find the counterfeit by one weighing. 
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fice to locate the counterfeit coin. Assume now that it has been 
proved that if the number JN of coins in groups X and Y exceeds 37-', 
then it is not, in general, possible to detect the counterfeit by n—1 
weight trials. We must show, then, that in this event if N> 3%, the 
counterfeit cannot always be detected in ” weight trials. Suppose 
that in the first weight trial we have placed on the first pan x coins 
from group X, y coins from group Y, and z coins from auxiliary 
group Z, and that we have put on the other pan x’ coins from group 
X and y’ coins from group Y, sothatx+y»+z=x'+-y’ (clearly, it 
would be useless to put coins from Z on both pans). Let w be the 
number of coins of groups X and Y which have been left off the 
scale (x+x’/+y+y' +w=WN). Now the scale may be in balance, 
the counterfeit is among those coins not placed on the scale. If w 
exceeds 3"-'!, then, by our induction hypothesis,  —1 additional 
weighings will not, in general, suffice to locate the counterfeit there, 
and we will already have used up one weight trial. Thus, on the 
first weight trial, in order to guarantee even the possibility that 
mae will suffice, it is necessary that w < 3*"'. Hence, on this first 
rial, 
xtytax' ty =N—3* > 3h = 2.3e1, 

If the pans do not balance, the imbalance is caused either by a light 
counterfeit in the X group or by a heavy counterfeit in the Y group. 
Hence, we must deal with either a group of x + y’ coins (if the pan 
with x + y»+2z coins is lighter) or a group of x’ + y doubtful coins. 
But according to the relation x + y+ x’ + y’ > 2-3""', the larger of 
the numbers x + y’ and x’ + y exceeds 3%-'. We must be prepared 
to deal with this larger number of coins, and according to the in- 
duction hypothesis  — 1 additional weight trials will not always 
suffice to identify the counterfeit. This induction completes the proof 
of case (A). 

(B) Suppose we are given N coins containing one counterfeit which 
differs in weight from the others, but that we do not know whether 
the counterfeit is lighter or heavier. Assume we have available an 
extra coin which we know to be genuine. We shall show that if 

3" — 1 
the counterfeit can always be detected by n weight trials; the counter- 


Feit can be shown to be lighter or heavier than the genuine coins; for 
3* — 1 
N>— 
2 
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n weight trials do not, in general, suffice. 





3" 
First, let Ns 5 E. Teg anthat as se = Ds ener eGening 
will obviously suffice. Assume that for 
Ns Seed 
2 
n—1 weight trials suffice we shall show that for 
3" — 1 
Ns —— 
ge 


n weight trials will suffice. We place on one of the pans x of the 
N given coins together with the extra genuine coin, and we place on 
the other pan «+1 coins. There remain N—2x—1 unweighed 


coins. We choose the number x to satisfy the requirement 
2x+1s 3"; 
m-1 __ 
N-2x-1< Sa . 


3" — 





] in this 


3), If the pans balance, 


It is clear that such an x can always be chosen if N< 


3.1 are 1 37 1 gr-l = 1 
, N- —— so — + ~-— = 

case 9 eG 5 

then there remain 


unweighed coins plus a quantity of coins (those on the balance) known 
to be genuine. Therefore, according to case (A) we can find the 
counterfeit coin by making not more than » —1 additional weight 
trials. If the pans do not balance, then the x coins on one pan and 
the x+ 1 coins on the other pan form two groups containing a total 
of 2x + 1 Ss 3*"' coins, to which we can apply the result of problem 
A just investigated. Therefore, 2 — 1 further weight trials at most, 
suffice here also. This completes the proof that, under the conditions 
of this case, if 


3e-! — 1 
Ns ——, 

= 2 
then » weight trials suffice to identify the counterfeit. 


We now show that if 


3*=—] 
= 
N2 5? 





then it is not always possible to solve the problem with only n weight 
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trials. For n = 1(that is, for N > 1) one weighing will not be enough. 
Once more we proceed by induction. Assume that for 
377! — 1 

Z 


it has already been shown that n —1 weignt trials are not enough. 
We investigate the event 


N> 


37-1 
> ee 
We place on one of the pans x of the N coins and, in addition, z 
coins known to be genuine (here we may assume that we have not 
just one but many genuine coins at our disposal). We place on the 
other pan x +z coins from the given set N. Let us designate by w 
the number of coins from N which remain off the balance. Inasmuch 
as the pans may be in balance, the number w of coins left off the 


n-1l 


balance must not exceed +; if the number does exceed this 





value, then, according to the induction hypothesis, ~ weight trials 
will not suffice to locate the counterfeit. But in this event 2x+2>3"" 


(or, N> oie 





). If the balance is not in equilibrium, we can ap- 


ply to the coins belonging to groups X and Y, which are made up 
of the doubtful coins and which lie on one or the other of the pans, 
the results of case (A). It follows from the inequality 2x + z > 3""! 
that for the unbalanced condition of the scale, m weight trials do not 
suffice. 

(C) Having obtained the foregoing preliminary results, we now 
return to the original problem. We shall prove that given N coins, 
where 

3" — 3 
2<NSs ae 
one of which is counterfeit (but it is not known whether it 1s lighter 
or heavier than the others), the counterfeit can be detected by n weight 
trials and simultaneously shown to be either light or heavy.‘ 

If we place x coins on each pan, there remain N — 2x coins not on 

the scale. The number x is selected such that 


2x3", 
37-1 — 1 
ae aaa 


t Clearly, if only two coins are involved, the counterfeit cannot be found by 
weighing. 


N—-2xs 
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If the pans balance, then the false coin is among the unweighed ones, 
of which there are 


N-2xs ee ; 
2 
Moreover, we now have on hand 2x coins known to be genuine, and 
in view of the result obtained in case (B) we are able to find the 
counterfeit by »— 1 additional weight trials. If one of the pans 
outweighs the other, then we can apply the result of case A to the 
coins on the scale, since the total number of coins on the two pans 
is 2x < 3""', and n — 1 additional weight trials suffice to locate the 
counterfeit. 
We shall now prove that if 


373 
N ; 
7 > 





then n weight trials will not, in general, suffice. For the first weight 
trial we place x coins on each pan, leaving w coins off the scale. If 
the pans balance, then in view of case (B), x —1 further weight 
trials will suffice to locate the counterfeit and to determine whether 


it is light or heavy only if w does not exceed >. But in this 


event 


Se, SO, | BID ode 


ox > 
- D 2 2 





Since 2x is an even number, 2x > 3"-', and in view of the results 
of case (A), we cannot determine the counterfeit coin with ” weight 
trials if one of the pans is heavier. 

Thus, we have proved the generalized version of the given pro- 
blem. Now we need note merely that 

37 — 3 3° — 3 


= 1092 > 1000 > 363 = ry 


in order to obtain the answer to our specific problem; that is, k = 7. 


7. (a) If the third link is disengaged from the chain, then there 
are three pieces: the single link, a two-link piece, and a four-link 
piece. On the first day the traveler gives the single link to the inn- 
keeper. On the second day he gives the innkeeper the two-link piece, 
receiving the single link back in change. On the third day the tra- 
veler pays the single link; on the fourth day he presents the four- 


94 Introductory Problems 


link piece, receiving as change the single link and the two-link piece. 
On the fifth day he gives the single link, and on the sixth day the 
single link is returned to him as change for the two link piece. 
Finally, the single link pays for the seventh day’s lodging. Hence, 
only one link need be disengaged from the chain. 

(b) It will be convenient to consider first the following problem. 
If k links are disengaged from an m-link chain, where & is a fixed 
number, how large can ” be such that any number of links from 1 
to m can be obtained by taking one or more of the severed pieces 
of the chain? To solve this problem, we first investigate which links 
would be most advantageous to remove. After removing & single 
links we can gather from these any number of links from 1 to &. 
But if we want k+1 links, we must consider the remaining pieces 
of chain and in particular those pieces having & + 1 or fewer links. 

Clearly, the most convenient arrangement would be to have a piece 
of chain with exactly £ +1 links. Then we could gather any number 
of links from 1 to2k+1. Inorder to collect 2k + 2 = 2(k + 1) links, 
we need another piece containing 2(k + 1), or fewer, links. The most 
convenient situation would be to have a piece with exactly 2(k+1) links; 
we could then gather any number of links from 1 te (2k+1) +2(&+1) = 
4k +3. The next step would be to have available a piece of chain 
with 4k + 4= 4(k+ 1)links. Continuing this reasoning, the most ad- 
vantageous method of removing links from the chain would be to 
have pieces of the following lengths (setting aside the individual 
severed links): 


k+1,2(k+1),44+4+ 1), 824+ 1),---,2&R+1). 
Thus, any number of links from 1 to 
n=k+([(R4+1)+2R414+444+)4+---+24R+ 1) 
=kh+(2*!-1(R+) = 2*'k+1)-1 


can be built up by taking pieces of the chain. 

Thus, if 2’k <n < 2'*"(k+1)—1, then it is possible to make k 
breaks in the chain, but removal of & —1 links will not suffice to 
solve the problem. In particular, if 


2sns 7, then k=1; 160<”X 383, then k=5; 
8<ins 23, then k= 2; 384 <n 895, then k=6; 
24sns 63, then k= 3; 896 <n S 2047, then R=7. 
64 << 159, then k = 4; 
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Therefore, if 2 = 2000, the least number of links which can be dis- 
engaged is 7. The conditions of the problem will be satisfied if we 
select those links such that the 8 pieces of chain we obtain (excluding 
the 7 individual severed links) have, respectively, 8, 16, 32, 64, 128, 
256,512, and 977 links. 


8. Let A be the first of the selected students (that is, the tallest 
of the short), and let B be the second of the selected students (the 
shortest of the tall). If A and B stand in the same row, then B is 
taller than A, since B is the tallest student in that row. If A and 
B stand in the same column, then again B is taller than A, since A 
is the shortest student in that column. Finally, if A and B do not 
stand in either the same column or the same row, let C be that student 
standing in the same column as does A and in the same row as does 
B. Then B is taller than C (since B is the tallest in that row), and 
C is taller than A(since A is the shortest in that column). Hence, 
again B is taller than A; and so in every possible case B is taller 
than A. 


9. First, it follows from the conditions of the problem that each 
gear weighs either an even number of grams or an odd number of 
grams. The reasoning is as follows. Since any set of twelve gears 
can be divided into two groups of equal weight, a set of twelve gears 
will weigh an even number of grams. This total weight remains an 
even number if one of the twelve gears is exchanged with the thir- 
teenth gear. But this is possible only if the exchanged gear and the 
thirteenth gear are both of even weight or both of odd weight, and 
this holds for any of the twelve gears initially weighed. Hence, all 
the gears are of even, or all are of odd, weight. 

Subtract now from the weight of each gear the weight of the 
lightest gear (possibly two or more gears have the same minimum 
weight; this is unimportant). This may be thought of as producing 
a ‘‘new’’ set of gears, and this new set clearly again satisfies the 
conditions of the problem. (One of the gears, and possibly more, must 
now be thought of as having ‘‘zero weight’’.) It is easily seen that 
each gear of the new set has even weight (counting 0 as an even 
number), since if all the gears were of odd weight initially, then an 
odd number was subtracted from each individual weight; if they 
were all of even weight initially, then an even number was sub- 
tracted from each individual weight. 

If now we divide each weight by 2 and think of this as providing 
a “‘new”’ set of weights, this new set again satisfies the conditions 
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of the problem. 

Assume now that not all the gears are of the same weight. In 
this case, not all the weights of the second set (obtained by subtract- 
ing the weights of the lightest gear from each of the original weights) 
will be zero. If we continue to divide by 2, thus obtaining ‘‘new’”’ 
sets satisfying the conditions of the problem, we finally arrive at a 
set of gears of which some are of even weight (at least one is of zero 
weight) and some are of odd weight (continued division of an even 
natural number by 2 finally produces an odd number). But such a 
set satisfying the conditions of the problem has been shown to be 
impossible. This contradiction proves the assertion of the problem. 


Remark: The conditions of the problem require that all the gears be of in- 
tegral weight, but the result can be extended to weights which are rational 
numbers. If we multiply each of the weights by the least common multiple of 
all the denominators, we obtain a ‘‘new’’ set of weights, all integers, and all 
of which still satisfy the conditions of the problem, and we go on from there. 
Moreover, if we allow the weights to be irrational numbers, the extension can 
again be made, since irrational numbers can be approximated by rational num- 
bers to as close a tolerance as desired. (The reader is invited to carry out 
such a proof, although a rigorous demonstration is by no means a simple task.) 


10. Beginning with the third row of the number triangle we write 
the first four numbers of each row, but putting in place of an even 
number the letter e, and in place of an odd number the letter @: 


6 e486 86 
6 6e 86 
6¢@€€ee 
660. 
6 e 


Note that the fifth row of the array coincides with the first row. 
But the evenness or oddness of the first four numbers of every row 
of the number triangle depends only upon the evenness or oddness 
of the first four numbers of the preceding row. Hence, in the above 
array any row will periodically duplicate itself in the fourth row 
following. Since an even number occurs in each of the first four 
rows shown above, an even number must occur in every subsequent 
row. 
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11. The plan is to number the squares consecutively from 1 to 12, 
starting, say, from the red chip, and continuing on through the chips 
and around the circle, and then to rearrange the squares by putting 
them in an order in which it is possible to move a chip from one 
square to the next. That is, after square 1 we place square 6 (since 
by the conditions of the problem it is possible for a chip to move 
from square 1 to square 6, and vice-versa), then after square 6 we 
place square 11 (since a chip may move from square 6 to 11), and 
after square 11 we place square 4, and soon. After this rearrange- 
ment we have the following order of squares: 


R B Y 


| | 


8. >3e +10. »5— 412-7 
G 


The chips (red, yellow, green, blue, designated R, Y,G, B) are 
shown adjacent to their original positions: # on square 1, Y on 2, 
G on 3, and B on 4. The rule by which the chips may now move 
is simple: A chip may move one square in either direction, provided 
that square is unoccupied. Clearly, the only way in which a chip 
can change places with another is for it to move around the rectangle 
in either direction, but now a chip can neither jump over nor occupy 
the position of another chip. Thus, if chip R moves to occupy square 
4, then B must occupy square 2, Y must occupy square 3, and G must 
move to square l. If R occupies square 2 then B must occupy square 
3, Y must move to square 1, and G will occupy square 4. If R oc- 
cupies square 3, then B occupies square 1, Y moves to 4 and G 
moves to square 2. Other than these three rearrangements, no ar- 
rangement differing from the initial one is possilbe. 





12. First solution. Let n be the number of coconuts each man 
received when the pile of coconuts was divided the next morning. 


Then 5z + 1 coconuts were in the final pile. The last man to have 
n+1 





raided the pile the night before must have taken 2 nuts, since 

on +1 +1= zon — 9 c 
4 4 

conuts in the pile. The next-to-last (penultimate) man to have raided 


‘ 1 25n+9 
the pile took ie mn 


prior to that there must have been 5- O- 


nuts, and prior to that the pile contained 
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1 25” +9 125” + 61 


3: a 1 +1= a6. coconuts. The man who raided prior 
to that took + . 125n +6) nuts from a pile of 5 j ee +1= 
625n + 369, the man before him took + : Sen nuts from a 
pile of 5-02 +369 4 1 = 3125 + 2101. 6 oily, the first man to have 


64 265 , 


arisen the night before took i | 3125” + 2101 


ri 956 nuts from the original 


pile, which contained 


1 3120” + 2101 15625” + 11529 


ST 256 v= 1024 
1S + 11 + 20m F265 


1024 


coconuts. Since N must be an integer, 265(z + 1) must be divisible 
by 1024. The least integral value of 2 which will make 265(” + 1) 
divisible by 1024 is 1023 (since 265 and 1024 are relatively prime). 
Thus, 


N = 15-1023 + 11 + 265 = 15621 . 


Second solution. The problem can be solved more readily and with 
much less calculation if we consider the conditions imposed on the 
total number of coconuts. The first condition asserts that the first 
division of the total number of nuts by 5 yields a remainder of 1, 
that is, for some number 7, N=5/+1. The numbers WN satisfying 
this condition appear in the sequence of natural numbers at intervals 
five integers apart, and if we know one of the numbers, we can find 
as many more as we wish by adding or subtracting multiples of 5. 
The second condition asserts that k = (4/5) (N — 1) = 41 (Rk is the num- 
ber of nuts remaining for the second man’s raid) gives a remainder 
of 1 when divided by 5; that is, k = 5/, + 1, for the suitable /,. This 
is equivalent to the requirement that / yield a remainder of 4 when 
divided by 5, or that N=5/+4+1 yield a remainder of 21 when di- 
vided by 25. Numbers satisfying this condition are found in the 
natural number sequence at intervals of 25, and if we know one 
such number, we can obtain the others by adding or subtracting 
mutliples of 25. The third condition asserts that k; = (4/5)(k — 1)= 
41, yields a remainder of 1 upon division by 5; this condition deter- 
mines the remainder yielded upon division of /; by 5, or the remainders 
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obtained by dividing & and / by 25, or the remainder obtained by 
dividing N by 125. All the conditions together determine the re- 
mainder obtained by dividing N by 5* = 15,625. These numbers ap- 
pear at intervals of 15,625 in the sequence of natural numbers.t 

We can now calculate the remainder which WN yields upon division 
by 5°, but this is not necessary. One number satisfying all the im- 
posed conditions is —4, which upon division by 5 yields a quotient 
of —1 and a remainder of +1. If we subtract the number 1 from 
—4 and divide the difference by 4/5, then divide the result by 5, we 
again obtain a remainder of +1. Accordingly, upon all further di- 
visions by 5 we will obtain the same remainder of +1. The num- 
ber —4 cannot, of course, be the answer to the problem, since N has 
to be a positive integer. But since we do know one number which 
satisfies the conditions of the problem, we can find as many others 
as we wish by adding multiples of 5°. The least positive number 
which we can add to satisfy the given conditions is 5® itself; we ob- 
tain —4 + 5° = 15625 — 4 = 15,621. 


13. Let # be the number of sheep in the herd. Then the brothers 
received » rubles for each sheep, and so they received a total of 
N=n-n=n? rubles. Let d represent the digit in the tens place of 
the number », and let e be the digit in the units place; then » = 
10d + e, and 


N = (10d + e)? = 100d? + 20de + e? . 


It follows, from the manner in which the money was divided, and 
since the older brother had one more selection from the money than 
did his brother, that there must have been an odd number of tens 
in N, plus a remaining number less than 10. But 100d? + 20de = 
20d(5d + e) is divisible by 20 and so contains an even number of tens. 
Consequently, the number e? must contain an odd number of tens. 
Since e < 10 (being the remainder obtained by dividing m by 10), the 
only possible values for e are 1, 4, 9, 16, 25, 36, 49, 64, or 81. 

Of these numbers, only 16 and 36 contain an odd number of tens, 
so the possibilities for e? are limited to 16 or 36. Both of these 
numbers end with the digit 6, which means that the remainder the 
younger brother received in place of 10 rubles was 6 rubles. Thus, 
the older brother received 4 rubles more than did the younger. To 
make the division even, the older brother would have to give the 


t The argument here would be carried out in American schools by the use of 
congruence arithmetic {Editor}. 
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younger brother 2 rubles. Therefore, the penknife was worth 2 
rubles. 


14. (a) Our calendar is constructed on the following scheme. Every 
year has 365 days except for leap-years (those years whose identify- 
ing number is divisible by 4—for example, 1960). The leap-years 
have 366 days (the extra day being February 29). However, there is 
an exception to this rule: any year whose identifying number is di- 
visible by 100 but not by 400 has only 365 days instead of 366; that 
is, those are not leap years. For example, the years 1800 and 1900 
were not leap years; also, 2100 will not be a leap year. However, 
2000 (being divisible by 400) will be aleap year. The problem asks 
on which of the two days, Saturday or Sunday, New Years Day 
more frequently falls. 

We shall show that any 400-year period of time presents a periodic 
pattern, in the sense that the next 400-year period will exactly du- 
plicate the calendars of the previous 400-year period (for example, 
this month’s calender is exactly the same as that of exactly 400 years 
ago). This interval of 400 years contains an integral number of 
weeks. Leap years have 52 weeks and 2 days, and other years have 
52 weeks and 1 day. In the course of four years, of which one is 
a leap year, there are 4:52 weeks plus5 days. In the course of 400 
years there would be an additional 500 days, but because three of 
these years are divisible by 100 but not by 400 (and so are not leap 
years) the 400 years will have only 497 days in addition to 400-52 
weeks; that is, there are an additional 71 weeks. Therefore, the 
problem can be limited to any 400-year period. 

Let us investigate the 400-year period from 1901 to 2301. Every 
fourth year is a leap year (since there is no exception for leap years 
in this interval). In span of 28 years there will be one ‘‘extra’’ week, 
owing to leap years; in addition, there will be an additional 28 days, 
or 4 weeks, over an exact number of weeks. Thus, a 28-year inter- 
val yields an integral number of weeks: 28-52 +5 weeks. 

We select a particular New Year’s Day: January 1, 1952, which 
fell on a Tuesday. Since 1952 was a leap year, and a leap year has 
2 days over 52 weeks, January 1, 1953, fell on a Thursday, but ja- 
nuary 1, 1954, fell on a Friday (1953 not being a leap year), January 
1, 1955, fell on a Saturday, and so on. January 1, 1951, fell on a 
Monday, January, 1, 1950, fell on a Sunday, and so on. In the 28- 
year period 1929-1956, inclusive, January 1 fell exactly four times on 
each day of the week. This distribution was exactly the same for 
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the 28-year period 1901-1928, inclusive. We recall that a 28-year period 
in which every fourth year is a leap year contains an integral num- 
ber of weeks, and, consequently, we repeat the same distribution of 
New Year’s Days over the days of the week as obtained for the pre- 
vious 28-year period. The interval 1901-2096 (inclusive) contains 196 
years, a number divisible by 28 (the year 2000 not providing any 
exception for leap year). In this interval, New Year’s Day will have 
fallen exactly the same number of times on each day of the week. 

Further, January 1, 2097, will fall on the same day of the week as 
did january 1, 1901, January 1, 1929, and so on—it will fall on a Tues- 
day. Thus, New Year’s Day of 2100 will fall on a Friday, and New 
Year’s Day of 2101 will fall on a Saturday (2100 is not a leap year). 
The 28-year period 2101-2128 will differ from the 28-year period 1901- 
1928 in that the period begins not on a Tuesday but on a Saturday. 
This calls for a corresponding shift in the days on which New Year’s 
Day will fall. However, in the period 1901-1928 New Year’s Day 
fell exactly four times on each day of the week, and this will hap- 
pen also in the period 2101-2128. The 28-year intervals 2129-2156 
and 2157-2184 will follow the same pattern. The year 2185 begins 
on the same day as did 2101—Saturday; this allows us to find the data 
for the period 2185 to 2201. Simple calculation shows that in the 
interval from 2185 to 2200 New Year’s Day will fall twice each on 
Monday, Wednesday, Thursday, Friday, and Saturday, but three times 
each on Sunday and Tuesday. New Year’s Day of 2201 will fall on 
a Thursday. In the course of the 3-28 = 84 years, from 2201 to 2284, 
New Year’s Day will fall the same number of times on each day of 
the week. New Year’s Day 2285 will fall on the same day it will 
in 2201—Thursday. This allows us to determine the data for the 
period 2285-2300. In this interval January 1 will fall twice each on 
Monday, Tuesday, Wednesday, Thursday, and Saturday, and three 
times each on Sunday and Friday. Similarly, over these periods in 
the course of which New Year’s Day will fall the same number of 
times on each day we counted 2+ 2=4 Mondays, 1+3+2=6 
Tuesdays,1+2+2=5 Wednesdays, 1+2+2=5 Thursdays, 6 
Fridays, 4 Saturdays, and 6 Sundays. It follows that New Year’s 
Day falls more often on Sunday than on Saturday. 

(b) Employing methods analogous to those used in problem (a), 
we can show that in the 400-year interval the thirtieth day of the 
month will fall on Sunday 687 times, on Monday 685 times, on Tues- 
day 685 times, on Wednesday 687 times, on Thursday 684 times, on 
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Friday 688 times, and on Saturday 684 times. Thus, the thirtieth 
day of the month falls most often on a Friday. 


15. It is clear that if the final digit of an integer is deleted, the 
integer is reduced by a factor of at least 10. If that final digit is 
zero then, of course, the number is reduced by exactly the factor 
10, and so all such numbers automatically satisfy the conditions of 
the problem. 

Assume now that if the final digit of a number «x is deleted, then 
the digit is reduced by an integral factor exceeding 10, say, by the 
factor 10+ a(a=1). Let y be the quotient obtained by dividing x 
by 10, and let z be the remainder; that is, x = 10y + z(z S$ 9). If the 
last digit of x is deleted, then the deleted digit is z, and the new 
number is equal to y. The condition of the problem then calls for 
the equation 


x=(10+a)-y, 
or the equation 
10y+2=(10+a)-y, 


from which we obtain 
zZ=ay. 


Since z < 10, both @ and y must be less than 10. Therefore, except 
for the numbers divisible by 10, the only integers meeting the con- 
ditions of the problem are two-digit numbers; also, if the final digit 
is deleted, the original integer can be reduced by, at most, a factor 
of 19(11s10+a< 19). It is easily shown that only the following 
two-digit numbers are reduced by a factor of 11 when their last digit 
is deleted: 11, 22, 33, 44, 55, 66, 77, 88,99. (if 10+a=11, then a =1; 
hence z= ay=y, and x = 10y +z=11y, where y = 1, 2,3, ---,9.) It 
can be shown, in an analogous way, that the only two-digit integers 
reduced by a factor of 12 upon deletion of the final digit are 12, 24, 
36, 48 (z = ay = 2y, where only y = 1, 2, 3,4 are possible, since z<10, 
and x = 12y). The numbers diminished by a factor of 13 are 13, 26, 
39; the numbers diminished by a factor of 14 are 14 and 28. It is 
evident that the only numbers which can be reduced by factors of 
15, 16, 17, 18, 19 are these numbers themselves. 


16. (a) Let the integer sought have & + 1 digits. It may be writ- 
ten in the form 6-10" + y, where y isa &-digit number (it may pos- 
sibly begin with one or more Zeros). The conditions of the problem 
are expressed by 
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6-10* + y = 25y, 
or 
_ 6-104 
24 
Clearly, it is necessary that k = 2, since 60 is not divisible exactly 
by 24 and y is an integer. For k22 the integer y is equal to 
25-10*-?; that is, y has the form 250---0, where there are k — 2 zeros. 
Therefore, all the numbers sought are of the form 6250---0, where 
there are n zeros and n= 0,1,2,3,°---. 
(b) Solve this problem: Finda number whose first digit is @ and 
which is reduced by a factor of 35 when its final digit is deleted 
Proceeding as in problem (a), we have the equation 


= a-10* 
34 ’ 
where y is an integer [see solution of problem (a)}. But the right 


member of this equation cannot possibly be an integer a <9 and 
R21. 





Remark: Proceeding as we did in problems 16 (a) and (b), we can show that 
an integer beginning with a given digit a can be reduced by an integral fac- 
tor b upon deletion of the digit a only ifa<b—1 and the (proper) fraction 





= 1 can be represented as a finite decimal fraction (that is, all the prime 
factors of 6 — 1 other than 2 and 5 are factors of a, of sufficient multiplicity). 
For example, no integer can be reduced by a factor of 85 by deleting its first 
digit, since 85 — 1 = 84 includes 3 and 7 among its factors and no digit is 
divisible by both 3 and 7. Again, any number which is reduced by a factor 
of 15 upon deletion of its first digit must commence with 7, since 14 has 7 as 
a factor. A general criterion which will give the necessary form of an integer 
having a known first digit a and which is reduced by a factor 6 upon deletion 
of the first digit is usually easy ‘to find. 


17. (a) First we show that no integer can be diminished to } its 
original value by deleting a digit standing farther from its beginning 
than the second place. Let the digits of the number N be ap, di, d2,+-°, 
a™(a) # 0); that is, 


Qy- 10" + a,-10"-! + en + an = N. 
Assume that = iS an integer, and that it has been obtained by de- 


leting a digit past the second position. We have 


@10"-! + a,10"-? +e ==. 
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If we multiply this equation by 10 and subtract from it the initial 
equation for N, we obtain 


N 
—<10""'.” 
9 


a dans : N. 
This is a contradiction, since i0 is a smaller number, and 


5 = ay: 10! + + S10, 

We recall the criterion for divisibility of an integer by 9 (a number 
is divisible by 9 if and only if the sum of its digits is divisible by 
9). Now, if N is divisible by 9, as is also the number obtained from 
N by deleting the first digit of N, then this first digit must be 0 or 
9 (since it must by itself be divisible by 9). Since a, #0, we must 
have a, = 9 if N is to meet the conditions of the problem. But then 


the number = has the same number of digits as does N, and so * 
cannot be obtained from WN by deleting its fiirst digit. This contra- 
diction means that the only possible deletion of a digit from WN in 


order to meet the conditions given by the problem is that of the 
second digit. Thus, 


x = Qo107-! + a,10"~? +-+-+4@,. 


Since = must again be divisible by 9 (that is, @at+a.+a3; +---+a, 
is a multiple of 9, as was a +4@,+a2+ -:: +a@,) either a,=0 or 
a,=9. If we assume that a, = 9, andif we multiply the expansion 
for = by 10 and subtract the expansion for N, we obtain >= 
(az — 9)-10"-! +--+, and since a. S$ 9, then 

N 
ry =< 10°", 


which is impossible. 
Therefore, the conditions of the problem can be met only if the 
second digit of N is zero and if this is the digit deleted. Thus, 


N- 2 = ay-10" — ay-10™"', 
or 


* = N= ay-10* + ag-10"-! = N — ay-9-10™-' 
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Finally, 


N 
“9. = a):10""! . 


i 
9 


|= 


This equation states that to divide =. by 9, we merely delete the 


first digit @. This solves problem (a). 
(b) In solving problem (a) we arrived at the necessary relation 


= = N—ay-10"-9, 


from which it follows, upon solving for N, that 


ao’ 107") ig 81 
<3 i 


This is the form that N must have. It is evident that a@ cannot be 
either of the digits 8 or 9, inasmuch as the second digit of N is re- 
quired to be zero. If we try successively a) = 1, 2, 3,4, 5,6, 7, along 
with the least necessary value of » which will make N an integer, 
we have the following seven numbers, which satisfy the conditions 
of the problem: 


10,125; 2025; 30,375; 405; 50,625; 6075; 70,875 . 


These numbers, together with all products by 10* (k = 1, 2, 3, ---) con- 
stitute all the integers which satisfy the conditions of the problem. 


N= 


18. (a) The proposition is equivalent to the assertion that the in- 
teger is diminished by some factor m when the third digit is delet- 
ed. Let 


N = ao-10" + ay-10*-' + ay-10"-? + +++ tan. 
Then 


10-% = a4y+10* + @y-10°-! + ay-10-? + +++ + G10. 
If m< 10, then subtraction of the first equation from the second 


* a mN< 10", which is impossible, since 





yields the inequality 





and 


AN = ay-10"! +++» 210, 
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If m>11, then@—10. vy < 10"-'!, which also is impossibile for an 
m 
analogous reason (* Sas 50): Again, if m=11, then we must 
m 


have = N < 10"-'; that is, pe x has two digits fewer than N, which 
m 


is an impossibility. 

The only possibility of obtaining a number satisfying the condi- 
tions of the problem is to let m=10. Therefore, the conditions 
require numbers all of whose digits, except the first two, are zero. 
Such integers satisfy the requirement and hence describe the num- 
bers sought. 


Remark: It is possible to show, by similar reasoning, that the only integers 
which are diminished by an integral factor when the kth digit, where k > 3, 
is deleted are those having zeros after the first k — 1 digits. 


(b) The requirement that a number N be diminished by an in- 
tegral factor m when its second digit is deleted is expressed as follows: 


N= ay: 10" + a,:107-! + Q2: 107-2 + :-- + Qn, 
*. = d)-10""' + a,-10"* + --- +a,. 


It follows that 
N= N= ay-10* — a-10°! + y-10°, 
m 

or, upon solving for N, 


Ne (9a) + az)-10"-!-m 
m—1 : 


i) 


These equations can be combined to yield 


(9a + a@,):10" 


N= y+ 10" + a,-10"-! = ay-10"-! + 
m—1 


But, on the other hand, we know that WN is an (2 + 1)-digit number 
beginning with digits a and a;: 


N = ay:10" + a,-10""' + a,-10*7 2? + +> +a, 


where we may assume that not all the digits a@,---,a, are zero 
(otherwise the problem leads to investigation of two-digit numbers 
N, see the solution to problem 15). The following inequality must 
hold: 
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; n—-l 
0< —a,-10""' + Saat a1 < 10", 
or, equivalently, 
Qo Sa + iu < ao + 1 P (2) 
m—1 


As a consequence, we have the following results. The required 
numbers WN are expressed by (1), whereO0 Sa,S9,0S a, $9. Since 
N is an integer, and m and m — 1 are relatively prime, the proper 


9ay + ay 


fraction can be written as a terminating decimal. When 


} 
this is done the possible values of a,a, and m must satisfy inequa- 
lities (2) in addition, it is necessary to add to the possible values of 
N the two-digit numbers obtained in the solution of problem 15). 
There now remains only successive investigations of the possible 
values for @. 
(1) a@=1. Here, inequality (2) yields 








1l1< om -1< 18; 
9 <2,m—1>4. 
m—1 
Applying the m— 1 successive values 5,6,7,---,17, and selecting, 


each time the appropriate value of a,, we obtain 
N = 108; 105; 10,125; 1125; 12,375; 135; 14,625; 
1575; 16,875; 121; 132; 143; 154; 165; 176; 
187; 198; 1625; 195; 192; 180,625; 19,125 , 
to each of which we can adjoin an arbitrary number of zeros. 
Proceeding in an analogous may, we obtain the following: 
(2) a) =2: 
N = 2025; 21,375; 225; 23,625; 2425; 25,875; 
231; 242; 253; 264; 275; 286; 297; 2925 . 
(3) @ = 3: 
N = 30,725; 315; 32,625; 3375; 34,875; 
341; 352; 363; 374; 385; 396. 
(4) a=4: 


N = 405; 41,625; 4275; 43,875; 451; 462; 473; 484; 495 . 
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(5) ay =5: 
N = 50,625; 5175; 52,875; 561; 572; 583; 594 . 
(6) a =6: 
N = 6075; 61,875; 671; 682; 693. 

(7) a =7: 
N= 781; 792. 

(8) a= 8: 
N= 891. 


There is no N for a@ = 9. 

In toto, including the results of problem 15, there are 104 values 
for N. An arbitrary number of zeros can be adjoined to each of 
these. 


19. (a) First solution. Let X be the m-digit number obtained by 
deleting the first digit 1 from the integer sought. That integer is 
then 10" + X, and the new number is 10X+1. The condition of 
the problem yields 


(10" + X)-3= 10X41, 
or 
_ 3:10" =1 


= 7 


The last equation provides a condition for finding X: 3-10" = 3000--- 
must yield the remainder 1 upon division by 7. Direct division by 
7 shows that the least number of zeros necessary after 3 to produce 
a remainder of 1 is 5; that is, 3-10° = 300,000 = 7(42,857) +1. Thus, 
the least possible value for the integer X is 42,857, and hence the 
number sought is 142,857. 

To find other such numbers, we note that in dividing 3000---by 7 
we need not stop at the first remainder 1; any quotient obtained for 
the remainder 1 will serve as an X. It is readily seen that the other 
numbers will be 


142,857,142,857; -- -; 142,857,142, 857-- -142,857;--- . 
—— —— ound 


k times 


Second solution. Let x be the second digit of the number sought, 
let y» be the third digit, and so on; that is, the number has the form 
lxy---2t (the over bar denotes a succession of digits rather than a 
product). The condition of the problem states 
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lxy:+-zt-3 = xy---2tl. 


It is at once apparent that ¢ = 7 (in no other case will the product 
on the left yield a final digit 1). Therefore, the tens digit ¢ on the 
right is 7. But this is possible only if z-3 ends in 7 — 2= 5 (3-z plus 
a carry-over of 2 must yield 7); that is, z=5. There is a carry-over 
of 1. The product, 3 times the hundreds digit on the left, plus the 
1 carried over, must yield 5; and soon. The reader can readily make 
up an organized format for this process. For example, 


1 4 v4 8 5 «7 42857 


4—1=3,2-—0=2,8-—-2=65-1=4,7-2=5 
(the calculations are made from right to left). The smallest possible 
number occurs when we reach the digit 1 on the left, 142,857. 

If this process is continued, we obtain other numbers satisfying 
the conditions by stopping whenever we have adjoined another 1 on 
the left: 

+++: 142,857,142,857- --142,857; --- . 
“a_i OO “SS 
Rk times 
(b) When an integer is tripled, the resulting integer can have 
the same number of digits only if the initial digit of the first num- 
ber did not exceed 3. As we saw in problem (a), the first digit can 
be 1. We shall show now that it cannot be 3. 

If the first digit of the integer sought is 3, we see from the re- 
quired equality 3xy---z-3 = xy---z3 that its second digit (that is, x) 
must be 9. But 3 times any integer beginning with 39 yields an in- 
teger having one more digit. Hence the first digit of any integer 
meeting the conditions of the problem cannot be 3. 

It is left to the reader to show that the numbers sought may be- 
gin with the digit 2. The smallest such number is 285,714; all such 
numbers are of form 


285,714,285,714- -- 285,714 . 
—S— “— = 








k times 
The proof is quite similar to that of problem (a). 


20. Since after multiplication by 5 the number of digits remains 
the same, the initial integer must begin with the digit 1. This di- 
git then becomes the final digit of the new number, which is not 
divisible by 5. 
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The solutions for the digits 6 and 8 are similar. 


21. First solution. Since the number of digits is not increased 
after multiplication by 2, the first digit of the initial number cannot 
exceed 4. Since after the transfer of the first digit to the end we 
have an even number (twice the original number), the first digit must 
be even; hence it must be either 2 or 4. 

Consider now the number X obtained by deleting the first digit of 
the original number sought. Reasoning as we did for problem 19 
(a), we obtain 


(2:10" + X)-2=10-X4+2, 


that is, 
_ 4-10" —2 2-10" —1 
X= 3 eae eee 
or else 
(4-107 + X)-2=10-X +4, 
that is, 


8-10"—4 _ 2-10"—1 


ag 2 


However, both of these formulas are impossible, since they do not 
yield integers (the numerator is odd for both). 

Second solution. As in the first solution we conclude that the first 
digit of the number sought must be either 2 or 4. We use the nota- 
tion employed in problem 19 (a). We have 


2xy---zt-2 = xy---2t2 
or else 


4xy->-zt-2 = xy---zt4d. 


In the first case, ¢ can be only 1 or 6 (otherwise the product on 
the left cannot end with the digit 2). But if t =1, then on the left 
is a number not divisible by 4, and on the right is a number divisible 
by 4 (an integer being divisible by 4 if and only if the number com- 
posed of its last two digits is divisible by 4). If f= 6, then on the 
left is a number divisible by 4 (product of two even numbers), but 
on the right is a number not divisible by 4 (ending in 62). 

In the second case, ¢ can be only 2or 7. If ¢ = 2, then [as in the 
second solution of problem 19(a)], necessarily, z= 1, and it follows 
that the product on the left is divisible by 8 (product of a number 
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divisible by 4, since it ends in 12, and 2), but the number on the 
right is not divisible by 8 (ending in 124). 

The demonstration for ¢ = 7 is left to the reader. It is quite simi- 
lar to the foregoing solutions. 


22. (a) First solution. A number increased seven-fold upon trans- 
fer of its first digit to the end must commence with the digit 1 
(otherwise the larger number would contain more digits than the 
original). As was done in problem 19 (a), we let X be the m-digit 
integer obtained by deleting the first digit, 1, of the number sought. 
Then, as in the previous problems, 


(1-107 + X)-7=10-X +1, 
which yields 


But it is obvious that there is no m for which X can be an m-digit 
7-10" — 1 
number {| ————— > 10"), 


A similar demostration will prove that there is no number which 
is increased nine-fold by transfer of its initial digit to the end of the 
number. 

Second solution. We conclude, as in the first solution, that the 
number sought must begin with the digit 1. Using the terminology 
explained in problem 19 (b), we have the following statement of our 
problem: 


lay--+-2t-7 = xy---2t1. 


It follows that the product ¢-7 must end with the digit 1, which re- 
quires that t=3. Insertion of this digit for ¢ yields ly---z3-7=y---z31. 
Since 3-7 = 21, and the product of of z3 by 7 ends in the succession 
of digits 31, this product has 1 as a final digit. Consequently, z is 
also equal to 3. A similar procedure shows that each successive 
digit (from this end forward) is equal to 3. However,. the initial 
digit of the number must be 1, which is impossible. 

Therefore, there does not exist any integer which increases seven- 
fold upon transfer of its first digit to the end. 

(b) First solution. Inasmuch as the number to be obtained upon 
multiplying the sought integer by 4 must not contain a greater num- 
ber of digits than before, the initial digit cannot exceed 2. Since 
transfer of the initial digit to the end must produce an even num- 
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ber, that digit must be 2. If now we designate by X the m-digit 
number obtained from the number sought, upon removing the first 
digit we obtain 


(2:10" + X)-4 = 10X +2, 
or 
_ 8:10" — 2 
6 , 
8-10" — 2 
6 


XxX 
which is an impossibility, since > 10” [see the first solution 


of problem (a)]. 
Second solution. As in the first solution, the first digit of the num- 
ber sought must be 2. Moreover, 


axy---2t-4=xy---2t2, 


and it follows that ¢ =3 or 8 (t-4 ends in 2), 
If ¢ = 8, then the final two digits on the right form the number 
82, and the integer is not divisible by 4. If tf = 3, then 


oxy+++23°4 = xy-+ +232, 
hence 


2xy-+-20-4 = xy---220, 
and 

2xy---z-4=xy---22. 
In the same manner we find that the number 2xy---z has the same 
property as did 2xy---zt. By applying the same reasoning as before 
we find that, necessarily, z= 3. Continuing this line of reasoning, 
and moving from right to left, we find that the tens position of the 


number must have the digit 3. But the initial number must com- 
mence with the digit 2. This is obviously impossible. 


23. First solution. Let us designate the digits of the integer 


sought by x, y,---,z,¢. Then proceeding as in problem 19 (a), we 
obtain 
1 
7xy at“ = xy 2t7 , 
or 


xy-+2t7-3 = Txy:--2t. 
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It is clear that tf = 1; we can determine the digit z (17-3 yields 51; 
this means that z= 5), and, moving from right to left we obtain, 
successively, the digits forming the integer sought. The process 
ends when we obtain the digit 7. It is convenient to display the 
result in the following form: 


241379310344827586206896551 7241379310344827586206896551 

Ne a archi sue Ring Go teeters Dota acBale Seibert eA mae eR aR 
(the calculations are made from right to left). Thus, the least integer 
satisfying the conditions of the problem is 7,241,379,310,344,827,586, 
206,896,551. 

If in the course of these calculations we do not stop when we first 

obtain a 7, we can find additional numbers which satisfy the condi- 
tions of the problem. All such numbers will be of the form 


7241379310344827586206896551 - - - 7241379310344827586206896551 
-__ — 


a a ee ee eee 


k times 





Second solution. Let 7xyz---t be the integer sought. Division by 
3 must yield the integer xyz--- ¢7. We write this requirement in 
the form 

Txyz-+-t|3 
xyz---t7. 

It is clear that x =2 is necessary. If we replace x by 2 in the 
dividend and quotient, we can find the next digit of the quotient, 
and this is also the third digit of the dividend; we can then deter- 
mine the third digit of the quotient, which is the fourth digit of the 
dividend, and so on. The process is complete when the final digit 
of the quotient is 7 and simultaneously the dividend is exactly divi- 
sible by 3. This dividend is then the number sought and is the 
least integer having the required property. 

The following arrangement is a convenient scheme for carrying 
out this computation (the numbers in the second row are written last): 

72413 7931 03 448 27 5 8 6 2 

7 12 4 11 23 279 31 10 13 14 24 8 2217 2518 6 2 

2413 793103 44 8275 8 6 2 0 


068 9 655 1 
20 26 28 19 16 15 5 21 
6.8 °9 6 5 5S 1.7 


114 Alterations of Digits in Integers 


The least integer is found to be 7,241,379,310,344,827,586, 206,896,551. 
Third solution. As in the first solution of problem 19 (a), set up 
the formula 


(7-10" 4 X)+ 10X47. 


from which 
_ 7-10" — 21 


‘ 29 


The problem then becomes that of finding an integer of form 70,000,--- 
which upon division by 29 yields the remainder 21. It is left to the 
reader to verify that the same solution is obtained as before. 

Remark: A similar algorithm may be employed to solve the following ge- 
neralized problem: 

Find the least integer having a given first digit which is diminished to } its 
original size when the first digit is transferred to the end. To make the so- 
lution possible for integers having 1 or 2 as a first digit, let us agree that a 
zero may be put as the first digit of the quotient (and this is then the second 
digit of the dividend). The only nonzero integers satisfying the requirements 
are (in addition to that produced above): 

1,034,482,758,620,689,655, 172,413,793; 
2,068,965,517,241 ,379,310,344,827,586; 
3,103,448,275,862,068,965,517, 241,379; 
4,137,931 ,034,482,758,620,689,655,172; 
5,172,413,793,103,448,275,862,068,965; 
6,206,896,551,724,137,931,034,482,758; 
8,275 862,068,965 ,517,241 379,310,344; 
9,310 ,344,827,586,206,896,551 ,724,137. 
The same procedure will solve the following problem: 


Find the least integer commencing with a given digit a which is decreased 
by a factor | when the first digit is transferred to the end. 


24. (a) The conditions of the problem may be expressed by the 
equality 
xy-++2t-a=tz--- yx, 
where a is one of the numbers 2, 3, 5, 6, 7 or 8. 
If a=5, then x must be 1; otherwise the number on the right 


will contain one digit too many. (The casein which x is 0 may be 
excluded, since upon multiplying each side by 2 and deleting the 
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final zero we obtain y--- zt =2-tz--- y; that is, we arrive at the 
same problem as for a = 2) But the integer /z--- yl is not divisi- 
ble by 5. Analogous reasoning will prove that @ cannot be 6 or 8. 

If @~=7, then x again must be 1. In this case, ¢ must be the 
digit 3, otherwise ly --- 2¢-7 fails to end with the digit 1. But the 
equation ly--- 23-7 = 3z--- yl is clearly impossible, since the left 
number is greater than the right number. 

If a= 2, then x cannot exceed 4. Since the integer tz--- yx must 
be even, x is either 2 or 4. If x =4, the agit t (the first digit of 
4y +--+ zt-2) can be only 8 or 9, and neither 4y --- 28-2 nor a Ay --- 29-2 
ends with the digit 4. If x =2, then ¢ (the Gest digit of 2y--- zt-2) 
can only be 4 or 5; but neither 2y--- 24-2 nor 2y--- 25-2 can end 
in 2. 

Finally, if z= 3, then x cannot exceed 3. If x=1, then ¢ must 
be 7 (£-3 ends in 1); if x = 2, then ¢ must be 4; if x = 3, then ¢ must 
be 1. But in the first case, fz --- yx is certainly greater than xy---2t-3, 
and in the second and their cases it is clearly smaller. 

(b) Let xy --- zt be an integer which is + its inversion. We then 
have 


xy++-2t-4=tz--+ yx 


Since xy ---+ 2t-4 is to contain the same number of digits as does 
xy +--+ at, the digit x can be only 0, 1, or 2. Since fz--- yx must be 
divisible by 4, it follows that x must be even, and so the only pos- 
sibilities are x = 0 (if we allow 0 to be counted as a digit at the be- 
ginning of the integer), or x = 2. 

Suppose x=0. Then ¢=0O or else t=5. Write oy--- yt-4= 

-+ y0; we note that ¢ cannot be the digit 5 (regardless what rhat digit 
y is), and so the only possibility is f=0. We can now write y---z-4= 

-- y; that is, if a number meeting the condition of the aeblem 
begins with 0, then it also ends in 0, and the integer obtained by 
deleting these two zeros will also meet the conditions of the problem. 

It suffices therefore to investigate x = 2, for which 2y---2t-4= 
tz--- y2. Since 2-4=8,f can be only 8 or 9, but ¢ =9 can imme- 
diately be eliminated as a possibility. Thus, ¢ = 8, and we can write 
2y--- 28:4 = 8z---y2. Since 23-4 > 90, y can be only 0, 1, or 2; also, 
the tens digit of any product of form z8-4 must be odd. Thus, y=1. 
Since we know the final two digits (12) in the product 21--- 28-4, 
we can easily find the only two possibilities for the next successive 
digit: z can be only 2 or 7. But 21-4 > 82, which means that z = 7, 
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Hence, the number must have the form 21--- 78. We note that 
the integer 2178 satisfies the condition of the problem, and hence it 
is the only such four-digit number. We now consider solutions in 
terms of integers having more than four digits. We must have 


2luv --- 7s78-4 = 87 sr --- vul2, 
which may be written 
84-10#? + 312 + uv --- rs 00-4 
= 87-10*'? + 12 + sv --- vu00, 
Or 
uv: 75-443 = 3sr--- vu. 


Since when the number uv --- vs is multiplied by 4, and 3 is added, 
the digit 3 is produced as the leading digit of the resulting calcula- 
tion, the digit « must be at least as great as 6, but since 3s7 --- vu 
must be odd, the only possibilities are 9 or 7. We shall investigate 
both possibilities. 

When u =9 we have 


9v---rs-4+3 = 3sr--- 9, 


from which it follows that s = 9(s-4 must terminate in 6; if s = 4, 
then 347 --- v9 is smaller than Yv--- 74-4 + 3), and so 


9v--- 79-443 = 397--- v9. 


That is (for « = 9), in order for 2luv --- 7s78 to meet the conditions 
of the problem, the final digit of wv---7s must also be 9. In par- 
ticular, uv --- 7s must be 9, 99, 999, and so on. We obtain the num- 
bers 

21,978; 219,978; 2199; 978; --- . 


We can easily verify that all such numbers satisfy the conditions of 
the problem. 
When u=7 we have 


Tues: 7544+ 3=3sr--- v7. 


Reasoning as we did initially in this problem, we find that s=1, 
v = 8,r = 2; that 1s, the digit sequence uv --- rs must have the form 
78 +-- 21. We can easily verify that if the digit pairs 78 and 21 are 
inserted between 21 as the first digit pair, and 78 as the last digit 
pair, the resulting integer satisfies the conditions of the problem: 


For example, 
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21 78 21 78 21 78-4 = 87 12 87 12 87 12. 


But according to the treatment for « = 9 we will also obtain solu- 
tions if we insert the digit 9 in the appropriate positions. For ex- 
ample, the following numbers are solutions: 


0; 2178; 21,978; 219,978; +++, 


2199 --- 978, 2199 --- 9978, ---. Ci) 
a =, 
k times (k +1) times 
The insertion of the digit 9 may be made after any sequence 21, 
provided it is also made in the equivalent location counted from the 


other end of the number. Thus, any sequential array of digits of 
the form 


P,P, --: Paid al pt ek 1 , 

where each letter P; is one of the numbers from the display (1). For 
example 

2,197,821,978 , 

2,199,782,178,219,978 , 
21,978,021,997,800,219,978,021,978 , 

02,199,999,780 . 
(The last number can be considered a solution if we allow zeros at 
the beginning of the number.) 

It may be proven in an analogous way that all integers which are 
increased by a factor of 9 upon reversal of the digits can be obtained 
by sequentially placing together integers of the form 

0; 1089; 10,989; 109,989; ---; 1099 --- 989; 1099 - -- 9989; --- 
—— —— 
k times (k+ 1) times 
in the same fashion as done for (1). 

25. (a) Let N be the number sought. Designate the number formed 
by the first three digits of N by ~, and the number formed by the 
final three digits of N by g. Then the conditions of the problem 
yield 

6(1000p + gq) = 1000g + p (=6N), 
or 
(1000g + p) — (1000p + g) = 999(g — p) = 5N; 
that is, N is divisible by 999. 
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Further, p + g = (1000p + qg) — 999p = N — 999), and it follows that 
Pb+q also must be divisible by 999. But p and q are each three- 
digit numbers, and obviously neither is 999; consequently, p + g=999. 

We find, without difficulty, that 


(1000q + fp) + (1000p + g) = 1001/6 + gq) =7N, 


which yields 7N = 999,999, or N = 142,857. 

(b) Reasoning as we did in problem (a), and designating by p the 
integer formed by the first four digits of the derived number JN, and 
by g the integer formed by the final four digits of N, we obtain 


7N = 10,001(~ + g) = 99,999,999 , 


which fails to yield an integer for N, since 99,999,999 is not 
exactly divisible by 7. 


26. Let x be a number satisfying the condition of the problem. 
Since 6x must be, along with x, a six-digit integer, the first digit of 
x must be 1 (and the following digit cannot exceed 6). Hence: 

(1) The leading digits of the numbers x, 2x, 3x, 4x, 5x, and 6x are 
all different and, as a result, must comprise all the digits contained 
in the integer x (each of these digits must appear in the original 
number x). 

(2) All the digits of x are different. 

None of these digits is O(otherwise one of the above products starts 
with 0), and so the final digit of x must be odd (otherwise 5x ends 
with an 0); also, the final digit must differ from 5(otherwise 2x ends 
in 0). Consequently, the final digits of the numbers 4, 2x, 3x, 4x, 5x, 
and 6x are all different, which implies that these digits comprise all 
the digits appearing in x. Therefore, one of these final digits is 1. 
Since only the number 3x can terminate with a 1 (2x, 4x, 6x being 
even, 5x having 5 as a final digit, and x itself already having 1 as 
its first digit), it follows that x must end with the digit 7; 2x ends 
with the digit 4; 3x ends with the digit 1; 4x ends with the digit 8; 
5x ends with the digit 5; and 6x ends with the digit 2. 

Now, the first digits of these numbers are the individual digits of 
the digit set comprising x; we display them in increasing order, us- 
ing (asterisks to represent unknown digits): 


x] = 1 exe 7 , 
x2 = 2 KKK, 


x3 = 4 xexx 1, 
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x-4 = 5 eke 8, 
x5 = 7 wexe 5 , 
x6 = 8B exke 2, 


In this display, not only must each row contain (on the right) all 
six distinct digits 1,2,4,5,7, and 8, but each column must contain 
these six distinct digits, in some order. Suppose that x-2 and x-5 
have the same digit a in a certain position, say in the third position 
(a can have only one of the two values not assumed by either the 
first or the last digit of either of the two investigated numbers). 
Since the difference x*-5 —x-2=x-3 will be a six-digit number, 
either the digit 0 or the digit 9 will stand in its third position (since 
we can take, at most, a unit carry-over into this place for the sub- 
traction). But this is an impossibility, since we already know that 
the number x-3 will contain neither an 0 nor a9 as one of its digits. 

Therefore, in the above display of x-1, x-2,--- the sum of the di- 
gits in any column isl1+2+4+5+7+8= 27. We can therefore 
add the right member of this display and obtain 


x-21 = 2,999,997 ., 


whence x = 142,857, which is the integer sought. As a check we 
have: 


x = 142,857 , 4x = 571,428 , 
2x = 285,714 , 5x = 714,285 , 
3x = 428,571 , 6x = 857,142. 


27. (a) By factorization, m3 —n=(n—1)n(n +1). The factors on 
the right represent three consecutive integers, whence one of them 
is divisible by 3. 

(b) 2&’—n =n(n—1)(n+1)(n?+1). Ifthe integer 1 terminates 
with one of the digits 0,1,4,5,6, or 9, then one of the first three 
factors on the right is divisible by 5. If » ends in one of the digits 
2,3,7 or 8, then 7? ends in 4 or 9, and in this event m? + 1 is divisible 
by 5. 

(c) n?—n=n(n—1)(n4]l(w—n4+1)( +241). If x2 is divi- 
sible by 7, or yields a remainder of 1 or 6 upon division by 7, then 
one of the first three factors on the right is divisible by 7. If n 
yields a remainder of 2 when divided by 7 (that is, m = 7k + 2), then 
n® yields a remainder of 4 when divided by 7(that is, m*=49h?+28k+4), 
and so nm*+n+ 1 isdivisible by 7. Similar reasoning shows that if 
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n=7k+4, then again m?+%2+1 is divisible by 7. For the re- 
mainders 3 or 5,”* — 2+ 1 is divisible by 7. 

(dq) mt—n=n(n—-l)(mtl]) (m+ no+unt+n?4+1). If is divi- 
sible by 11, or yields the remainder 1 or 10 upon division by 11, 
then one of the first three factors is divisible by 11. If this re- 
mainder is either 2 or 917 =11k +2), then »’? clearly yields a re- 
mainder of 4;* yields a remainder of 5=16—11;* yields a 
remainder of 9=20—11[7®=n'-n?=(11k+5)(11k,.+4)=(11k, +5)(11k2.+4)= 
121k,k. + 11(4k, + 5k.) + 20], and »® yields a remainder of 3= 25—22. 
It follows, in either case, that 2° + ”§ + 4+ n?+1 is divisible by 
11. In the same manner we can easily verify that if one of the 
remainders is +3, +4, or +5(the only remaining possibilities upon 
division of x by 11), then m® + n® + 2*+ ”?+4 1 is divisible by 11. 

(e) n8—n=n(n—1)(m4+1)(2?4+1) (nt — 7? +1) (2! + n?+1). The 
procedure is analogous to that of problem (d). If 2 is divisible by 
13, or yields upon division by 13 the remainder +1, then one of 
the first three factors is divisible by 13; if 2 yields the remainder 
+5, then »?+1 is divisible by 13; if the remainder is +2 or x6, 
then 2‘ — n?+4+1 is divisible by 13; if the remainder is +3 or +4, 
then 224 + 2? +1 is divisible by 13. 


28. (a) The difference of like even powers of any two numbers 
is divisible by the sum of the bases (one of the factors is this sum). 
Hence, 3°" — 28" = 272" — 8 is divisible by 27 + 8 = 35. 

(b) It is readily verified that 


n> — 5n? + 4n = n(n? — 1)(n? — 4) 
= (nm — 2)(n — 1)n(2 4+ 1)(2 + 2). 


The factorization displays five consecutive integers. One of them 
must be divisible by 5; at least one of them is divisible by 3; at least 
two of them are divisible by 2; and one of these two is divisible by 
4. Thus, the product of the five consecutive numbers is divisible by 
5:3-2-4 = 120 [see the solution of problem 27 (a). 

(c) Prime factorization of the given number yields 


96,786,730 = 2-3-5-7-11-13-31-61 . 


We must show that mz2(m® — n®) is divisible by each of these re- 
latively prime numbers. If m and» are both odd, then m®° — n® is 
even; consequently, 2772(72°° — ®°) is also even, so it is divisible by 
2. Further, it follows from problem 27 that if Rk is equal to 3,5, 7, 
11, or 13, and if 2 is not divisible by k, then the difference 22*-!—1 


Solutions (28-31) 121 


must be divisible by &. In particular, if neither » nor m is divisible 
by 3, then m® — 1 = (m*°)?—1 and n® — 1 = (°°)? — 1 are divisible 
by 3; that is, °° and n® yield the same remainder, 1, upon division 
by 3. Hence, if mz is not divisible by 3, then °° — n®° is divisible 
by 3, which means that in all cases mn(m*° — n®°) is divisible by 3. 
It can be shown, in the same way, that the difference 


yn8° — 4789 = (ap1!5)4 — (1!5)4 = (m!?)e — (n!°Y8 
= (m)!© — (n8)'0 = (m)!® — (ns)? 


is divisible by 5 in the event that neither m nor 7 is divisible by 5, 
and is divisible by 7 if 7 fails to divide either m or n, and the ana- 
logous conclusion holds for 11 and for 13. Thus, mn(m® — n®°) is 
divisible by 2-3-5-7-11-13. 

Divisibility of 1292(71°° — n®°) by 31 and by 61 is demonstrated in 
similar fashion (since n*! — n is, for all integral , divisible by 31, 
and n*! — » is, for all integral , divisible by 61; problem 240). 


29. We shall use the identity 
n+ 3n+5=(n4+ 7)(n—4)4+ 33. 
If this number is to be divisible by 11, then for the suitable 
n,(n+7)(n — 4) must be divisible by 11. Since (7 + 7)—(n—4)= 11, 
either both terms are divisible by 11 or neither is. Hence, if 


(n + 7)(m — 4) is divisible by 11, then it is divisible also by 121, and 
(n + 7)(n — 4) + 33 fails to be divisible by 121. 


30. The given expression factors to 
(m — 2n)(m — n)(m + nm + 2n\(m+3n) . 


If 2 #0, no two of these factors are equal. However, the integer 
33 can be factored only as a product of at most four factors: 


33 = (—11)-3-1-(—1]), 
or 
33 = 11-(—3)-1-(—1). 


If »=0, the given expression becomes m‘, which cannot equal 33 
for any integral value of m. 


31. Every integer is either divisible by 5 or else can be represented 
in one of the forms 5k + 1,5k + 2,5k — 2, or 5k — 1. If the number 
is divisible by 5, then its 100th power is divisible by 5° = 125; hence, 
we need only investigate the case for integers not divisible by 5. 
According to the binomial theorem, 
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100-99 
1-2 
where every term except the final one contains 5* as a factor, and 
so numbers of this form leave a remainder of 1 upon division by 

125. Also, 
(5k: se 2)'0% = (Gk) eas 
+ ADD (5k) te 100-5h- 2" +21 
Again, each term, except the final one, contains 125 as a factor. 
The number 2!° can be represented in the form 


6-1 =5°—-- + 550.541, 
from which the remainder 1 is obtained upon division by 125. 
Therefore, the only two remainders possible when the 100th power 
of an integer is divided by 5 are 0 (if the integer itself is divisible 


by 5) and 1. 


32. The problem may be characterized as follows. If ” is rela- 
tively prime to 10, then 2!°! — n = n(n! — 1) is divisible by 1000; 
that is, 2'°°—1 is divisible by 1000. First, it is obvious that if x 
is an odd integer, then 7! — 1 = (5° + 1)(n*> + 1)(n®* — 1) is divisi- 
ble by 8. Further, from the result of the preceding problem we 
know that if is not divisible by 5, then m!°°—1 is divisible by 
125. Thus, we see that 2! — 1 is divisible by 8-125 = 1000 if is 
odd and not divisible by 5, and these conditions are satisfied if » is 
relatively prime to 10. 


(5k + ])10° = (5k)! a 





(5k)? + 100-5k +1, 


33. Let N be the integer sought. The condition of the problem 
requires that N? — N end in three zeros, that is, that it be divisible 
by 1000. Since N* — N= N(N-— 1), and since Nand N — ] are rela- 
tively prime, divisibility by 1000 is possible only if one of these fac- 
tors is divisible by 8 and the other by 125 (neither N nor N—1 is 
divisible by 1000, since N is a three-digit integer). 

If N is a three-digit integer divisible by 125, then N— 1 is divisi- 
ble by 8 only if N= 625 (as we can easily verify), whence N—1 = 
624. It is also easily verified that if N—1 is a three-digit integer 
divisible by 125, then JN is divisible by 8 only if N—1 = 375, or 
N = 376. 

Now, since N*"'—1 is (for k 2 2) divisible by N—1, it follows 
that N* — N= NN*" — 1) is for all integral & divisible by N.N-1)= 
N*?— WN. Therefore, if N? — Nends in three zeros, then N* — N will, 
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for all k = 2, end with three zeros; that is, N* will end in the same 
three digits as does N. It follows that the numbers 625 and 376 (and 
only these) satisfy the conditions of the problem. 


34. The two final digits of N° can be found in the following 
manner. The number N” is divisible by 4 (since N is even); fur- 
ther, N is not divisible by 5 (since then it would be divisible by 10, 
which denies the hypothesis). Hence, N is representable in the form 
5k 1 or 5k + 2 (see the solution of problem 31). The number 


Gk +1)" = Gey + BE Gey + --- 


2 a Gey £90. BR Al 


yields the remainder 1 when divided by 25, and the number 


Gk 2)" = Ge" + PEGE? + --- 


+ AD Gh)" 220-5h-2 + 28 


yields the same remainder upon division by 25 as does 
220 — (210)2 = (1024)? = (1025 — 1)", 


that is, 1. Since N° yields the remainder 1 upon division by 25, it 
follows that the final two digits of this number can be only 01, 26, 51, 
or 76. In asmuch as N*° is divisible by 4, the possibilities narrow 
down to the number 76(since a number is divisible by 4 if, and only 
if, the number formed by its final two digits is so divisible). This 
yields 7 as the digit standing in the tens place of N®°. 

We shall now find the final three digits of N*°°. The number N?%° 
is divisible by 8. Further, since N and 5 are relatively prime, it 
follows that N'° yields the remainder 1 upon division by 125 (see 
the solution of problem 31); that is, N'° =125k +1. But N®°= 
(125k + 1)? = (125k)? + 250k + 1 also yields the remainder 1 upon divi- 
sion by 125. Therefore, the only possibilities for the final three 
digits of N° are 126, 251, 376, 501, 626, 751, and 876. Since N?® is 
divisible by 8, it is clear that N?° ends in 376. Thus, the digit in 
the hundreds place of N° is 3. 


Remark: It is easily reasoned that the number N'!° must end with the 
digits 376. 
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35. The series 1+2+4+3+--: +7 1s equal to 
we must show that if k is odd, then S, = 1‘ + 24+ 3+.---+4+n* is 


divisible by eal 


We first note that for odd k, a* + b* is divisible by @+ 6. Two 
cases will now be examined. 

n is an even integer. Here, the sum S, is divisible by +1, since 
each of the sums 


n(n +1) Hence 
2 : ; 


k k 
It + wt, 2 + (9 — DBF + (2 — 2), (5) +($41) 
is divisible by 
Ltn] =2+@—N=34+@—H=- =$+($+1)]. 


The sum S, is divisible also by a since 
1 + (mn — 1), 26 + (n — 2), 34+ (n — 3), 
n k n k n k 
eet = pet 1 es k 
(3 1) a a ) AS) om 
are all divisible by > 


n+] 





n is an odd integer. Here the sum S, is divisible by , since 
= k k k 
Ve 4 ak 2+ (4 — DS 4 (DE, (25°) (AS *) (42 = ~) 


are all divisible by 





i = 1 Also, S; is divisible by 7, since 


1* + (n — 1), 2 + (n — 2), 3% + (n — 3)4, ++, 
C22 @ 
are all divisible by 2. 
36. Let N be written in the form 
N = Gn: 107 + a@n-:10"-! + an-2]10*-? + +--+ +4,10 + ay 
(the a, are, of course, the digits of N). Subtract from N the number 


M = a) — a, + 2 — G3 + +++ Han 
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(that is, the algebraic sum, taken with alternating signs, of the digits 
of N). A simple regrouping of terms yields 


N— M=a,(10 + 1) + a,(10? — 1) + a@,(10° + 1) 
+ 4,10‘ —1)+---+4,00+1), 


which is divisible by 11 since each term on the right is divisible by 
11. [In fact, upon division by 11, 10* = (11 — 1} yields the remainder 
—1 if & is odd and the remainder 1 if & is even, as binomial expan- 
sion will show.] The number N is divisible by 11 if, and only if, 
the number M is divisible by 11 (zero, of course, is considered divisible 
by all nonzero integers). A criterion, then, is as follows: A number NV 
is divisible by 11 if, and only if, the difference of the sum of digits in 
the odd-number (lst, 3rd, 5th, ---) positions and the sum of digits in 
the even-number (2nd, 4th, ---) positions is divisible by 11. 


37. The number 15 yields the remainder 1 upon division by 7; it 
follows that 


15? = (7-2 + 1)-(7-2 +1) =7%m,4+1 
also yields the remainder 1 upon division by 7, as does 
15° = 157-15 = (7m, + 1)-(7-24+1) = 7m, 4-1. 


It is now easily verified that every power of 15 yields the remainder 
1 upon division by 7. Now if the sum 14+2+4+3+4+4+4---4+14= 
105 is subtracted from the given number, the difference can, after some 
simple regrouping and factoring, be displayed in the form 


13(15 — 1) + 12015? — 1) + 11(15* — 1) + --- 
oe 20S =o) AS 1), 


that is, each term is divisible by 7. But since the difference between 
the given number and the (decimal) number 105(= 7-15) is divisible 
by 7, it follows that the given number is also divisible by 7. 


38. Let A be an z-digit integer. In the set of natural numbers 
containing +2 digits and beginning with the digits 10 (that is, 
with numbers of aspect 10a,a,-+-+- a@,, this notation indicating the in- 
teger 1-107+? + a,-10" + a,-10"-! + --- +a,) there can always be found 
at least one digit which is divisible by the ”-digit number K. Sup- 
pose this number is 100,b,---6,. Then, to satisfy the conditions of 
the problem, both the numbers 6,6.:--6,10 and 6,6, --- 6,01 would 
have to be divisible by K. Their difference is 9, which then also 
must be divisible by A. Since the only divisors of 9 are 1,3, and 
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9, these are the only numbers which can satisfy the conditions of 
the problem. 


39. We must show that the number 
N = 27,195 — 10,8878 + 10,152 


is divisible by 26,460 = 2?-33-5-72. The proof will be given in two 
steps: 

(1) N= 27,195*— (10,8878 — 10,1528). Now, 27,195 = 3-5-7?-37, and 
so this number is divisible by 5-7? The difference shown in the 
parentheses is divisible by 

10,887 — 10,152 = 735 = 3-5-7? 
(since a2" — 5?" is divisible by a@— 6). Hence, Nis divisible by 5-7’. 

(2) N=(27,1958—10,887°) + 10,1528. Now, 10,152=2°-3*-47 is divisible 
by 22-33. The difference shown in the parentheses is divisible by 

27,195 — 10,887 = 16,308 = 2?-33-151 . 
Thus, JN is divisible by 2?-3?. 

Since JN is divisible by 5-7% and by 22-33, it foliows that N is divi- 
sible by the product of these (relatively prime) numbers, and this 
product is 26,460. 


40. It is readily verified that 
11° — 1° = (11 — 1)(119 + 118+ 117+ --- +124+114+)). 

The second factor of the right number is divisible by 10, since it is 
the sum of ten integers each ending with the digit 1. Inasmuch as 
both factors on the right are divisible by 10, their product is divisi- 
ble by 100. Therefore, 11'°—1 is divisible by 100. Therefore, 11'°—1 
is divisible by 100. 

41. We have 

22.2.5555 + 55552222 = (2222555 + 4555) 
+ (55552222 = 42222) vow (45585 = 42222) : 

Consider the three terms enclosed by parentheses. The first is 
divisible by 2222 + 4 = 2226 = 7-318(since a” + b” is divisible by a+ 
if m is odd), and so this term is divisible by 7. The second term is 
also divisible by 7, since it is divisible by 5555-4 = 5551 = 7-793 
(a"—b" is always divisible by a—b). Thethird term may be written 

42222( 43333 = 1) = 4222/6411 — 1) : 
clearly it is divisible by 64 — 1 = 63, and hence by 7. 
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42. We use mathematical induction. The number aaa, consisting 
of three identical digits (the overbar indicating, -as before, that the 
integer is given by the succession of digits shown), is divisible by 3 
(since the sum of these digits is 3a, which is divisible by 3). Assume 
that the proposition has been proved for any integer consisting of 
3* identical digits. The expanded integer consisting of 3**'! identical 
digits can be written in the following form: 


— 


aa---a@ @a:::a aa-:-a=aa::-a-100::- 0100--- 01. 
3" times 3*times 3"*times 3" times 3* digits 3* digits 


There are two factors on the right. The first factor is divisible by 3*, 
according to the induction hypothesis. The second factor is divisible 
by 3 (the sum of its digits being 3). Therefore, the product is divi- 
sible by 3"*!, 


43. First note that 10° — 1 = 999 999 is divisible by 7 (in fact, 
999 999 = 7 - 142,857). It follows that 10% (for any integer N) yields 
upon division by 7 the same remainder as does 10’, where 7 is the 
remainder obtained by division of N by 6, since if N= 6k+ 7, then 


10” — 10" = 10*** — 107 = 10°(10% — 1), 


and since 10% — 1 = (10°) — 1 is divisible by 10° — 1, which in turn 
is divisible by 7, then 10% — 10” is divisible by 7. This means that 
10” and 10° yield the same remainder upon division by7.t 

Now, it is readily verified that every integral power of 10 yields 
a remainder of 4 upon division by 6 (that is, 10=4mod 6). The 
exponents of each term of the sum given in the problem are all 
powers of 10, hence each exponent is congruent to 4 modulo 6. This 
means that we can replace each of the ten terms by 10‘ in order to 
find the remainder upon division by 7. We have 


10¢ + 10¢ + --- + 10¢ = 10° 1,000,000 = 7-14,285 + 5. 
a 
10 terms 
Therefore, the remainder is 5. 
44. (a) Any even power of 9 may be expressed in the form 
Qn — 81" = 81-81- --- -81 
SN 
n times 


tIn more familiar terminology, 10% is congruent to 10°, modulo 7, or 10%= 
107(mod 7) [Editor]. 
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and therefore ends with the digit 1. Any odd power of 9 can be 
written as 92*+! = 9-81" and therefore ends with the digit 9. Since 
9°" is an odd power of 9, it must end with the digit 9. 

It is obvious that 16" ends with the digit 6 for all xm 21. Hence 
any power of 2 whose exponent isa multiple of 4 (that is, 2'*) ends 
with 6, since 247° = 16". Now, 3! — 1 is divisible by 3 + 1=4, and so 
204) — 2.2@*-), which is the product of 2 and an integer ending with 
6, must end with 2. 

(b) If we find the remainder yielded upon division of 2°°* by 100, 
it will be the number formed by the two final digits of 29°. We first 
show, that the number 2!°° yields the remainder 1 upon division by 
25. In fact, 2!°+ 1= 1024 +1= 1025 is divisible by 25; and so 
229] = (2!9 + 1)(2!°—1) is divisible by 25. Thus, 2!°°°—1= (2?°)5°—1, 
being divisible by 2?° — 1, is also divisible by 25, and so upon divi- 
sion by 25 the number 2!°° yields the remainder 1. 

It follows that the final two digits of 2'°° can be only Ol, or 
01 + 25 = 26, or 01 + 50 = 51, or 01 + 75 = 76. Since 2'° is divisible 
by 4, the only possibility among these four numbers is 76. Thus, 2° 
is the quotient obtained by dividing an integer ending in 76 by 2. 
The only possibilities are 38 and 88. Since 2° is divisible by 4, 
there remains the one possibility, 88, for the final two digits. 

As above, we investigate the remainder obtained upon dividing 
3° by 100. We recall that every even power of 9 ends with the 
digit 1 and that every odd power ends with the digit 9 [see the 
solution to problem (a)]. Now consider the remainder obtained upon 
division of 9°+ 1 by 100. We have 


9 4+1=(94 1)-(91 994+ 929 -9 +41) 
= 10-(9' — 99 + 9? —-9 + 1). 


The numbers 9‘, 9?, and 1 all end with the digit 1, and the numbers 
93 and 9end with 9. Thus, 94 + 92+ 1 ends with 3, and 93 + 9 ends 
with 8, which means that the number 9‘ — 93 + 9? 9 +1 must end 
with 5. Accordingly, 9°+1 must yield upon division by 100 the 
remainder 10-5= 50. It follows that 9'° — 1 = (9° + 1)-(9° — 1) is di- 
visible by 100, and since 3!° — ] = 95° — ] = (9!°)8° — ] is divisible 
by 9!°— 1, it follows that 3! — ] is divisible by 100. Thus, 3! 
ends with the digits 01. But this number is, of course, divisible by 
3; consequently, the carry-over from the hundreds place of 3! to 
the tens place must be 2 (if it were 0 or 1, then 3'° would not be 
divisible by 3). Therefore, the number 3°%* = 3!°°°/3 must end with 
the same two digits as the number 201/3 = 67. 
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(c) We must find the remainder, upon division by 100, of 
the number 14"4'9 = (7-2)"*'%, First we find the remainders, upon 
division by 100, of 7% and 2('#"4), 

The number 7‘ — 1 = 2401 — 1 = 2400 is divisible by 100. It follows 
that if n= 4k (k being an integer), then 7" — 1 is divisible by 100 
(since 7** — 1 = (7*)f — 1* is divisible by 7*— 1). Now, 14'* = 2.714 
is divisible by 4; consequently, 7‘*'* — 1 is divisible by 100, which 
means that 7"*'” ends with the digits 01. 

In the solution of part (b) it was shown that 27°—1 is divisible 
by 25; hence, if 2 = 20k, then 2”—1 is divisible by 25. We will 
now find the remainder obtained from division of 144 by 20. Clearly, 
144 = 2'4.71*) But 2!4 = 4-2!%, Since 2!2 — 1 = (2‘)? — 1 is divisible 
by 24—1=16—1=15, it follows that 4(2'*— 1) is divisible by 20, 
and consequently 2!‘ = 4-2! yields upon division by 20 a remainder 
of 4. Further, 7'* = 49-7!2. Since 7!? yields a remainder of 1 upon 
division by 20 (12 is divisible by 4, whence 7'?—1 is divisible by 
100), it follows that 49-7!2 yields upon division by 20 the same re- 
mainder as does 49, that is, 9. Similarly, 14!* = 2'*-7!4 yields upon 
division by 20 the same remainder as does the product 4-9 = 36, that 
is, 16; or 1444 = 20k + 16. It follows that 24 = 216.220" yields upon 
division by 25 the same remainder as does 2'* = 65,536; that is, 24” 
can end only with one of the numbers 11, 36, 61, or 86. Since 24") 
is divisible by 4, the final two digits must be 36. 

Therefore, since 74" ends with the digits 01, and 2"* has as 
its two final digits 36, the product 7°"? -204 = 1444' ends with 36. 


45. (a) We make use of the fact that the product of two numbers 
ending respectively with the digits @ and b will have the same final 
digit as does the product a-b. This provides a simple solution for 
the problem. We consider successively greater powers of 7, keeping 
track of the final digit only: 7? ends with the digit 9; 73 = 7-7? with 
the digit 3; 7‘ = 7-73 with the digit 1; and 7’ = 7‘-7' with the digit 3. 

Moreover, we find that (77)? ends with the digit 7 [(77)* ends with 
9; (77)? ends with 7; (77)‘ ends with 1, and, finally, (77)’ ends with 7]. 
We find, at the next stage, that the number ((7’)’)’ ends with the 
same digit as does 7’ (the digit 3), and the number (((7’)’)’)’ ends 
again with the digit 7, and so on. Continuation of this process must 
then yield the following rule. For an odd number of exponents 7 
we obtain a final digit 3, and for an even number of exponents we 
obtain a final digit 7. Since 1000 is an even integer, the number 
sought has 7 as its final digit. 
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If an integer ends with a two-digit number A, and another integer 
ends with a two-digit number B, then the product of the two integers 
ends with the same two-dight number as does the product A-B. 
This fact allows us to find the final two digits for the number 
mentioned by the problem. We easily verify, by the methods used 
above, that 7? ends with the two-digit number 43, and (7’)’ ends with 
the same two digits as does 43’, namely 07. It follows that in taking 
successive 7th powers, 7, 7’, (77)’, ---, we obtain for an odd number of 
such “raises” a number with final digits 43, and for an even number 
a number with final digits 07. Therefore, the number in which we 
are interested must end with 07. 

(b) In the solution of problem (a) we saw that 7‘ ends with 
the digit 1. Therefore, 7** = (7‘)* also ends with the dight 1, and 
7k+r where k is one of the numbers 0,1, 2, or 3, ends with the same 
digit as does 7” (since 7**+7 = 7**-77). Thus, the problem reduces to 
finding the remainder, modulo 4 (that is, after division by 4), of the 
“exponential part” of the given number. 

The power to which 7 is raised is again a power of 7. We must 
determine the remainder obtained by dividing the latter power by 4. 
Now 7=8-—1, and it follows that: 72 = (8 — 1)-(8 — 1) yields upon 
division by 4 the remainder 1; 73 = 7?-(8 — 1) yields upon division by 
4 the remainder —1 (equivalent, upon division by 4, to the remainder 
3); and, in general, every even power of 7 yields upon division by 4 
the remainder 1, and odd powers yield the remainder —1 (that is, 
+3). For the number in question, we are concerned with an odd 
power of 7, since the exponential part is itself a power of 7, and, 
consequently, owing to the conditions of the problem, it is of form 
7**+3, Therefore, it ends with the same digit as does 7?, that is, 
with the digit 3. 

Since 7* ends with 01, 7**+7 ends with the same two-digit number 
as does 7". Therefore, the given number ends with the same two 
digits as does 7’, that is, 43. 


46. Consider the following five numbers: 
(1) A=9. 
(2) Z, = 941 = (10 — 1)71 
= 1041 — Cz, -107171 + --- + Cz, 10-1 
(where the integers not explicitly displayed are obviously divisible 


by 100). Now, Cz, = 9, and hence the two final digits of Z, are the 
same as the final two digits of 9-10 — 1 = 89. 
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(3) Z; = 97: = (10 — 1)”2 


= 1072 — Cz,-10727' + --- — CZ,-10? + Cz,-10—-1. 
Now, Z, ends with 89; consequently, Cz, = Z, ends with 89, and 
Ce Z(Z,—1) _ ---89- -+-88 
a 1-2 1-2 


(the dots designating unknown digits) ends with the digit 6. Ac- 
cordingly, the final three digits of the number Z; will be the same 
as the final three digits of the number —600 + 890 — 1 = 289. 
(4) Z, = 943 = (10 — 1)%3 
= 1073 — Cz,-1023-! + --- + Cz,-10° — Cz,-10? + Cz,-10-—1. 
Since Z,; ends with 289, Cz, = 7, ends with 289; 


C2. = Z2(Z;3— 1) _ -:-289- -- -288 
ne Loe 1-2 
ends with 16, and 
a Lala = WA 2) 8 8289 + 2 288 = 2 287 
* 1-2-3 > 1-2-3 
ends with the digit 4. Hence, the final four digits of Z, will form 
the same number as do the final four digits of the number 4000 — 
1600 + 2890 — 1 = 5289. 
(5)  Z, = 941 = (10 — 1)%s = 1044 — Cz, -104.-' + --- 
_ Cz,-10° + Cz,- 103 — CZ,°10? 4 Cz,°10 —l. 
Since Z, ends with 5289, Cz, = Z, ends with 5289; 
Ch = ZiZi—1) __-+:5289 - ---5288 
ts 12° = 1-2 
ends with 116; 
Cine ZdZ_ —1(Z,— 2) ++ 5289 - ---5288 - -- 5287 
ae 1-2-3 2 1-2-3 
ends with 64; and 
= LAL, =. 1\(Z, = 2\(Z, = 3) _ oa - 5289 rat +5288 E 5287 ee OPS -5286 


4 
Ca, 19-3+4 1-2-3-4 


ends with the digit 6. Therefore, Z; ends with the same digit as 
does the number 


— 60,000 + 64,000 — 11,600 + 52,890 — 1 = 45,289. 
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Further, since the final four digits of the number Z, coincide with 
the final four digits of Z,, it follows that the final five digits of the 
number Z, = 975 = (10 — 1)*5 coincide with the final five digits of the 
number Z; (= 97:). It can be shown, in exactly the same way, that 
all the numbers of the sequence 


Zs; Ze = 975, Zz = 976; +++3 Loon = 9799; Zyoo, = 971000 
end with the same four digits, namely the digits forming the number 
45,289. Thus, Zio. is the number N called for by our problem. 


47. Using the formula for the sum of a geometric progression, 
we find 
501000 — 1 501000 —_ 1 
N= —q~“— = —_— 
50 — 1 49 : 
Now 1/49 forms a periodic decimal; it is found (by tedious but 
straightforward division) to have a period of 42 digits: 


= = 0.(020408163265306122448979591836734693877551) , 


or, in abbreviated form 


ste =0-P, 
49 
where P expresses the 42 digits written above. 
The multiple of 42 nearest 1000 is 1008 = 24-42. Consequently, 





1 == 10u8 . E* - jae 
rs 10 19 PP P. 
24 times 
Similarly, 
[01008 — ] 1 1 
Se 0b 4 are 

if 49 ‘og Tees 

24 times 


is an integer consisting of 1008 digits, which can be arranged in 24 

repeating groups of 42 digits each (the number ™ consists not of 

1008 digits but of 1007, since the number P begins with a zero). 
We construct the difference between the number N in which we 

are interested and the number ™: 

51000 . J (j1000 = l 191008 a l 51000 = 10° 


— eS .’t [io | 


ase 49 49 49 
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Since the difference N— M of two whole numbers is an integer, 
and 10!°°° is relatively prime to 49, it follows that 5!°° — 10° must 
51000 a 108 

49 
and the difference N— M = 10!°-.x terminates with 1000 zeros. 
Hence the final 1000 digits of N coincide with those of M, namely 

qPP---P 


_—_—_— 


23 times , 


be divisible by 49. Hence, the number x* = is an integer, 


where gq is a group of 34 digits consisting of the last 34 digits of 
the number P. 


48. The number of zeros at the end of a number indicates how 
many times the number 10 enters as a factor. Now, 10=2-5. In 
the product of all the integers from 1 to 100 (that is, in 100!) the 
factor 2 enters to a higher power than does 5. Hence 100! is divisi- 
ble by 10 as many times as the factor 5 appears (and will terminate 
in this many zeros). Up to and including 100, there are 20 integers 
which are multiples of 5. Four of these (25, 50, 75, and 100) are also 
multiples of 25, that is each contains 5 twice as a factor. Therefore, 
in the number 100! the factor 5 is encountered 24 times, and so there 
will be 24 zeros at the end of this integer. 


49. First solution of problems (a) and (b). 

(a). Let ¢+1,¢+4+2,---,¢+ n be m consecutive integers for 
some arbitrary integer t. We first determine, for a prime number 
pb, to what degree pisa factor in m!, and to what degree this prime 
enters as a factor in the product (¢4+ 1)---(¢+ 7). Designate by m, 
the number of integers in the sequence 1,2, ---, for which p is at 
least a simple factor, by m, the number of integers for which p is 
at least a twofold factor, and so on. Then the degree to which p 
enters as a factor in u! is given by m=m+m.4-°-::. 

If s,; is the number of integers of the sequence ¢+1,t4+2,-:-, 
t+ m which are divisible by ~, and s, is the number of integers in 
this sequence which are divisible by ?, and so on, then the degree 
s to which p enters as a factor of (¢(+1):--(¢+a) will be s= 
Si; +S. +:--. 


Now, the number of integers in the sequence t+ 1, ---,¢ +” which 
are divisible by ~ is not less than m,, since among the integers 
t+1,:+:-,f+m are the numbers t+ p,¢+ 2p,--:,£+ mp, and in 


each interval between t+ kp tot+(k+1)p (k=0,1,2, ---, mm: — 1) 
there is at least one integer which is divisible by ». Thus, s, 2 m, 
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and, analogously, s; =m, and so on, and sos=m. This means 
that every prime factor of m! enters as a factor of ((+1)--- (+2) 
to a degree not less than it enters as a factor of m!. That is, the 
number (¢ + 1)---(¢+ n) is divisible by n! 
(b) The product of the first a factors of m! is, of course, a!. 
The product of the following six consecutive integers of u! is, ac- 
cording to problem (a), divisible by b!. The product of the next 
successive ¢ consecutive integers of m! is divisible by c!, and so on. 
Since a+ b+ ---+k <4, it follows that n! is divisible by a!b! --- Rl. 
Alternate solution of problems (a) and (b) using the result of problem 
101. Problem (b) will be considered first. The power m to which 
the prime p is a factor of a! is, as we have seen, equal to m= 
m, + m,+-++, where m, is the number of integers of the sequence 
1,2, --:, @ of which p is at least a simple factor; m, is the number 
of integers of which p? is a factor; and so on. The number of inte- 


gers in this sequence which are multiples of p is given by Fa the 


the number of integers which are multiples of p? is given by Fai 
a a : 5 a 

and so on, where [+]. [3 ‘+. are the greatest integers in rs 

<, -++ (see the remark just prior to the statement of problem 101). 


Thus, m= i + [$:| + ---, Let p be a prime number; then the 
degree to which p enters as a factor of the numerator is equal to 


[5 + [= + ---. The degree to which p~ is a factor of the de- 


nominator is 


fell “Bh BP 


Since n2a+6b+---+kh, we have (using the result of problem 101, 
part 1) 


GPE) Gh 


that is, p enters the numerator as a factor to a higher degree than 
it enters the denominator and so the given fraction is an integer. 
The proposition of problem (a) immediately follows. Consider the 
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product (¢ + a)!. According to what has just been proven, 
(¢+a)---(¢+1/¢—1)---1 (a + t)! (¢+1)---(+a) 


alt(t—1)---1 att! a! 
is an integer. 

(c) (m!)! is the product of the first m! integers. These x! 
integers can be written as the product of (z — 1)! product sets each 
containing »! successive integers. Each of these sets is, according 
to the solution of problem (a), divisible by !. 

(d) Designate the integers by a,a+d,a+2d,---,at+(m—l)d. 
We first show that there exists an integer & such that the product 
kd yields a remainder 1 when divided by !. Consider the (m! — 1) 
numbers d, 2d, 3d, ---,(#! — 1)d. None of these numbers is divisible 
by x! (since d and x! are, by hypothesis, relatively prime). Further, 
no two products pd and qd, where p and gq are distinct integers less 
than m!, can yield the same remainder upon division by z! (otherwise 
pd — qd =(p — qg)d would be divisible by m!). Hence the m! — 1 inte- 
gers all yield different remainders upon division by z!, and so, for 
some &, the remainder 1 appears upon division by m!, that is, kd = 
reni+il. 

If now we designate ka by A, we have 
ka=A 
kKat+d=At+kd=(Atl)+rni, 
k(a + 2d) = A+ 2kd =(A +2) + 2r-n!, 
kla+(n—ld)=At+(n—-lkd=[(A+(n—)] +—1)r-n!. 
It follows that 
k"(a + da + 2d)--- [a+ (n— 1)d] 
gives the same remainder upon division by n! as does 
A(A + 1)(A+4+ 2)---[A+(m—1)]. 
The latter product is divisible by z!, in view of the result of problem 
(a); also k” is relatively prime to m! (since if k is not relatively prime 
to n!, then neither is kd). Therefore, n! divides a(a + d)a + 2d) --- 
[a + (n — 1)d]. 
50. The number of combinations of 1000 elements taken 500 at a 
time is given by 
1000! 
(500!)? ° 
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Since 7 is a prime number, the highest power of 7 which is a factor 
of 1000! [see the second solution of problem 49 (b)] is equal to 


10007 , [10007 , [10007 _ 7 
[ ; ]+[ os | + [Bag | = M2 +20 +2 = 164. 


The highest power of 7 in 500! is equal to 


500 500 500 7] _ _ 
[?; ]+ [Se ]+ [Bg ]a7 +20 tase, 


and so the degree to which 7 enters the denominator of the fraction 
is 82-2 = 164. Thus, both numerator and denominator contain the 
factor 7 exactly the same number of times. When 7'* is cancelled 
out of numerator and denominator, no multiple of 7 remains in the 
resulting number. Therefore, the integer represented by Cito is not 
divisible by 7. 


51. (a) It is readily seen that every prime number satisfies the 
given condition, since p does not appear as a factor in (p—1)!. If 
n iS a composite number which can be written as the product of 
two unequal factors, a and 6, then both a and 6 are less than n — 1, 
and consequently, both appear in the composition of (x —1)!. This 
means that (x — 1)! is divisible by ab =n. If ” is the square of a 
prime p> 2, then » —1=p?—1> 2p, which implies that both p 
and 2p enter into the product composition of (x — 1)!. Hence, (7 — 1)! 
is divisible by p-2p = 2p? = 2n. Thus, all the composite numbers 
except 2? = 4 may be eliminated. However, 4 satisfies the condition 
of the problem, as well as do all the prime numbers less than 100: 


233, 4, 7,.41,-13, 17, 49) 23,:29).31, 37,41, 
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97 . 


(b) It will be shown that (#z — 1)! fails to be divisible by x? 
in the following cases only: ” is prime, m is twice a prime, ” is the 
square of a prime, = 8, n=9. 

If m is neither a prime number, nor twice a prime, nor the square 
of a prime, nor the numbers 8 or 16, then ” may be written as a 
product a-b, where a and 6 are distinct numbers, neither of which 
is less than 3. Assume 6>a23. Then the numbers a, J, 2a, 26, 3a 
are all less than » — 1; moreover, a, 6, and 2b are clearly distinct 
from each other, and at least one of the numbers 2a or 3a differs 
from a,b, and 2b. Hence, in ( — 1)! there appear the distinct factors 
a,b, 2b, 2a, or else a,b, 2b, 3a (and possibly all of a,b, 2a, 2b, and 3a 
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appear separately as factors of that product), In every case, (z — 1)! 
is divisible by a’b? = n?. 

Moreover, if » = p?, where p> 4 is prime, then » — 1 > 4p, and 
(1 — 1)! contains as factors all of the numbers #, 2p, 3p, 4p and hence 
is divisible by pi’ =n. If 2 = 2p, then (z— 1)! is not divisible by 
p?, and so it is not divisible by »?; when 2 = 8 or n=9, (n — 1)! is 
not divisible by »? (7! is not divisible by 8?, nor is 8! divisible by 
92): if #2 = 16, (# — 1)! is divisible by »? (since 15! contains as factors 
the numbers 2, 4 = 2?,6 = 3-2, 8 = 23, 10 = 2-5, 12 = 2?-3, 14 = 2-7, and 
so is divisible by 2!*?*!rs+1+241 = 211 = 162-29), 

Thus, the condition of problem (b) is satisfied by all the numbers 
which satisfy the condition of problem (a), and in addition by the 
integers 6, 8, 9, 10, 14, 22, 26, 34, 38, 46, 58, 62, 74, 82, 86, 94, that is, all 
primes, doubles of primes, and the integers 8 and 9. 


52. Assume that the integer z is divisible by all numbers m < Vn, 
and consider the least common multiple K of all these numbers m. 
Of course, all prime numbers p S$ 7 are included, as well as powers 
up to pk< Un, but p*!> Yn. Assume that there are / primes 
which are less than 1’ 7, and designate them by fi, fo, --:,p:. The 
least common multiple of all the integers less than 1” will be the 
product K = pip? --- pr', where &; is the integer such that 


pissin < pi? G1 2ia7%))s 


From the / inequalites 


Vn <p, 
Vn<pe, 
Vn < pit 
we obtain 
(Un)! < prtt. prt... pret, 
However, 


pr tipye +. pri?) = pope +> pil + pips +> pr SK? 


(since pip? ... pf! = K), and, consequently, pipe--: pi S K. Hence, 
we have 


(Un) < K*. 


138 The Divisibitlity of Integers 


Inasmuch as » is divisible by K, we must have K <n, whence 
(/n)i<n?. Therefore, 1 < 4. Since p,, p2, --: pr, are primes less than 
Vn, pbs=7>V nH (the fourth prime number is 7), and so n < 49. 
If we examine the integers less than 49, we readily ascertain that 
only the following integers satisfy the conditions of the problem: 


24, 12, 8,6,4,3,2. 
53. (a) Designate five consecutive integers by 
n—-2,n—l1,n,n+1n+2. 
Then 
(1—2?+nm—1? +2? + (m7 +1)? + (wm + 2)? = Sn? + 10 = 5? + 2). 


If 5(m? + 2) is a perfect square, then it mush be divisible by 25 
(it has the prime factor 5, which must appear twice), hence (7? + 2) 
must be divisible by 5. This is possible only if the final digit of n? 
is 8 or 3, and no square of an integer ends in either of these digits. 

(b) Of three consecutive integers, one is divisible by 3, an- 
other yields a remainder of 1 upon division by 3, and the third yields 
remainder of 2 (or, equivalently, a remainder of —1). Upon multi- 
plication of two such integers, the remainders obtained from division 
by any number are also multiplied; actually, 


(pk + r)(qk + s) = pgk? + pks + qkr +rs=R(pqk+pst+aqr)t+rs. 


Hence, if a number yields the remainder 1 upon division by 3, then 
all of its powers yield the remainder 1 upon division by 3; if the 
remainder is —1l, then all of the odd powers of the number will 
yield the remainder —1, and the even powers will yield the re- 
mainder 1. 

Thus, given three even powers of consecutive integers, we have, 
upon division by 3, the remainder 0 for one power and the remainder 
1 for the other two. 

Therefore, the sum of even powers of three consective integers 
yields the remainder 2 when divided by 3 (or, equivalently, the re- 
mainder —1); but no even power of any integer, as we have just 
shown, can yield this remainder upon division by 3. 


Remark: The even powers referred to in problem (b) need not be the same. 
In problem (c) note that the even powers referred to are all the same. 


(c) As we saw in the solution of problem (a), the sum of 
even powers of three consecutive integers yields a remainder of 2 
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when divided by 3. It follows that the sum of even powers of nine 
consecutive numbers yield a “remainder” of 6 upon division by 3, 
that is, this sum is divisible by 3. We must show that such a sum 
(wherein the even powers are the same) is not divisible by 3? = 9. 

Of nine consective integers, one is divisible by 9, and the others 
yield remainders from 1 to 8. If 2k is the (even) power to which 
the nine consecutive integers are raised, then the sum yields the 
same remainder upon division by 9 as does 


O + 1% 4 Qt 4 3 4 tk 4 5% 4 Ge + 72h 4 Bee 


or the sum 
2(1* + 4* 4+ 7*) 


(since 3? and 6? are divisible by 9; 12 and 8? = 64 each yield a re- 
mainder 1; 22=4 and 7?=49 yield remainders of 4; 42=16 and 
5* = 25 yield remainders of 7). 

Now note that 1° = 1, 4° = 64, and 7? = 343 all yield the remainder 
1 upon division by 9. It follows that if k = 3/, then 1* + 44+ 7* = 
1! + 64! + 343! yields the same remainder upon division by 9 as does 
1! + 1/4 1! = 3; it is not divisible by 9. If A= 3/41, then 1*+4* + 
7* = 1'.1 + 64!.4 + 343!-7 yields the same remainder as does the sum 
1-1+1-4+1-7=12; it is not divisible by 9. If R=3/+ 2, then 
LE + 4* + 7* = 1!-1 + 64!-42 + 343!-7? yields the same remainder upon 
division by 9 as does the sum 1-1 + 1-16 + 1-49 = 66; it is not divisi- 
ble by 9. 


54. (a) The sum of the digits of each number is 1+2+3+4+ 
5+6+7= 28. It follows that both numbers yield a remainder of 
1 upon division by 9 (an integer yields the same remainder upon 
division by 9 as does the sum of its digits). But if A/B=~x%, or 
A=nB, where is an integer different from 1, then, since B= 
9N +1, it follows from A=”B=9M+n that » must yield a re- 
mainder of 1 upon division by 9. The least value which 7 can as- 
sume is 10. However, A/B < 10, inasmuch as A and B are both 
seven-digit numbers. 

(b) Designate the integers sought by N, 2N,3N. Since an integer 
yields the same remainder upon division by 9 as does the sum of 
its digits, the sum N+2N+3N must yield the same remainder 
upon division by 9as does 1 +2+3-+ --- +9= 46 in order to meet 
the condition imposed by the problem. Hence, 6N (and consequently 
3N) is divisible by 9. 

Since 3N is to be a three-digit number, the first digit of N cannot 
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exceed 3. It follows that the last digit of N cannot be 1, since the 
integer 2N would end with 2 and 3N would end with 3, and then 
none of these three digits is available to begin N. The integer N 
cannot terminate with 5, since 2N would end with 0. Assume now 
that the final digit of N is 2; then the final digits of 2N and 3N are, 
respectively, 4 and6. The remaining two digits for 3N can be chosen 
only from 1, 3,5,7,8, and 9. Since the sum of all the digits of 3N 
must be a multiple of 9, the first two digits of 3N are either 3 and 
9 or 5 and 7. By checking all the possibilities, we find that the 
following three-digit numbers satisfy the condition of the problem: 
192, 384,576. Analogously, we can investigate the cases for which 
N terminates with 3, 4, 6,7, 8, or 9. This procedure will produce 
three additional solutions: 273, 546, 819; 327, 654, 981; and 219, 438, 657. 


55. A perfect square can terminate in only one of the digits 
0,1,4,9,6, or 5. Moreover, the square of an even integer is obvi- 
ously divisible by 4, and the square of an odd integer yields the 
remainder 1 upon division by 4 [since (2k + 1)? =4(k?+k)+1]. Hence, 
no square can end with any of the pairs 11, 99, 66, or 55, since 
numbers ending in the digits 11, 99,66, or 55 yield upon division by 
4 the respective remainders 3, 3, 2, and 3). 

We now investigate which remainders are possible when a perfect 
square is divided by 16. Every integer can be represented in one 
of the following forms: 


8k, 8ke3, 
Skoe1, B8kRa4. 
8kR+2, 


The squares of these numbers have the following forms: 
16(4R?) , 16(4k? + 3k) + 9, 
16(4k? +k) +1, 16(4k? + 4k +1). 
16(4k? + 2k) + 4, 


These forms show that the square of an integer is either divisible 
by 16 or will yield a remainder of 1,4, or 9 when divided by 16. The 
possibility of ending with 1 or 9 has been excluded. A number ending 
with the succession of digits 4444 yields a remainder of 12 upon 
division by 16 and therefore must also be eliminated as a possibility 
for a perfect square. 

Therefore, if a perfect square ends with four identical digits, then 
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these digits must be zeros (for example, 100? = 10,000). 


56. First solution. We designate the sides of the rectangle by x 
and y, and the diagonal by z. According to the Pythagorean Theorem, 


e+ y= 2? 
We are to prove that the product xy is divisible by 12. We shall 


first show that xy is divisible by 3, then that it is divisible by 4. 
Since 


(3k + 1)? = 3(3k? + 2k) +1, 
and 
(3k + 2? = 333427 + 4k +1)4+1, 


the square of every integer which is not a multiple of 3 yields a 
remainder of 1 upon division by 3. Therefore, if neither x nor y is 
divisible by 3, then the sum x? + y? will yield a remainder of 2 when 
divided by 3 and thus cannot be the square of any integer. Hence, 
a necessary condition for x? + y? to be the square of an integer z is 
that at least one of x or y be a multiple of 3, which in turn means 
that xv is divisible by 3. 

Further, not both x and y can be odd numbers, since if x = 2m +1 
and y = 27 + 1, then 

ety=4m’?+4m4+14+4n?+4n4+1 
=4’?+n+n?+n)4+2, 

which cannot be the square of an integer (the square of an odd 
number is odd, and the square of an even number is divisible by 4). 
If both x and y are even, then their product is certainly divisible 
by 4. Assume then that x is even and y is odd. We have x= 2m, 
y=2n-+1. The number 2? (and hence z) is then odd (the sum of 
even and odd). If we write z= 2p+41, we have 


(2m)? = (2p + Lt — (2n +1) 
= 4p? +4p +1—4n?*—4n—-1, 
or 
m= p(p+1)—nnt+1). 


It follows that mm? is an even number (each term of the above differ- 
ence is the product of two consecutive integers and so is even). 
Therefore, since m is even, x= 2m is divisible by 4, and so the 
product xy is divisible by 4. 
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Second solution. It follows from the formulas of the solution of 
problem 128 (a) that the sides x and y of such a rectangle can have 
lengths expressible as x = 2tab, y = t(a? — b?), where t,a,6 are any 
integers for which a and 0 are relatively prime. [The diagonal length 
is then the integer t(a? + 6?).] If at least one of the integers a or 6 
is even, then x is divisible by 4. If both @ and 6 are odd, then x 
is divisible by 2 and y is divisible by 2, hence xy is divisible by 4. 
Further, if either a or 0 is divisible by 3, then x is divisible by 3; 
if neither a nor 6 is divisible by 3, then: one of them yields a re- 
mainder of 1 when divided by 3 and the other a remainder of 2, 
or else both yield the same remainder. In both cases y = t(a + b)(a — 6) 
is divisible by 3. Therefore, in every case the product xy is divisi- 
ble by 12. 

57. We see from the formula giving the roots of a quadratic 
equation, 


—bt Vb — 4ac 


t= 
2a : 


that the roots of the given quadratic equation will be rational if, 
and only if, the discriminant 5? = 4ac is a perfect square. Let b= 
2n+1, a@a=2p+1,¢=2q¢+1. Then we can write: 
b? — 4ac = (2n + 1)? — 4(2p + 1)(2¢ 4+ 1) 
= 4n? + 4n — 16pq — 8b — 8¢ — 3 


= 9( Math = 


; 2pq—p —q—1) +5. 


is integral, since one of the 


Since this number is odd [ae 


factors of the numerator is necessarily even], it can be the square 


of an odd number only. Now, every odd number can be written as 
4k +1, and so the square of an odd number has the form 


(4k +1)? = 16k? + 8k +1 = 82k +k) +1. 


That is, the square of an odd number always yield the remainder 1 
upon division by 8. Therefore, since 5? — 4ac is odd, but yields a 
remainder of 5 upon division by 8, it cannot be a perfect square. 


58. We have 


14 1 4 1 _—s_ 38a? +6n+2 
nm nmt1l n+2° nin+1)(n + 2) ° 
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The numerator of this fraction is clearly not divisible by 3, but the 
denominator is divisible by 3 (being the product of three consecutive 
integers). Hence, since there is an uncancelled factor in the denomi- 
nator of the reduced fraction which differs from 2 and 5, the decimal 
representation certainly is nonterminating. We shall show that the 
denominator is not relatively prime to 10, hence that the period of 
the decimal expansion is a deferred one. 

Of the two integers » and » + 1, one must be even and the other 
odd. If » is odd, then 3? is odd, and so the numerator of the 
fraction is odd; hence it has no factor 2. If is even, then n+ 2 
is divisible by 2, and the denominator is divisible by 2?. But the 
numerator is divisible only by 2, since if » =2k, then 


3? + 6n + 2 = 12k? + 12k + 2 = 216K? + 6k + 1); 


and so the denominator has a factor of 2 not shared with the numer- 
ator. Therefore, the denominator of the reduced fraction is not rela- 
tively prime to 10, and so its representation as a decimal must have 
deferred periodicity. 


59. (a) and (b). Of the fractions composing the sum 


2 m 





(or N= 4+ 5 ie l ) 

n n+l n+m 
we select that one whose denominator contains the highest power of 
2 as a factor; there can be only one such term. Now, if we rewrite 
each term of the sum so as to have as denominator the least common 
multiple of all the denominators, then each of them, save the selected 
fraction, will acquire the factor 2 in its numerator, but the selected 
fraction will acquire only odd factors. Therefore, when the fractions 
are added in this form, the resulting numerator will be the sum of 
several even numbers and exactly one odd number, but the (common) 
denominator will be even. Hence the numerator will be odd and the 
denominator even, and so the sum cannot be an integer. 

(c) Consider that term of the summation whose denominator 
contains as a factor the highest power (say n) of 3. Since all the 


denominators are odd, no fraction of form 3-gr Can appear as a term 


of the sum K. If we obtain the least common multiple of all the 
denominators, and express all the fractions with this denominator, 
then each of them, except the selected fraction, will acquire a factor 
3 in its numerator, but the numerator of the selected fraction will 
not have a factor 3. Consequently, we obtain for K a fraction whose 


144 The Divisibtlity of Integers 


denominator is divisible by 3 but whose numerator is not divisible 
by 3. This cannot be an integer. 


60. (a) We consider the sum using denominator (p— 1)! For the 
numerator of the sum we obtain the sum of all possible products of 
the numbers 1,2,:--:,f—1, taken p—2 at a time. Since the de- 
nominator (p—1)! of the sum is not divisible by p, we need only 
show that the sum of all distinct products of 1,2,---,f—1, taken 
p—2 at a time, is divisible by p?. 

We designate the sum of all possible products of the numbers 
1,2,°--,m”, taken & at a time, by mk: 

In=14+24+3+4+-+-42, 
Mn = 1-2 41-34 +++ +124+2-3 42-44 +---4+2-n 
Bd seh pb On 4-3 ee in ST) ts 


We shall show that if »+1=p) is a prime number, then all the 
sums 


7 mr. nda Ww 
are divisible by p, and that m2 itself is divisible by p?. The as- 


sertion of the problem will follow directly from the latter statement. 
Consider the polynomial 


P(x) = (4 — 1)(e — 2)(x —3) +--+ (xe —2n). 
If this product is multiplied out, we obtain 

P(x) = x? — Max™") + x? — +++ + Mn 
(by our hypothesis, ” is even). 


Consider, further, the expression P(x)[x —(n+1)]. This can be 
expanded in two ways: 


P(O[x — (2 + D) = = Tat! 4 Itt + [x — (n+ 1), 
and 
P(x)[x — (w + .1)] = (x — Ile — 2)(x — 3) -+- (x — n(x —n — 1) 
= (x — 1X{[(« — 1) — Il — 1) - 2) --: (#4 -— 1) — an} 
= (x — 1)-P(x — 1) = (x — DI — D* — ae - 1) 
+(x — ly ?— ++) +). 
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We then have the equality 


(x" — What! + nxt? — + +x — (n + 19) 
= (x — 1)! — mix — 1" 4+ ae — Dt t+ x - DY). (DY 


If two polynomials are equal for all x, then they are identical— 
we can equate the coefficients of like powers of x from both sides 
(designating by Cr = (m) the (# + 1)st binomial coefficient), and obtain 
the following system of equations: 


M,+(n+1)=Cra+ Mr, 
mM, + (n+ mth = Cha, + Cah + 1, 


1 


Mm+enat+tym=Au.+Cm+cCwmwi+ Mm, 


Hn + (a + Dm! = Cra + Cra + C2 
r= 3 1 nt 


+ Care +++ + Cn + Mm, 
(2+ 1) In=1+ Int Inte + Oe +m. 


The first of these equalities is obvious. From the second, third, 
--+, mth, we derive 


m+1)—-CG=1,24+)—Ch,=2,---,~7+)—-—CQ=n-1; 
t= Clas 
2, =O. EPC. (2) 
3H = Cri + Ck Chal, 


(n — lm = Chay + Ch, + Chim + +.) + Cim. 
Since, by assumption, » + 1 = p is prime, 


Ae POP Sp = 2) poe) 
Can = Op = ee eee 


is, for k < p, divisible by p (since the numerator of this fraction is 
divisible by » and the denominator is not). Therefore we see from 
the first formula of (2) that 7, is divisible by p, from the second 
formula that 7% is divisible by p, and so on up to divisibility of 
MT, ' by p. 

Finally, we substitute x = p into the basic equation 


(x — 1)\(x — 2)(« —3)---@—-—pt)) 


1 eat 2 = = -1 
xP XP? P38 — px po +L, 
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We obtain 
(p— DE = prt — yp? * + 1 pe 
— Mp1 p?* + + + Mp p* — Wi p + M1. 


But 77-;=(p—1)!. If we cancel (p— 1)! from both sides, factor 


out p, transpose 13; to the left side, and so on, we obtain 


pat = p(pP-? — Mp1 p?-* + Wp p?-§ — ++» + Mp=1) , 


from which we find that 737; is divisible by p? (the expression in 
parentheses is, as we have shown above, divisible by p if p> 3. 

(b) Using the common denominator [(p — 1)!]*?, we arrive at 
a sum 


pee a 

((p — 1)!? 
where A is the sum of all possible products containing p — 2 distinct 
factors taken from the numbers 1’, 2?, 3’, ---,(p — 1)? (or, as charac- 


terized before, “taken p — 2 at atime”). To show that A is divisible 
by p, we shall consider the square of the sum 737i [the terminology 
has the same meaning as in problem (a)]. Since the square of a 
polynomial ‘is equal to the sum of the squares of its individual terms 
plus twice the sum of all possible pairwise products of the terms, 
the sum (722i)? consists of the terms of A plus a series of numbers 
(all the possible doubled products). We consider one of these doubled 
products: 


Q1-2---G—-DEE DY (P-D) x 1-2 -G-DGEFD- - DI. 
This may be written in the form 
Q[1-2-3 ++: (p— 1-1-2 G-—DEFED-- G-DGFED--- (P- DI. 
Summing all such terms shows that 
(by? = A+ Ap — WM, 
whence 
A = (mri — Ap — Dimer. 
In view of what has been proved in problem (a), A is divisible by 
p, as was to be shown. 
61. The fraction is reducible if, and only if, its reciprocal is re- 
at + 3a4+1 ariel This 


ducible. Hence we may consider “erage + a em oe 
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; @+2q’ which 
is reducible if, and only if, its reciprocal is reducible. We have 

a + 2a 

a+ id a@+il- 


simplifies the problem to proving irreducibility for 





Continuation of this procedure leads to examination of l/a, which 
clearly is irreducible for any integer a. 


62. We first show that, for any integer b, the number of differences 
a, — a, which are divisible by b is not less than the number of 
differences k —/ which are divisible by 5. We first determine how 
many differences a, — a: are divisible by 0. 

Assume that , of the integers @1,@:,°*+,@, are divisible by 8, 
that 2, of them yield the remainder 1 upon division by 6, that m, of 
them yield the remainder 2, and soon up to m-, integers that yield 
a remainder of 6—1 when divided by b. Since an integer yields 
precisely one of the remainders 0, 1, 2,3,---,4— 1 upon division by 
b, it is clear that 


No +My + Me t+ +m-1 HN. 


The difference a, — a: is divisible by 5b if, and only if, the two 
terms yield the same remainder upon division by 6. The number of 
differences a, — a: divisible by 6 since both terms are divisible by 


b will be designated by Cz, = Molto — 1) [clearly, there are 1+2+ 


++ + (mo — 1) of them]; the number of differences a, — a, divisible by 
b since both terms yield a remainder of 1 upon division by 6 will be 


nin, — 2 Ny-1(Mo-1 — 1) 
a ) and soon up to Ci,_, = 


designated by GS 
differences a, — a divisible by b since both terms yield the remainder 
b — 1 upon division by b. It follows that the total number of differ- 


ences a, — a divisible by 6} is exactly 


No(No — 1) n(n, — 1) My—1(M5-1 — 1) 

— ee ns se 

N ge eg a 2 
This expression may by rewritten as 
mg tmit mete tm mo tm +m ts + 
aoe 2 2 

net nite ters + ny n 

= 2 a: 9 . 


The following expansion can be made: 
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2 2 2 2 
Mo +m + my + +++ + My-1 





2 
_ (M0 + My + Me + e+ + 15-1)? — 2g, — Zone — +++ — 2Mo-2%o-1 
2 
= = + Zl — m)* — np — ni] + [(m — m2)? — mo — H2] 
tees + [(mte-2 — moni)? — ni-2 — 1i-1)} 
= = + F Ulin — m1)? + (Mo — M2)? + +++ + (Ms-2 — No-1)? 
— (nb + nb) — (nt + nd — --+ — (nh + nj-0) 
= * + - [(7t0 — 1)? + (Mo — M2)? + +++ + (Me-2 — No-1)? 
—(b— init nit --: + nb]. 
(Note that in the last term within parentheses, 70, 21, -°--, 75-1 each 


appear (b — 1) times.] We transfer to the left member all the terms 
containing squares of ,, and divide both members by 8, obtaining 


5 (ni + mbnpt-ss +n) 


ne a (40 = 11)?(19 an N2)* over (Ny-2 — m-1)* 
2b 2b : 


from which we obtain 


N= (to— MP + (Mo — mr tes + (miu— Mm) wn 


2b 2b 2" 


We can show, in the same way, that the number WN’ of differences 
k —1 (where k and / are integers such that =k >/ 21) which are 
divisible by b is exactly equal to 


Ni a (to mi? + (000 = m2)? Ho + (ne = 
2b 2b 2. 
where n; is the number of integers of the sequence 1, 2,3,-::,” 


which give a remainder of k upon division by b. 

It follows immediately from the formula just obtained that if n = mb 
(that is, if 2 is a multiple of 5), then the number J is not less than 
N’. The numbers 7, 72}, +, 2-; are all equal to m, and consequently 
the sum of the squares of the pairwise differences of the numbers 
vanishes. It is less obvious that if » yields the remainder r + 0 
upon division by 6 (that is, n= mb+r,0<r7r< 5), we obtain the 
inequality N= WN’. Here, r of the numbers 1, 21, --+, 2-1 (in par- 
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ticular, the numbers 71, 223, ---,2,) are equal to +1, and the re- 
maining numbers, 20, 2741, ***, 25-1, are equal to m. In order to prove 
that N cannot be less than N’, we employ the following formal method. 

Since the sum of the 6 numbers 1p, 22;, ---, 2-1 is equal to n= 


mb+-yr, at least one of these numbers, say 22,, does not exceed m [other- 
wise the sum of these numbers would be not less than 6 (724+ 1) > n]. 
We now add one more number, dn+:, to the numbers Q, @2, -++, Qn— 
a number giving a remainder of ¢ upon division by b. Then the 
number of differences a, — a: is augmented by the » differences: 
Qn+1 — G1, An+1 — Q2,°**,Qn+1 — Qn. Of these new differences exactly 
n, Will be divisible by 6. Now, the number of differences & —/ is 
augmented by the 2 differences (z +1)—1,(2+1)—2,---,(w+1)—n, 
and it is clear that # = 2, of the differences will be divisible by 0. 
Therefore, if we prove that at least as many of the C%:, differences, 
a —a, for k > landk,!=1,2,---,2+1, are divisible by 6 as before 
(that is, as among the differences a, — a, for k,1 = 1, 2,---,m), then 
it will follow that of the number Ca of differences a, — a: (k > 1; 
k,/=1,2,--+-, 2) no fewer will be divisible by } than were divisible 
among the differences k —/, where k,/=1,2,---,n. If n+1 is 
divisible by 5, then our quest is ended: the result sought follows 
from what we have done (it is analagous to the case n = mb). If 
n +1 fails to be divisible by 5, then we adjoin another integer to 
the sequence 4), @2, +++, @n,@n+1,—and we may continue adjoining ad- 
ditional integers until their number does form a multiple of 6. This 
completes the proof of the initial assertion. 

The proposition of the problem follows immediately. If b = p is 
any prime number, then p divides at least as many factors a, — ai 
as it does factors k — /; the same assertion will be true for p?, p%, ---. 
Thus, every prime p will enter the numerator as a factor to an order 
at least as great as it enters the denominator; therefore, the denomi- 
nator of the fraction obtained by multiplying together all numbers 
of the form aa will divide the numerator, and so that product 
will be an integer. 


63. The numbers of our sequence may be expressed in the form 
1+ 10*+ 10°+ --- + 10. We shall investigate, along with these 
numbers, the integers of form 1 + 102? + 10¢+ 10° + --- + 10%. It is 
readily shown that 


10*+* — 1 = (10 — 1) - (1 + 10° + 109 + --- + 10"), 
1o*+? — 1 = (10? — 1) - (1 + 102 + 108 + «++ + 10%). 
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Moreover, it is clear that 
1Q%*+4 —-l= (102*+2 = 1)(107*+?2 + 1) . 
Comparison of these equalities yields 
104 — 1 = (10 — 1)(1 + 10° + 10° + --- + 10*) 
= (10? — 11 + 10? + 104 + --+ + 10**)(10%+? + 1), 
10-1 
10? — 1 
(1 + 104 + 10° + --- + 10**) - 101 
= (1+ 10? + 10#+ +++ + 10%)(10%? + 1). 
Since 101 is a prime number, either 1+ 10?+10‘+--- +10 or 
10%+2 + 1 is divisible by 101. If & >1, then whichever of these two 
numbers is divisible by 101, the quotient will exceed 1; hence 
1+10¢+ 108+ --- +10 is, for k >1, expressible as the product 


of two (nontrivial) factors. If #=1, we have the number 10*+ 1= 
10,001, which is a composite number (10,001 = 73-137). 


or, since = 10?+ 1 = 101, 


Remark: It is possible to prove in a similar way that the following numbers 
are all composite: 


100 ---0100---01,100---0100---0100---Ol,---. 
(2k +1) @k+1) @k+ 1)@k+1) @k +1) 
64. (a) We have 
qi?8 — 128 = (g®4 + 54)(qs* — b**) 
= (a*4 + b5*)(a32 + b?*)\(a3? aes 5°?) 
= (a®* + 584)(a* + 532)\(a® + b')\(a!® — O') = --- 
= (a** + b8*)(a?? + b32)(a'® + 51*)(a® + 5°) 
x (at + bV(a? + B*Ya + ba — b). 
Consequently, the required quotient is equal to a — bd. 
(b) As in part (a), 
quett — pektt 
65. We note that 
a — 1 = (2-1 + 1X2" — 1) 
= (2 4 1a? + 1a"? - 1) = + 
= (277 + 1)(22""* + :1)(27 7 +:1)--- 24+ D24+ 12-1). 


=a-—b., 
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(See problem 64. The last factor, 2 — 1, can be disregarded.) Thus, 
the integer 2?” — 1 = (2?" + 1) — 2 is divisible by all the numbers of 
the given sequence which it exceeds. It follows that if 22*+1 and 
2** +1, where & <m, have a common nontrivial divisor, then this 
common divisor must also divide 2, and hence must be 2. Since all 
the integers of the sequence are odd, it follows that there exists no 
common divisor for any two of them. 


66. The number 2” is not divisible by 3. If 2” yields the remainder 
1 upon division by 3, then 2" — 1 is divisible by 3; if 2” yields the 
remainder 2 upon division by 3, then 2" + 1 is divisible by 3. There- 
fore, in all cases one of the two numbers, 2” —1 or 2" +1, is divisi- 
ble by 3; hence, if both integers exceed 3, they cannot both be 
primes. 


67. (a) If a prime number p> 3 yields the remainder 2 when 
divided by 3, then 8/—1 is divisible by 3. Hence, to meet the 
condition of the problem, p must yield the remainder 1 when divided 
by 3. But 8p +1 is divisible by 3. If / = 3, then 8f + 1 = 25, which 
is composite. 

(b) If p is not divisible by 3, then p? yields the remainder 1 
when divided by 3 [see the solution of problem 53 (b)], and then 
8p? + 1 is divisible by 3. Hence, the condition of the problem can 
be met only if =3. But then 8p? —1=71 is a prime number. 


68. If p > 3 is a prime, it can yield only 1 or 5 as a remainder 
upon division by 6 (if p=6k+ 2, or p=6k +4, then it is an even 
number; if p = 6k + 3, then it is divisible by 3). Hence, the square 
of the prime p must have one of the two forms 362 + 127 +1 or 
367? + 60n + 25. Each of these integers yields the remainder 1 when 
divided by 12. 


69. As explained in the solution of problem 68, a prime number 
bP > 3 must have one of the two forms 6” + 1 or 62 +5. Given three 
distinct primes, all exceeding 3, at least two of them must yield the 
same remainder upon division by 6. The difference between these 
two numbers, which is d or 2d, where d is the common difference 
of the arithmetic progression, is’ then divisible by 6, whence, neces- 
sarily, the common difference d is divisible by 3. But since d is the 
difference of two odd numbers, it is also divisible by 2. Therefore, 
in every case, d must be divisible by 6. [See also the solution of 
problem 70 (a).] 


152 The Divisibility of Integers 


70. (a) Since all primes exceeding 2 are odd, the common differ- 
ence of the arithmetic progression sought must be an even number; 
hence, we may eliminate 2 as a possible term of the progression. 
Also, since there are certainly three successive terms of the pro- 
gression, all of which exceed 3 and which by themselves must form 
an arithmetic progression, the common difference d must be (ac- 
cording to problem 69) divisible by 6, that is, divisible by both 2 
and by 3. 

We now show that d must be divisible by 5. Assume d is not 
divisible by 5. Then the numbers 


a,a+d,a+2d,a+3d,a+4d 


all yield different remainders upon division by 5 (if two of the re- 
mainders are equal, then it is easily shown that d is divisible by 5, 
a contradiction of the assumption just made). Thus, one of the 
numbers of the progression is then divisible by 5. Since all the 
term of the progression are prime, this is a contradiction. Hence 
d must be divisible by 5. We can show, in the same manner, that 
d must be divisible by 7. (This conclusion cannot be reached for 
11, since there are to be only ten terms in the progression, and 
a,a+d,---,a+ 9d would not necessarily provide a number divisible 
by 11.) Therefore, the common difference d of the progression must 
be a multiple of 2-3-5-7 = 210; that is, d= 210k. 
According to the conditions of the problem, 


Qo = a, + 9d = ait 1890 < 3000. 


This inequality is impossible for k = 2, hence, necessarily, = 1. It 
follows that 


a, < 3000 — 9d = 3000 — 1890 = 1110. 


Now, 210 = 11-19 + 1; consequently, the (m + 1)st term of the pro- 
gression may be represented in the form 


Qn+1 = 4, + (11:19 4+ 1)-m=11-19M + (a, +m). 


It follows that if @, yields a remainder of 2 upon division by 11, 
then ai is divisible by 11. If a, yields a remainder of 3 when divided 
by 11, then a, is divisible by 11, and so on. Therefore, a; cannot 
yield upon division by 11 any of the remainders 2,3,4,---, or 10. 
If a, #11, then since a, is prime it cannot be divisible by 11; this 
means that either a, = 11 or a, yields a remainder of 1 upon division 
by 11. Further, since 210 = 13-16 + 16 + 2, and so 
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Qn+1 = A, + (13-16 + 2)m = 13-16m 4+ (a, + 2m) , 


it may be shown that if a, is divisible by 13, it can yield as a re- 
mainder only one of the numbers 2, 4,6, 8,10, or 12. Since a, is odd 
(as are all the terms of the progression), either a, = 11 or it can be 
written in one of the following forms: 


2-11-13/ + 23 = 286] + 23, 286] + 155, 
286] + 45, 2861 + 177, 
286/ + 67, 286/ + 199 , 


Since a, < 1110, the possible values for a, are limited to the integers 


11; 23, 309, 595, 881; 45, 331, 615, 903; 67, 353, 637, 925; 
155, 441, 727, 1013; 177, 463, 749, 1035; 199, 485, 771, 1057 , 


of which the following are prime: 
11, 23, 881, 331, 67, 353, 727, 1013, 463, 199 . 


We have found the necessary conditions for the existence of the 
progression sought; namely, d = 210, and a; equal to one of the prime 
numbers listed. We must test each of the possibilities (for example, 
a, = 11 is quickly found untenable, since then a, = 221 = 13-17, which 
is not prime). Exactly one of the above primes, a@, = 199, will pro- 
duce an acceptable progression: 


199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879, 2089 . 


(b) This problem is solved in a manner analogous to the 
solution of problem (a); however, the progression found there cannot 
be extended since the following term fails to be prime. 

If a, #11, then, proceeding exactly as in problem (a), we find that 
the common difference d of the progression sought must be a multi- 
ple of 2-3-5-7-11 = 2310 (d = 2310k). It follows that 


ai, = a, + 23 100k > 20,000 . 


Hence we need investigate only the case for which a; = 11. Here, 
we can have only d = 210k. Since 210 = 13-164 2, we can write for 
the general term of the desired progression 


GQn+1 = 11 + (13-16 + 2)km = 13(16kn + 1) + 2(kn — 1). 
However, for any k = 1, 2,3, 4,5, 7,8,9, or 10, we can always find 
an 2 <10 such that kn —1 is divisible by 13, whence ani, fails to 


be a prime number. (These values of m are, respectively, 1, 7, 9, 10, 
8,2,5,3,4.) If k=6 and d = 210-6 = 1260, then 
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a,=11+3- 1260 = 3791, 


which is divisible by 17. Therefore, if a; =11, then necessarily 
k > 10, and so d= 2100, but then aio > 20,000. 


71. (a) If the difference of two odd numbers does not exceed 4, 
then they cannot have a common divisor which exceeds 4. Thus, 
two of the five consecutive numbers can either have at most a 
common divisor of 2,3, or 4 or be relatively prime. At least two 
of the five consecutive numbers must be odd, and of two consecutive 
odd numbers at least one will fail to be divisible by 3. Hence there 
is at least one odd number among the five consecutive integers which 
fails to be divisible by 3. This integer will necessarily be relatively 
prime to the remaining four integers. 

(b) The reasoning employed here closely resembles that used 
in problem (a), but it is much more involved. If the difference of 
two odd numbers does not exceed &, then they cannot have a common 
divisor which exceeds k. To determine whether two integers are 
relatively prime, it suffices to consider only prime factors; hence it 
suffices to show that, given sixteen consecutive integers, it is always 
possible to find one of them which fails to have in common with 
any one of the other integers a divisor of 2,3,5,7,11, or 13. That 
integer will be relatively prime to all the others. 

First we discard the even numbers of the sixteen successive inte- 
gers. There remain eight consecutive odd numbers. Divisibility 
by 3 clearly holds for either 

(1) the first, fourth, and seventh of these eight numbers, 

(2) for the second, fifth, and eighth numbers, or 

(3) for the third and sixth numbers. 

Divisibility by 5 holds for either the first and sixth, or for the second 
and seventh, or for the third and eighth, or for one number only 
(the fourth or the fifth). Divisibility by 7 holds either for the first 
and eighth or for only one of the other integers. One, and only 
one, of the odd numbers can be divisible by 11, and only one by 13. 

If not more than five of the eight consective odd numbers are 
divisible by one of the primes 3, 5, or 7, then there must exist among 
the remaining three (or more) odd numbers at least one which is 
divisible neither by 11 nor by 13. Since that number will fail to 
have 2, 3,5, 7,11, or 13 as a factor, it will be relatively prime to all 
the other integers of the original sequence of sixteen numbers. 

We now consider the case in which the number of odd integers 
divisible by 3,5, or 7 does not exceed six (which is the maximal 
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number of odd integers of the sequence which can be so divisible). 
We first assume that three of the eight odd numbers are divisible 
by 3. Then, depending upon which three numbers these are (first 
and fourth and seventh, or second and fifth and eighth), two re- 
maining numbers can be divisible by 5 (third and eighth, or first 
and sixth), and one of the remaining numbers might be divisible 
by 7. 

If we strike out the (at most) five numbers divisible by 3 or by 
5, there will remain either the second and fifth and sixth or the 
third and fourth and seventh of the eight odd numbers. We consider 
the first case. The second, fifth and sixth odd numbers stand either 
in the fourth, tenth, and twelfth positions of the original sequence 
of sixteen numbers or in the third ninth and eleventh positions of 
that sequence. In the first-named positioning two of these odd 
numbers must fail to have 7 as a divisor; and, of these two, neither 
can have a common divisor of 13 with any other number of the 
original sequence, since both differ from all the other numbers by 
less than 13. Since at most one of these two numbers is divisible 
by 11, at least one remains which cannot be divisible by 2, 3, 5, 7, 11, 
or 13 and so must be relatively prime to all the other numbers of 
the original sequence. In the second-named positioning (third, ninth, 
and eleventh), if one of these odd numbers has the factor 13 in 
common with another number of the original sequence of sixteen 
consecutive numbers, it can be only that number standing in the 
third position. If we throw out that number, we are left with num- 
bers in the ninth and eleventh positions. Only one of these two 
numbers can be divisible by 7; whichever it is, the remaining one 
cannot have a factor of 11 in common with any other number of 
the original sequence, since it differs from all of them by a number 
less than 11. Hence at least one number will be relatively prime to 
all the others of the original sequence. The argument for the case 
in which the third, fourth, and seventh numbers of the sequence of 
odd integers remain after those divisible by 3 or by 5 are thrown 
out is quite analogous, and is left for the reader. 

If only two numbers of the sequence of eight odd numbers are 
divisible by 3 (the third and sixth), then it is possible for two of 
the remaining numbers (the first and eighth) to be divisible by 7, 
and two more can be divisible by 5 (the second and seventh). If 
these six numbers are struck out, only the fourth and fifth of the 
eight odd numbers are retained, and these two are not divisible by 
3,5, or 7. Each of these remaining two numbers will be relatively 
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prime to the other fifteen numbers of the original sequence, since 
each of them will differ from the remaining fifteen numbers by less 
than 11, and hence could not share with any of them a common 
divisor of 11 or 13. This completes the proof. 

Remark: The proposition may be proved for any sequence of successive 
integers fewer than sixteen (say, ten or twelve) by techniques similar to that 
used above. The proposition does not hold for a sequence of seventeen num- 
bers.t Whether such a proposition is true for k > 17 numbers, or for special 
numbers k, is not known. 


72. Since 6= 3-2, the product in question will be the same as 
that obtained by multiplying the integer A, consisting of 666 digits 
9 by the integer B, composed of 666 digits 2. But A, is 1 less than 
108 (the digit 1 with 666 zeros following); and so if B, is multiplied 
by A,, the result is the same as multiplying B, by 10% (which 
yields an integer composed of 666 digits 2 followed by 666 zeros) 
and subtracting the integer B,. It clearly follows that the result 
will be a number of form 

22 ---2177--- 78. 


665 665 


73. The number 777,777 is exactly divisible by 1001, yielding the 
quotient 777. Hence the number 


777 --- 700000 , 
—-ereoo 
996 
yields, upon division by 1001, a quotient of 
777 000 777 000 - - - 77700000 . 
the grouping 777,000 repeated 166 times 


Moreover, the number 77,777 yields a quotient of 77 and a re- 
mainder of 700 upon division by 1001; and so the quotient obtained 
by dividing A by 1001 has the form 


777 000 777 000 --- 77700077 , 
Sk___——_—_——_—_— 
the grouping 777,000 repeated 166 times 


and there is a remainder of 700. 
74, Since the integer 222,222 is not a perfect square, the integer 


t The ‘‘counter-example’”’ displayed in the original Russion text is incorrect 
and so not given here [Editor]. 
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sought has the form 222,222 aids -+- Qn, where az, Qs, -°*,@n are to be 
determined. 

First assume that the integer 2 is even: m = 2k. We shall employ 
the usual process for finding the square root: 


V 22 22 22 ayy °** Aak—-1Aoe = 471 405 
16 
87) 6 22 
7(609 
941 | 1322 
1 941 
9424| 381] ards 
4| 37696 
942805 XH, X2X3 Ag 1081112 
5 (4714025 





(the fifth digit of the result is 0, since x, can be only 4 or 5, and 
analogous reasoning shows that the sixth digit, if it is to terminate 
the square root and produce a least number, will be 5). 

The remainder now vanishes if dad) = 4, di) = 0, a, = 2, di: = 5 and 
x, =4,%—=7,x;=1; it is easily deduced that a43=6+1=7 and 
ad,=(7+9)—10=6. Hence the smallest integer with an even num- 
ber of digits and satisfying the conditions of the problem is 


222,222,674,025 = 471,405? . 


Now we assume that 7 is odd, 2k + 1, and we obtain 


V 2 22 22 2arasQ9 +++ GorAoke+1 = 149071 --- 
1 
24 | 1 22 
4| 96 
289 | 26 22 
9| 2601 
29807 21 2a aaQy 
7 | 2086 49 


298141 | XX 2X3 XQ 0811 
1 29814 2 
298142 X5XeX1XeXoX 101 1213 


Since the number formed by the digits x, x. is not less than 33 
(=119 — 86) and does not exceed 43 (=129 — 86), it follows that the 
sixth digit of the root is 1. Hence the extraction of the root does 
not end here, but continues. Consequently, the smallest number 
having an odd number of digits, and satisfying the conditions of the 
problem, is not less than the twelve-digit number 222,222,674,025. 
Therefore, this is the number sought. 
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75. If the positive number a is less than 1, then @ is less than 
1. Assume that the decimal representation of 1a mentioned in the 
problem has fewer than 100 digits 9 at its beginning. This implies 


te ee . Lo of ; 
that Ya<1— (sr) . If we square both sides of this inequality, 


1 100 1 200 
Bie 2(<5) + (45) 


B 9 1 \200 J \200 i 1 \100 nm f A 1 \100 
ut 1 — (<r) + (Go) < -Gr) ; therefore, a < aan) ‘ 


which means that the decimal representing a cannot begin with 100 
digits 9. This contradiction proves the proposition of the problem. 


we have 


76. The desired number commencing with the digits 523 and 
divisible by 7-8-9 =504 can be written in the form 523,000 + X, 
where X is a three-digit number. Ordinary division yields 523,000 = 
504-1037 + 352; that is, 523,000 yields a remainder of 352 when di- 
vided by 504. Since the sum of 523,000 and the three-digit number 
X must be divisible by 504, it follows that X can be equal to 


504 — 352 = 152, 
or to 
2-504 — 352 = 656 


(the number 3-504 — 352 has four digits). Hence the two numbers 
523,152 and 523,656 satisfy the conditions of the problem. 


77. Let N be the desired four-digit number. The conditions of 
the problem gives 
N= 131k + 112 = 132/ + 98, 


where k and /are positive integers. Since N is a four-digit number, 
it is clear that 


)— N= 98 ~ 10,000 — 98 


i > ge 
that is, 275. Further, 

131k + 112 = 1322 + 98 ; 

131k —/)=1-14. 
It is evident that if k—ZJ is not zero, then /—14 exceeds 130 in 


absolute value, which is impossible if / $75. Therefore, necessarily, 
k—l=0, or R=1. This yields 


< 75-02 
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1—14=0, 
k=1=14; 
N = 131-14 + 112 (=132-14 + 98) = 1946. 


78. (a) The number given in this problem has 2n digits and may 
be written as follows: 
4-102"! + 9-102"? + 4-102"-5 + 9(102"-* + 102-5 + --- + 10") + 5-10"! 
+ 5: 10"-? = 4- 102"-! + 9.1Q2"-2 + 4-102"-3 + 9-10" a —1 
+ 5-10"! + 5-10"? = 4-10°"-! + 9-10°"-? + 5-10?-* — 10” 


45-10"! + 5-10"? = 5 8-10 418-102"? + 10-102"-8 


ma 2-10" 4+. 10" + 10"-!) = 5 9-10 4+ 9-102"-2 — 9-10"-!) 


_ {(10» — 1) + 10*-4]-9-10"-1 
——eeerereeer. 


This number is equal to the sum of the arithmetic progression 
having common difference 1 and having 10" as its first term and 
10" — 1 as its last term (the number of terms of this progression is 
equal to 10" — 10"! = 9-10"), which is the sum of all the n-digit 
integers. 

(b) The number of integers (in the sum) which have a given 
digit a as first digit (@ may be 1, 2,3,4, or 5) is 6-6-3 = 108 (since 
any of the six digits 0,1,2,3,4,5 may stand in the second or in the 
third position, and any one of the three digits 0, 2,4 may terminate 
the even integer). Consider the contribution made to the sum by 
the thousands column: when the digit 1 stands here the sum is 
1-108-1000; when the digit 2 stands here, the contribution of this 
column to the sum is 2-108-1000; and so on. Thus, the contribution 
made by the thousands column to the sum is the total 


(1+2+3-+ 4 + 5)-108-1000 = 1,620,000 . 


Now we consider, in analogous fashion, the contribution to the 
sum made by the hundreds place of the numbers. For any digit 5 
in this (Second) position there are 5:6-3 = 90 possible numbers in the 
other positions. This column contributes to the sum the total 


(1+2+3 +44 + 5)-90-100 = 135,000 . 


(We need not consider here the numbers in which the digit 0 stands 
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in the hundreds position; they contribute 0-90-100 = 0 to the total 
for this column.) 

In a similar manner we find that the sum contributed by the tens 
column is (1 +2+3 +4 4 + 5)-90-10 = 13,500; and the sum contributed 
by the units column is (2 + 4)-5-6-6 = 1080. Therefore, the sum 
sought is equal to 


1,620,000 + 135,000 + 13,500 + 1080 = 1,769,580 . 


79. We first investigate the integers from 0 to 99,999,999. In so 
doing we “fill in” with zeros at the beginning, all integers having 
fewer than eight digits so that these integers have the format of 
eight-digit numbers. We then have 100,000,000 eight-digit “numbers.” 
To write all of these, we shall need a stockpile containing 800,000,000 
digits. Now, if we write 00,000,000 at the top of a sheet and 
99,999,999 at the bottom and, moving from the top down and from 
the bottom up, fill in the successive numbers (always filling in with 
zeros where necessary), we readily see that each digit (including 
zero) will be used exactly the same number of times. That is, if 
the stockpile of 800,000,000 digits is partitioned into ten bins, each 
labeled for a different digit, then each bin will contain 80,000,000 
digits all of the same kind. 

Now we calculate how many zeros we have used to fill out inte- 
gers containing fewer than eight meaningful digits. There are nine 
one-digit numbers (omitting zero), 99 — 9 = 90 two-digit numbers, 
999 — 99 = 900 three digit-numbers, and so on. To fill out the one- 
digit numbers, we used seven Zeros; to fill out the two-digit numbers, 
we needed six zeros; and so on. Hence the total number of extrane- 
ous zeros required for filling out the numbers (disregarding the zeros 
used for the first “number,” 00,000,000) is given by the series 


7-9 + 6-90 + 5-900 + 4-9000 + 3-90,000 
+ 2-900-000 + 1-9,000,000 = 11,111,103 . 


We now append the digit 1 to the first number 00,000,000, thus 
obtaining all the integers from 1 to 100,000,000. In order to write 
all these numbers we need 80,000,000 twos and the same number of 
threes, fours, and so on up to and including nines; we also need 
80,000,001 digits 1 and 80,000,000 — 11,111,103 = 68,888,897 zeros. 


80. In all, there are nine one-digit numbers, 99 — 9 = 90 two-digit 
numbers, 999 — 99 = 900 three-digit numbers; and, in general, there 
are 9-10" n-digit numbers. 
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One-digit numbers occupy nine positions in the sequential array 
written in the problem. Two-digit numbers occupy the next 90-2 = 
180 positions; three-digit numbers occupy the next 900-3 = 2700 posi- 
tions; four-digit numbers occupy the next 9000-4 = 36,000 positions; 
and five-digit numbers occupy the next 90,000-5 = 450,000 positions. 
It is clear that the digit of interest to us appears in one of the five- 
digit numbers, since we have filled only 38,889 positions before 
starting to write five-digit numbers, and when we have appended 
the five-dight numbers we will have filled 488,889 places. 

To find out how many five-digit numbers are in the interval from 
the 38,889th to the 206,788th position, we divide the difference 
206,788 — 38,889 = 167,889 by 5: 


206,788 — 38,889 = 5-33,579 + 4. 


Thus, the digit sought must belong to the 33,580th five-digit number, 
that is, to the number 33,579 (since the five-digit numbers began with 
10,000). The digit sought is the fourth digit of this number: 7. 


81. Assume that the decimal 0-1234--- is periodic, that ” is the 
periodicity (number of digits in a period), and that k is the number 
of digits encountered before the periodic position starts. Consider 
the integer 10" (the digit 1 followed by m zeros), where m is not 
less than x +. In composing the decimal we wrote in succession 
all the integers; hence any chosen number N will appear somewhere 
(it will surely appear when we append the nth integer). Since in 
the sequence of numbers written in to make up the infinite decimal 
m =n-+k zeros must be encountered, it follows that the only pos- 
sible period consists of one zero—a situation which does not hold 
for this decimal. Hence the decimal is not periodic. 


82. Let us take nine weights weighing 2?, (z+ 1)?, (n + 2)’, -+:, 
(n + 8)? units (for a suitable ~) and group them in three sets as 
follows: 

Set I: 22, (2 + 5)?, (m + 7). 

Then, 2? + (2 +5)? + (m + 7)? = 3n? + 24n + 74. 

Set II: (2 + 1), (2 + 3)?, (2 + 8). 

Then, (x + 1)? + (n + 3) + (m + 8)? = 3n? + 24n + 74. 

Set III: ( + 2)?, (2 + 4), (2 + 6)?. 

Then, (2 + 2)! + (a +4)? + (1 + 6)? = 3n? + 24n + 56. 


For any allowable x the total weights of the first and second sets 
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are equal, and the total weight of the third set is lighter by 18 units. 

If we do this for 2 =1, we will have taken the first nine weights 
and grouped them as follows: Set I: 1, 6,8; Set II: 2,4,9; Set ITI: 
3,5, 7. The first two sets are equal in weight, and the third is 18 
units lighter. We now do this for = 10 (thus choosing the next 
nine weights), but after the groupings we interchange the second 
and third sets, which means that the second set is 18 units lighter 
than the other two sets. We do this for the third set of nine weights 
(n = 19), and after grouping as for the first trial we interchange the 
first and third sets, whence the first set is 18 units lighter than 
the other two sets. It is now clear how the three final groupings 
may be made. 


83. Draw a ray from the pin through one of the vertices of the 
polygon. If this ray turns through 253, then it must contain another 
vertex of the polygon. Now, 253 is 17/240 of the circumference. 
Since 17 and 240 are relatively prime, if the ray is turned through 
an angle of 253 any number of times up to 239 times, it will 
not duplicate a prior position. If the ray is turned through this 
angle m times, it turns through 17m/240 circumferences. In order 
for the Ath and /th turns of the ray to fall on a prior position, 
17k/240 circumferences must differ from 17//240 circumferences by 


an integral number; that is, Aik — ) must be an integer. There- 


fore, k —/ must be divisible by 240. It follows that either k = / or 
k = 240. Counting in the initial position we obtain 240 different rays. 
One vertex lies on each of these rays, and hence there can be no 
fewer than 240 vertices. On the other hand, the 240-sided polygon, 
upon rotation through 17/240 of a circumference, coincides with its 
initial position. Hence the least number of sides which the polygon 
can have is 240. 


84. (a) The first digit of each of the three-digit numbers must 
be the smallest possible one; hence we may assume that the three 
numbers have the form 


1Aa, 2Bb, 3Cc , 


where the overbar indicates a succession of digits; for example, 
2Bb = 2-10? + B-10 + b. 

We shall show that necessarily: A < B<C; a<6<c; each of the 
digits a,b, and c is greater than any of the digits A, B, and C. 

(1) Assume A> 8B. Then Aa > Bb, and so 
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1Aa-2Bb — 2Aa-1Bb 
= (100 + _Aa)(200 + Bb) — (200 + Aa)(100 + Bd) 
= 100(Aa — Bb) > 0, 
which would mean that 
1Bb-2Aa-3Ce < 1Aa - 2Bb-3Cc , 


whence the product on the right would not be the least, as required. 
The assumption B > C will produce a similar contradiction. 
(2) Assume a> 0b. Then 


1Aa-2Bb — 1Ab-2Ba 
= (10-1A + a)(10-2B + 6) — (10-1A + 6)(10-2B + a) 
= (10-2B — 10-1A)(a—b)>0, 
which would mean that 
TAb-2Ba-3Ce < TAa-BBb-3Ce , 


which again is a contradiction. The result b <c is similarly shown. 

(3) Assume C >a, or C=a+ x, where x >0. According to the 
first demonstration C is the largest of the digits A, B, C; and according 
to the second demonstration a is the smallest of the digits a,b,c. In 
this case we would have 


1Aa-3Ce — 1AC:3ac = 1Aa-@ac + 10x) — (1Aa + x)(3ac) 

= x(10-1Aa — 3ac) > 0, 

which yields the contradiction 

1AC-2Bb-3ac < 1Aa-2Bb-3Cc . 
It follows from (1), (2), and (3) that 
ASB eC Ca KOS 6, 

whence the product sought is composed as follows: 

147-258-369 . 


(b) It is clear that the largest digits must be the initial digits of 
each number; hence we may write the product in the form 


9Aa-8Bb-7Cc . 


Employing techniques analogous to those used in problem (a) we 
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readily prove that: A< B<C; a<6<c; each of the digits a,b,c 
is smaller than any of the digits A, B,C. That is, 


anbece A< Ba GC, 
and so the product sought is 
941-852-763 . 


85. Write m+(m+1)+--- +(m+k)=1000. Using the formu- 
la for the sum of an arithmetic progression, we have 


SME (+1) = 1000, 
Or 


(2m + k)k + 1) = 2000. 

Since (2m + k) —(k + 1) = 2m — 1 is odd, one of the two terms on 
the left is even and the other is odd. Moreover, it is clear that 
2m+k>k+1. Since 2000 = 2'-53, its odd factors are only 1,5, 25, 
and 125. For odd (4+ 1) we need consider only 1,5, and 25; for odd 
(2m + k) we can have only 125. Hence the problem has the following 
readily found solutions: 


2m+k=2000, k+1=1, m= 1000, k=0; 
2m +k= 400, k+1=5, m=198, kR=4; 
2m + k = 80, k+1=25, m= 28, at 
2m+k=125, k+1=16, m=55, kR=15. 
86. (a) Let N be an integer which is not a power of 2. Then 
the following equation can be written: 
N= 24(21 +1), 


where 2* is the greatest power of 2 appearing as a factor of N, 
k20,/21, and 2/+1 is the greatest odd divisor of N. Consider 
the arithmetic progression 


(2*— 1) + 2-14 1) +++) + (2-14 20-1) + (2-1 + 21) 
_ (1+ It — 1 + 2 —1 + 20 


5 = 221+ 1)=N. 


If some of the 2/ + 1 consecutive integers which form the progres- 
sion are negative (that is, / > 2"), then it is possible to cancel them 
with the first-appearing positive integers. It is readily shown that 
at least the final two terms of the progression must remain un- 
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cancelled. (If only the final term of the progression were to remain, 
we could set up the equation 2* + / = N= 2#(21+4 1), which would 
imply that k = —1,) 

Assume now that some number of form 2* can be written as the 
sum of m consecutive positive integers 7,2 +1,---,n+m-—2, 
n+m—1, Then 


21 = nti tite +a+m—2)+(n+m— 1)] 
=m(n+nut+m—1)=m(2n+m—1). 


But the difference (217 + m—1)—m = 2n —1 isan odd number, and, 
consequently, one of the numbers, # or 27 + m—41, must be odd 
(and both differ from 1 since, by hypothesis, m > 1 and n> 0). This 
means that the equality derived above, 2*+! = m(2n + m — 1), is im- 
possible since 2'+! cannot have an odd divisor other than 1. 

(b) We have, for any m>n+1, 


(2n + 1) + (2n + 3) + (2n +5) +--+ + (2m —1) 
4 (2n + 1) + (2m — 1) 


5 ‘(m—n)=(m+n)-(m—n). 


[If m—=n +1, then there is only one term; there are (m — n) terms.] 
Hence if a number N can be written as the sum of consecutive odd 
numbers, then it is a composite number (the product of numbers 
m+n and m—n). Now, any composite odd number N can be 
written as the product of two odd factors a and b, (a= b> 1), and 
sO we can write 


N=a:b=(m+nXm-—n), 


ats and n= 45% (Note that for 56> 1, 


m>n-+1). Hence, N=(m+n\m—n) is the sum of a sequence 
of consecutive odd numbers, the odd numbers from a—6+1 to 
a+6-—1. Clearly, no prime number can be represented in this 
form, since then the prime would be the product (m+n\(m— n), 
whence m— n = 1, and so the series reduces to one term, the prime 
number itself. This proves the first assertion. 

Now, in the formula N=(m+n)(m—n), the factors m+n and 
m—n are either both even or else both are odd (their difference is 
even). Hence if N is an even integer, both of these factors must 
be even. In this case N is divisible by 4; therefore, an even number 
N which fails to be divisible by 4 cannot be written as a sum of 
consecutive odd numbers. On the other hand, if N= 4n, then N can 





where we set m= 
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be written as the sum of the two consecutive odd numbers 2” — 1 
and 2n-+ 1. 
(c) It is readily seen that 


CER tN RS gt eae Gees Cat SL) 
(a se) es Gl en = 3) = 1) 


= (nk? —n +1) + (nF! +n -—-1) 


= yk 
“nm=n 
2 


(all the terms of the sum are odd, since n*-! and m are simultaneously 
even or odd). 


87. Designate the four consecutive integers by 2,n+1,n+2, 
n-+3. If 1 is added to their product, we have 


nn+1\n+ 2)\n4+3)4+1 
= [n(n + 3)][(m + lm + 2)) + 1 = (nv? + Bn)? + 33n 4+ 2) 4-1 
= (nv? + 3n)? + 2(n? + 332) +1 = (v7? + 3n 41). 


Therefore, the product of the four numbers is one less than the 
square of the integer 2? + 37+ 1. 


88. We shall show that the set of integers can contain only four 
different values. Assume the contrary—that among the 4” integers 
there are five of them, dj, @2, a3, @s, as, all distinct. Let us agree that 
QA, <A, < a3 < Ay < as. 

Consider the integers 4d, 4@:,@3,a,. Under the conditions of the 
problem it is possible to form a proportion out of these integers. 
Hence the product of the extremes will be equal to the product of 
the means. This is feasible only if 


QA;A, = A243 


(the equation @,a@3 = a:a@, is impossible, since a, < ad, and a3 < ay; it 
is clear also that a,a@, = a3a, iS impossible). 

Now consider the integers a, @2,@3,a;. Again, if a proportion is 
to be formed, the only possibility is aa; = a,a3. Consequently, we 
must have a;a, = a,a;, which is a contradiction, since a, # as. 

Therefore, the set of 4% numbers cannot contain more than four 
distinct integers, and so at least one of the integers must appear x 
times. 


89. We note, first, that the difference of two positive integers is 
odd if, and only if, one of the integers is odd and the other even; 
we obtain an even difference only from two even or two odd integers. 
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Let us designate an even number by the letter e, and an odd number 
by the letter o. For four arbitrary integers A, B,C, and D, we have 
the following “essentially different” possible even-odd combinations 
and arrangements: 


(1) ¢,€,€,e€;3 (4) ¢,0,e,0; 
(2) €,€,@,0; (5) €,0,0,0; 
(3) @,€,0,0. (6) 0,0,0,0; 


All other arrangements can be obtained by “cyclic permutation” of 
these six arrangements (that is, by moving an arrangement to the 
right, and putting the fourth integer in the first place, and so on, 
not changing the order of appearance). We shall show that, in every 
case, after not more than four steps (as described in the problem) 
we must arrive at four even numbers. First, combination (1) already 
consists of four even numbers; combination (6) achieves the desired 
effect in the first step; combination (4) becomes combination (6) in 
one step, so it arrives in the desired form in two steps; combination 
(3) becomes combination (4) in one step, so it becomes combination 
(1) in three steps; finally, combinations (2) and (5) become, in one 
step, combination (3) [for combination (5) we first employ cyclic 
permutation], so in four steps we achieve the sought combination 
(1). Thus, in every case, we arrive at a quadruple of four even 
numbers in at most four steps. 

We continue the process of forming new quadruples of numbers, and 
now we are working entirely with even integers. It is readily 
reasoned that after at most four more steps, we obtain numbers 
divisible by 4 (if some of the even numbers are not already divisible 
by 4, we divide all numbers by 2, and in four steps we have numbers 
divisible again by 2); in at most four more steps we obtain integers 
divisible by 8, and so on. If the process is continued long enough, 
we must be able to arrive at a quadruple of numbers divisible by 
any desired power of 2. Since the numbers we obtain are decreasing 
in absolute value, we must arrive at a point where we have at least 
one zero, and finally at a point where we have four zeros (this will 
occur in at most 4” steps, albeit we will usually arrive at this point 
much earlier). 


Remark: The analogous theorem may be proved for any number 2* of posi- 
tive integers. For mn numbers, where n is not a power of 2, the proof does 
not carry through. For example, if the members are 1,1,0, we never do 
arrive at the triple 0,0,0. We have: 
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We note, further, that the numbers A, B, C, and D can be rational numbers— 
case not essentially different from the case in which A, B,C, and D are posi- 
tive integers. Here the fractions may be written with a common denominator 
and the procedure carried out as before. The proposition fails to hold for 
irrational numbers. 


90. (a) It is readily seen that if the first 100 integers are displayed 
in the following order, the condition of the problem is satisfied. 


10 9 8 7 6 5 4 3 2 1 2019 1817 16 15 14 13 12 11 
30 29 28 27 26 25 24 23 22 21 40 39 38 37 36 35 34 33 32 31 
50 49 48 47 46 45 44 43 42 41 60 59 58 57 56 55 54 53 52 51 
70 69 68 67 66 65 64 63 62 61 80 79 78 77 76 75 74 73 72 71 
90 89 88 87 86 85 84 83 82 81 100 99 98 97 96 95 94 93 92 91 


(b) From whatever arrangement of the 101 integers has 
been presented we select the first integer, labeling it at’; then (always 
moving left to right) we select the next integer a;' which follows 
and exceeds a{’, and so on. This produces an increasing sequence 
a, a}, ---, a! (which may conceivably end at the first integer). If 
more than ten numbers appear in this sequence (z > 10), the problem 
is solved. If, however, 7 < 10, we cross out the integers already 
used, and from the remaining 101 —7 integers we begin the con- 
struction of a new sequence, following the same procedure. We 
then obtain a new increasing sequence a;”,a;”,---,ai;. Continu- 
ation of this process creates from the ordered set of 101 integers a 
number of increasing sequences. If any one of them contains more 
than ten integers, the problem has heen solved. Hence we need 
consider only the case in which none of the sequence we have made 
up contains more than ten integers. 

Since there are 101 integers in all, the number & of increasing 
sequences must in this case be at least equal to 11. But then it is 
possible to select from the 101 integers a decreasing sequence of 
eleven integers. A procedure for doing this follows. 

We select as the final element of the sequence to be constructed 
the final element of the final sequence ai. Then if we select from 
the previous sequence that number among those of the original 
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sequence not yet crossed out, which just precedes ajt’, that number 


will exceed ai{*’; otherwise a{*” would have appeared in the preceding 


sequence. This selected number aj;*" is placed to the left of a{*’ in 


the new sequence. Now we work with a;*-". In the sequence just 
preceding the (k — 1)st, the element which had appeared just before 


a;*-” (among those not already crossed out in the original sequence) 


will exceed aj". This number is placed to the left aj""" in the 
new sequence being formed. We can continue in this manner, 
selecting larger and larger numbers, each appearing earlier in the 
initial array of 101 numbers, and it is clear that we can make at 


least eleven such selections. 


Remark: It can be proved in analogous way that (n —1)? positive integers 
can be arranged in such an order that no m of them will follow sequentially 
in either an increasing or a decreasing order, but that among k > (n — 1)? 
integers a Sequence of m increasing, or decreasing, numbers can be selected 
sequentially from the initial array. 


91. (a) Reduce each of the 101 selected numbers by the greatest 
power of 2 which divides it, thus obtaining 101 odd numbers. Since 
there are precisely 100 distinct odd numbers from 1 to 200, at least 
two of the 101 odd numbers must be identical. This means that 
among the 101 numbers originally selected there exist two whose 
factorizations differ only by a power of 2. The smaller of these two 
numbers must divide the other. 


Remark: A proof by mathematical induction is also possible. 


(b) The desired numbers can be selected in the following 
manner: The fifty odd numbers from 101 to 199; the odd numbers 
from 51 to 99, each multiplied by 2 (twenty-five numbers); the odd 
numbers from 27 to 49, each multiplied by 4 (twelve numbers); the 
odd numbers from 13 to 25, each multiplied by 8 (seven numbers); 
the odd numbers from 7 to 11, each multiplied by 16 (three numbers); 
and finally, the three numbers 3-32, 5-32, and 1-64. These total 100 
numbers, all less than 200, and none of which is divisible by any 
other. 

(c) Assume that it is possible to select 100 integers, none 
exceeding 200, such that no one of them is divisible by any other. 
We shall show that none of the numbers 1-15 inclusive can appear 
in the selected set. 

As in the solution of problem (a), we divided out of each number 
the largest power of 2 which appears as a factor. We obtain a 
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second set consisting of 100 odd numbers, none exceeding 200. No 
two of these odd numbers belonging to the second set can be equal 
(otherwise the corresponding original numbers would differ from 
each other only by a factor which is a power of 2, and so one would 
be divisible by the other). Accordingly, the 100 odd numbers of the 
second set are 1, 3,5, ---, 199. 


Since 15 divides 45, the integer 2%-15 of the initial set must have 
a> 0, since otherwise 15 would divide 45-28, which also appears in 
the initial set. This means that 15 cannot have appeared in the 
initial set. The same line of reasoning eliminates the possibility 
that 13,11, or 9 appeared in the initial set. We now consider the 
integer 7. It is clear that 7-2%, which is a number of the initial 
set, must have a2 1. But suppose that a=1. Since 7 divides 49, 
which in turn divides 147, and since both 49-2 and 147-2’ belong to 
the initial set, it is clear that 8 =7y is impossible, hence not both # 
and y can be zero. But 7 is certainly zero, since the initial set 
centains no integer exceeding 200. Therefore, 7-2 must divide 49-28; 
this eliminates both 7 and 14 from appearance in the initial set. The 
same line of reasoning shows that the integers 5, 10, 3,6, and 12 
cannot belong to the initial set. The integer 1 is automatically 
rejected, by hypothesis, and the integer 2 is rejected, since its in- 
clusion would give precisely the set of 100 odd numbers between 1 
and 200, a set which clearly fails to meet the conditions of the 
problem. 

There remain for consideration only the integers 4 and 8. Were 
4 to belong to the initial set, then 2% could not be a factor of any 
other member of the initial set unless «<1. But this is impossible, 
since it would eliminate the appearance of the integer 3 from the 
second set (neither 3 nor 6, as has been shown, can belong to the 
initial set). By similar reasoning the integer 8 is shown to be im- 
possible of inclusion in the initial set. Therefore, none of the inte- 
gers from 1 to 15, inclusive, can appear in the initially selected set. 


Remark: It can proved, in general, that out of the first 2n (or fewer) inte- 
gers it is impossible to select (n + 1) integers having the property that no one 
of them is divisible by another, but that it is possible to select n (or fewer) 
such integers. If 3* < 2n < 3*+!, then out of the first 27 integers it is im- 
possible to select n integers, one of them less than 2*, such that no number 
is divisible by another. But m such numbers can be selected, provided the 
least is equal to 2*. For example, from 200 numbers it is possible to select 
100, the least equal to 16, not one of which is divisible by another. 
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92. (a) Consider the absolute values of the “least” remainders 
obtained upon divisible by 100. That is, if a number a yields a posi- 
tive remainder exceeding 50, then increase the quotient by 1 to 
obtain a negative remainder; a =100g—y7, where now 0< 7 < 50. 
Since (counting zero) there exist 51 possible distinct remainders not 
exceeding 50 in absolute value, and since there will be 52 such 
remainders obtained upon dividing 52 numbers by 100, at least two 
of these remainders are equal in absolute value. If these two re- 
mainders have the same sign (+ or —), then the difference of the 
corresponding dividends is divisible by 100; if they are opposite in 
sign, their sum is divisible by 100. 

(b) Let a, @2, @z,°+*,@ioo be given integers (in any order). 
Consider the sums 


Sip Hay, 
S$, =a,+ 42; 
S3 =Q,+ 42+ 433 


Sio0 = @1 + Az + A3 + +++ + Aioo. 


There are 100 such sums; therefore, unless one or more are divisi- 
ble by 100, at least two of the sums must yield the same remainder 
upon division by 100 (there being only 99 different positive remainders 
possible). If we subtract the smaller of the two sums yielding 
equal remainders from the larger, we obtain a sum of the form 
Qki1 + Qe-2 + +++ + am, Which is divisible by 100. 


93. Starting with some initial day, say Monday, assume that the 
chess player plays a, games; on Monday and Tuesday he plays az 
games; in the three-day period Monday through Wednesday he plays 
a3; games, and so on, by the end of the 77th day he has played az, 
games. Consider the following sequence of integers: 


Q\, Az, G3, ***, Ar7; 
a, + 20, a2 + 20, +++, @i27 + 20. 


We have, in all, 2-77= 154 integers, none of which exceeds 
132 + 20 = 152, inasmuch as az is not, according to the imposed 
conditions, to exceed 11-12 = 132 games played in eleven weeks. Hence 
at least two of these 154 integers must be equal. However, no two 
integers of the sequence qd, d2,---,@:1 can be equal, since the chess 
player has played at least one game every day; similarly, no two of 
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the integers a, + 20, a + 20,---,@7 +20 can be equal. Therefore, 
we must have, for some & and some /7/, the equality 


a. =a,+20. 


This equation states that a, — a, = 20: on a succession of k — / days— 
from the (J+ 1)st to the Ath, inclusive—the chess master played 
exactly 20 games. 


94. First solution. Consider the remainders obtained upon dividing 
the following numbers by N: 


1,11,111,---,1111--1. 
se 
N times 


Since it is possible to obtain at most N—1 different nonzero re- 
mainders from these N numbers, then one of these numbers is 
divisible by N (in which case the proof is completed), or else two 
of them, say 


A=11---land L=1111-:-1 (>k), 
. : . 
Rk times Z times 
must yield the same remainder upon division by N. But in the 
latter case the difference 
L—K=11--- 100-:-0 


(l— k) k times 
times 
is divisible by N. 
If N is relatively prime to 10, then, since L — K =11---1-10* is 
(l—k) times 
divisible by N, it follows that 11l--- 1 is divisible by N. 
(1 — k) 
times 
Second solution. Consider the decimal expansion of 1/N: 
1 


r= Ov babe + buaiae +++ ais , 


where a,b; represents the succession of digits, and where aa, --: a 
is the “periodic” part of the decimal expansion. This can be re- 
written in the following form: 

= bib. +++ bydide +++ Ay — bib, +++ by 


1 

N 99 --- 900:--0 
So Se 
Ztimes & times 
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It follows that the number A = 99---900---0 is divisible by WN. 


aE ae Eaak 
J? times & times 


But A =9A,, where A, =11---100---0. We now consider the 


SS 
/ times & times 
number 


BH 10 35 100 S201 624 10054 2 0 ee 1 es 100-830 5 


[times & times / times & times / times & times 


which is obtained if the number A, is written nine times successively. 
It is clear that the number B, equal to the product of A, by 


100 --- 0100 ---0---100--- 01, 


iaennnen guanine alent —SS—” 
@+k) +h) (i + k) 
digits digits digits 
Ne 
8 times 


is divisible by 9 (the sum of its digits being divisible by 9). There- 
fore, the number 8B, consisting entirely of ones and zeros, is divisible 
by 9A, = A, and hence by N. 

If N is relatively prime to 10, then 1/N yields a decimal which is 
periodic, and so B will consist entirely of ones. 


95. We shall consider only the final four digits of the integers of 
the Fibonacci sequence wherever these integers contain five or more 
digits; that is, we shall deal with a sequence of integers all less 
than 10‘. Let a, designate the (four-digit) number appearing in the 
kth place of this sequence (that is, the final four digits of the kth 
term of the Fibonacci sequence). If we know the integers dys; 
and a,, we can easily find a,-1, since the four digits composing ay-, 
will depend only on the corresponding four digits of a4; and dx. 
Now, if for two natural numbers & and » we find that a, = dni, and 
Qe+1 = An+ke+i1, then it will follow that 


Qp-1 = Qntk-1 » 
Ap-2 = Ant+k-2» 
@, = Qnit 


(since any number of a Fibonacci sequence is the positive difference 
between the two succeeding numbers). However, since a, = 0, it 
must then follow that a,1, = 0; an integer terminating in four zeros 
will stand in the (z+ 1)st place of the Fibonacci sequence. 
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It will suffice to show, then, that there exists an identical pair 
among the 108+ 1 pairs: 


a, a2, 
Qe, as, 
aleve, gece woah E ; 
108, 10841; 
@108+1, G1 08+2 


But this certainly must occur in the set of numbers dq, a2, ds, -:-, 
G1o812, Since none of them exceeds 10‘, and from the 10‘ integers 
0,1, 2,3, 4, ---,999 we can obtain only 10*-10‘= 10° distinct pairs 
(the first number can assume at most 10‘ distinct values, and the 
second number can take on only 10‘ distinct values). 


Remark: It can be shown that the first integer of this Fibonacci sequence 
which will end in four zeros stands in the 750lst place (see the book by B.B. 
Dynkin and V.A. Uspensky, Mathematical Conversations, Issue 6, Library of 
the USSR Mathematical Society, especially problem 174 and the discussion of 
it). 


96. Consider the decimal parts of the 1001 numbers: 
0-a@ = 0,a, 2a, 3a, ---, 1000a 


(the difference between the given number and the largest number 
not exceeding the given number). This yields 1001 positive numbers, 
is decimal form, all less than 1. Partition the interval between 0 
and 1 on the real-number axis into 1000 intervals (we shall assume 
that each interval contains its left end point but not its right end 
point). We shall investigate how the points of the above sequence 
are distributed among these intervals of length 1/1000. Since there 
are 1000 intervals and 1001 points, at least one of the intervals must 
contain two (or more) points. This shows that there exist two dis- 
tinct natural numbers, say p and q (neither exceeding 1000) such that 
the difference between the numbers pa and gq@ is less than 1/1000. 
Say that p > gq. Consider the number (p — ga = pa — qa. Since 
pa=P+d, qa=Q+4d,, where P and Q are integers, and d,; and 
d, are decimals pa and ga, it follows that (p — ga =(P—Q)+da.-—d; 
differs from the integer P—@Q by less than 1/1000. This implies 


that the fraction = Oo ifters from by less than 0.001 ( 1 ). 








97. First, it is readily seen that none of the fractions under con- 
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sideration is an integer. Further, no two of these fractions can be 
equal, for if, say, 


kim + n) = lim + n) 


m n 
(where & is one of the numbers 1,2,---,m-—1, and / is one of the 
integers 1, 2,---,#—1), we would have 

Gey 

m on 

m=—n, 


which contradicts the fact that m and m are relatively prime (inas- 
much as / < » and so cannot be divisible by 7). 

Consider now a natural number A less than m+n. The fractions 
m+n UWm+n) . RKm+n) 


m m m 


will be less than A, or k(m +n) is less than Am, if k is less than 
Am 


m+n 


Am 
ral part 
© BR [ m+ 


Clearly, the number of such fractions is equal to the inte- 








| of the fractions 8 Similarly, the fractions 
n 


m+n A4m+n)  . m+n) 
n ’ n me n 
An 


will be less than A for ! < The number of such fractions 











: An 

i th r 
is equal to the greatest intege E + 
An 


| in the fractions : 
n m+n 








The numbers are nonintegral, since m,n, and 


m+n are pairwise relatively prime, and the sum of these two 
numbers is A: 


Am An 
m+n m+n 








But if the sum of two numbers @ and 8, neither an integer, is equal 
to an integer A, then [a] + [8] = A-—1. (The proof of this follows 
immediately from Figure 7.) Thus, 


Am An fear ee 
lsat ]=4 = 
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which implies that in the interval (0, A) on the real-number axis 
there exist precisely A —1 of the fractions. 


Pees i See I 
eee. ee: 
A 
Figure 7 


The proposition of the problem follows immediately. Let us first 
assume that A=1; we see that none of the fractions is in the 
interval (0,1). Let A = 2; since there is one fraction in the interval 
(0, 2), it follows that this fraction must be in the interval (1,2). Let 
A = 3; since the interval (0, 3) contains two of the fractions, it follows 
that the interval (2,3) contains just one of them. Continuation of 
this reasoning completes the proof of the proposition. 

98. First Solution. If a number a is in the interval 


1000 Sas 1000 
m m+1 





then there are obviously, m integral multiples of @ which do not 
exceed 1000: a, 2a,3a,---,ma. Now, if we designate by &, the 
number of given integers which lie between 1000 and 1000 by kz 
1000 1000 
2S 


), and so on, then we have, in 





the number which lie in the interval 


1000 1000 


3 4 
all, &,+ 2k, + 3k; + --- numbers, not exceeding 1000, which are 


multiples of at least one of the given numbers. But, according to 
the conditions of the problem, all these multiples are different, and so 


), by 23 the number 


which lie in the interval ( 


k, + 2k, + 3k3 + °°: < 1000. 


It remains to be shown that the sum of the reciprocals of all the 
given integers is less than 


1 1 1 _ 2k, + 3ko + 4ks +: 
hi 1000” ha 1000 Rs 7000 a 1000 


2 3 4 
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(here we have replaced k&, of the largest of the numbers by we 
the following k, numbers by = the following k; numbers by 
“ and so on). Now we have 


2k, + 3k2 + 4ks + °° 
= (k, + 2k. + 3ks +--+: ) t+ (hi + he tha + °°) 
= (k, + 2k, + 3k3 + +++) +n < 1000 +n < 2000; 


consequently, the sum of the reciprocals of the numbers is less 
than 2. 

Second Solution. We introduce an important variation of the fore- 
going type of reasoning. The number of terms of the sequence 








1,2, ---,1000 which are divisible by an integer a, is obviously the 
greatest integer [| in a Since the least common multiple 
k k 
of any two of the integers a, @2,---,@, exceeds 1000, not one of the 
numbers 1, 2,3,---,1000 can be divisible by two of the integers 
Q;,@2,°**, Qn. It follows that the number of terms of the sequence 
1, 2,3, ---, 1000 which are divisible by at least one of the integers 
di, @2, ***, Ay 1S equal to the sum 
[| i [| a [| Sito. [an] 
Q\ Qe a3 Qn 

Since there are 1000 numbers in the sequence 1, 2, -:-, 1000, it is 

clear that 
[2000] [2000] 4.» + [2000] r000. 
Q, Qo Qn 


But the greatest integer in a fraction differs from the fraction itself 
by less than 1; that is, 


[2] , 1000 _ |) [202] 5 NONE <a [209 2000 





ay a; a2 Ae an 


Consequently, 
1000 1000 00 
( —1) + (FP a1) 4 + (PE -1) < 1000 ; 


ay, a2 





that is, 
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1 
000 , 1000 , 1000,  , 1000 
ay ao ay an 


< 1000 + ” < 2000, 


and so 


1 1 1 
— 4+ eH te <a" 
a, ag an 
Remarks: The estimation of this bound can be made very precise. Consider 
all the multiples of those given integers which do not exceed 500. Now, k. of 
the given integers will exceed 500; k2 + ks of the integers will not exceed 500, 


but will exceed 2 ka + ks of them will not exceed 7 but will exceed 
aaa and so on. It follows, as in the first solution, that the total number of 
integers not exceeding 500, and which are multiples of at least one of the given 
n numbers, is equal to 
(ke + ka) + 2(ks + ks) + 3(ke + kz) t+ eee. 
Therefore, 
(ko + ka) + 2(ka + ks) + 3(ke + kz) +--+ < 500. 
We note now that the difference 
500 — [(k2 + ks) + 2(ks + ks) + +++] 
expresses the number of integers, not exceeding 500, which are not multiples 
of any one of the given integers; and the difference 
1000 — (ki + 2ke + 3k3 + ---) 
is the number of integers not exceeding 1000 which fail to be multiples of any 
one of the given integers. Consequently, 
500 — [(ke + ka) + 2(k4 + ks) + 3(ke + kz) + +++] < 1000 — (ky + 2k2 + 3k3 4 ---), 
from which we obtain 
(kei + ke) + 2(ka + ks) + 3(ks + ke) +--+: < 500. 
It remains to note that 
2ki + Ske + 4k3 + Sky + 6ks + The + +: 
< (ki + 2ke + 3ka + 4ka + 5ks + Oke + +) 
+ ((ki + ka) + 2(ka + ka) + 3(ks + kee) + °°] 
< 1000 + 500 = 1500. 


Thus, the sum of the reciprocals of all of the numbers is tess than 


2ki + 3ko + 4k3 + kee 
1000 : 


or less than 1}. 

Analogously, if initially we consider the multiples of those given integers 
not exceeding 333, we can prove that the sum of the reciprocals of the given 
numbers is less than l}. 
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Note that the number 1000 in this problem can be replaced by any other 
integer. 


99. Consider the conversion of “ to a (periodic) decimal (see the 


footnote accompanying the solution of problem 38). 


= = A-Q1Qy: . *Q4Q\Q2° . *ArnQA\Q2° aah 
Here, A is the whole part of the quotient obtained upon division of 
q by p. We can write 


q=Apt+a, 


where the remainder q, is less than p. Moreover, Aa, will be the 
whole part of the quotient obtained upon division of 10g by p (Aa, 
is the integer composed of the digits of A followed by the digit a): 


10g = Aap + a2 ’ 
where q: < p. Similarly, 
10?-¢ = Aajaz:p + qs, -++, 10*-g = Aaiaz:+-ax-p + Qk, * 


The periodic part of the decimal begins again at the point where 
division of 10*g by p yields the remainder first obtained, g, = gi, upon 
division of g by p. Thus, the number & of digits composing a period 
of the decimal is determined as the least power of 10 such that 10*-q 
yields on division by p the same remainder as did g. For this & 
it is clear that 10*¢ — g = (10* — 1)q is divisible by p whence 10-1 is 
divisible by p, inasmuch as p and g are relatively prime ( itself is 
prime). 

Assume now that & is even: k=2I/. Since 10% —1= (10! — 1) x 
(10' + 1) is divisible by p, either 10'— 1 or 10! + 1 is divisible by the 
prime ~. But 10'—1 cannot be divisible by p, since if it were, it 


would yield the same remainder as does q upon division by p, and 
q 


the period of the fraction — would be / instead of k = 2/. Hence, 
we must conclude that 10! + 1 is divisible by p. 
: ; l 
It follows from this conclusion that the sum I. 4 is an 
integer. But 
10! a Se 
ie + = = Aa\Qz** + Qt. Ai41Q142* + *A21Q\A2** ay + 


ee 
+ A. @a2°- "AiAisis* Ager. 
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Hence, the sum of the decimal fractions 
eee 
0, Gi4:di42°° *Qz1QQ2**+dy+-+ + 0, Gide°** @i@isi1** Gas: 


is an integer. Since each of these positive decimals has a value less 
than 1, this sum must be 1 = 0.999---, which is possible only if 


’ 


CY 


a+ 41=9. 
It immediately follows that 
Qta,t++:++an 9 
2l =) Eo 
If k is odd, the equation 
Gait ote 9 
k Wee 


will not be possible, since & is not divisible by 2. 


100. The numbers of digits in the period of the fractions a and 


Qn+1 
n+l 


such that 10* — 1 is divisible by p* and 10!'— 1 is divisible by p7*! 
(see the solution of the preceding problem). Consider the difference 


(10' — 1) — (10* — 1) = 10*(10"-* — 1). 


Since this difference is divisible by p", 10'-* — 1 is divisible by p”. 
We shall show that 10? — 1, where d is the greatest common divisor 
of /— k and &, is also divisible by p”. 

Write /—k=qk+vr; we can then write 


10'-* — 1 = 10%+r — 1 = 107110" — 1) 4+ (107-1). 


But 10% —1=(10*)’— 1° is divisible by 10'—1, whence by p", and 
therefore 10” — 1 is divisible by p*. Similarly, it may be shown that: 
1071 — 1 (where 7, is the remainder obtained upon division of k by 7) 
is also divisible by p*; that 107” — 1 (where 7, is the remainder ob- 
tained upon division of 7 by 7,) is divisible by p*; that 103 — 1 (where 
rs is the remainder obtained upon division of 7, by 72) is divisible by 
bd", and so on. (This process, by which a diminishing sequence of 
remainders is obtained, is called the Euclidean Algorithm.) 

It is readily shown that the sequence of positive integers 7, 71,72, 

* must include the number d; since both / —& and & are divisible 


are equal to the least positive integers k and /, respectively, 
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by d so is r = (1 — k) — qk; since both & and r are divisible by d, so 
is 7; since both y and r, are divisible by d, so is 72, and so on. 
Consequently, all the (remainders) numbers of the sequence we have 
been forming are divisible by d; further, this sequence of positive 
integers is decreasing and so must terminate with 0. If the final 
nonzero remainder is r,, then 7r,-, is divisible by 7, (since the follow- 
ing remainder is zero); rx-2 is divisible by r, (since now both ry-; 
and r, are divisible by rx); r«-3 iS divisible by 7, (since both r,-, and 
r,-, are divisible by 7,), and so on. Finally, k and / — & are divisible 
by r,. The inequality 7, > d would contradict the fact that dis the 
greatest common divisor of /—k and k; hence, r, =d. (Clearly, 
r, <d is impossible, since d divides r, + 0.) 

Now, & has been defined as the least integer such that 10* —1 is 
divisible by p". Therefore, since 10¢ — 1 is also divisible by p*, it 
follows that d=k, and /—k is a multiple of &, which means that / 
is a multiple of &; that is, / = kr. 

We can expand 10! — 1 as follows: 


10°. -—1=10"—1 
= (10 — 110"? + 10% 4 + 10K 4-1]. 


Since 10*— 1 is divisible by p*, 10* yields a remainder of 1 when 
divided by p”. It follows that 10? = 10*-10* yields a remainder of 1 
when divided by p*; 10% = 10%-10* yields a remainder of 1 when 
divided by p"; and so on. Therefore, each term of the parenthetical 
sum on the right, above, yields a remainder of 1 when divided by 
p", and hence the remainder of this sum is ry. It follows that if 
10* ' fails to be divisible by p**', then the least value of / such that 
10' — 1 is divisible by p**! is pk, inasmuch as 10"* — 1 is divisible by 
p"*', but is not divisible by p"*? (since the expression in parentheses 
is not divisible by p?). 
The assertion of the problem follows. 


101. (1) If x is any real number, it can be written in the form 
x = [x] + a, where @ is a nonnegative number less than 1. 

We write the number y as y=[y] +8 (OS @8< 1). Thenx+y= 
{x} + [y]) + @+ 8. Since a+ 820, it is clear from this equation 
that [x] +[y] is an integer which does not exceed x+y. Since 
[x + y] is the largest integer which fails to exceed x + y, it follows 
that [x + v] = [x] + [y]. 

(2) First Solution. Write x = [x] +a, where 0S a@a<1. Assume 
that the integer [x], when divided by n, yields the quotient g and 
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the remainder 7: 
[x]J=qn+r Osrsn-)). 
We then have 


x=qn+r+a=qnt+nr; 


where 7, =r+a<n; = =qt—; [=] =q= eat which proves 
the assertion. 

Second Solution. Consider all integers divisible by » but not ex- 
ceeding x. Clearly, there are —~ | of them. Consider, also, a!l 
integers divisible by 2 but not prcending [x]. There are [=] of 


these. Since these two integers are the same, we have 


Evers 
n}l bul 
(3) First Solution. Let x =[x]+a@. Since 0S a@<1, then @ is 
equal to one of, or lies between two successive fractions of, the 
sequence 
sO sit . 32 a-l n 


’ a Fp oe ap: , 


n’n’n n n- 


k+l. that is, 
n 


: . : k 
Assume that the fractions in question are = and 


that 





Bey ge 
n n 
Now, we have 
_p— ee ae k+1 ns Bt 
ya L coe ed oi es 
n n n n 
=([x]+1, 
a a —k 
rt te # a ig¢ ag Mo* 2 [+t + * = G1, 
n n nm. n 


and 
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It follows that 


ids[2+—]s--s[e+ S21] cigs, 


fJ+is[s+2=#ls...s[2+4=*] <iq+a: 


that is, 
il=[x+--]=-- =[x+ 45], 
n 11 


[x<+ 2=*]= ace =[2+ 454 ]=t941. 


Since after the first #2 — & numbers, there remain Rk, we have 
[q+ +fe+8 | =n Wel + MC] + 1) = mld + 


But this is can be shown to be equal to the integral part of nx. 
Since k S na <k+4+1, thennw=k+ 8, where0<8< 1. Asa result, 


(2x] = [[x] + na] =[n[x4] +4 + Bl) =ni[xl +e. 
This proves that 


[J+ [x+—]+ sae + [e+ 2=2] = (na. 


Second Solution. Consider the left member of the given equation. 
Ifocsx< -, then all the numbers x, « + =, ae ao 





n—1 
are less 





n 
than 1, and so the integral part of each is 0; also [zx] =0. Thus 
the equation holds for such values of x. 


Now let x be arbitrary. If we multiply x by =, all the terms on 


the left are “shifted” once to the right, and the final term, 


Easel 
n 
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becomes [x + 1], which exceeds [x] by 1. This means that multiplica- 
ton of x by - increases the left member of the equation by 1. The 
right member is also increased by 1 when multiplied by ~ For 


x it is possible to find a number a, where 


jane 


— ? 


n 


such that x differs from @ by i where m is an integer. It follows 
n 
that the equality is preserved for all x. 


102. Consider all those points of the Cartesian plane having integer 
coordinates (“integer points”) x and y, where lS xSqg-—land1ls 
y<p-—l1. These points lie within a rectangle OABC the lengths 
of whose sides are OA =q and OC =p) (Figure 8). There are 
(¢q — 1)(p — 1) points. Draw the diagonal OB of the rectangle. It is 


y 


B 





q 


Figure 8 


clear that no integer point will lie on this diagonal, since the co- 
ordinates (x, y) of all the points of the diagonal OB are related by 
the proportion 


and since g and p are relatively prime, there do not exist integers 


x <p and y <q such that =<. 
Jy 
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We note now that the number of integer points whose abscissa is 
equal to k, where & is some positive integer less than g and which 
appear under the diagonal OB, is equal to the integral part of the 
length of the segment MN shown in Figure 8. Since 


OM kp 
N=—.- = oe 
M. AB eo 


kp 


this number is | “*} Hence, the sum 


Guten coenaced 


is equal to the total number of all integer points appearing under 
the diagonal OB. There are, in all, (g — 1)(p — 1) integer points in 
the rectangle; because of the symmetrical pattern of these points and 
the fact that OB bisects the rectangle, exactly half of these points 
lie under the diagonal (none lies on the diagonal). Therefore, 


ce] + 2] [e+ + fgie] eae. 


It is shown in the same way that 


Ee] +L Ee)+~ + Bg ge. 


103. First Solution. The equation is valid, trivially, if = 1. 
Proceeding by mathematical induction, we shall show that if the 
equality is assumed to hold for an integer », then it must hold for 
n+l. 

If n+ 1 is not divisible by &; then 


n+l=qkt+r (lsrsk-1)), 
and n=qk+r', where r’ =r —1; that is,OSr’ Sk—2. It follows 
that the integers | 7 +1) and E coincide (both are equal to 4). 


k 
If, then, 2+ 1 is divisible by &, or n+ 1= Qk, then 


Sag oe NV FEN a> pa? 
l k ]=0 and Fale ES 








that is, 
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lem = EE if k is not a divisor of x +1; 
[+ ]=[F] #2 if & is a divisor of n+ 1. 


It follows that: 


@ [ttt] e [tH] + 











That is, if 








n+1 
(b) [Ae es |e eee 


n n n 
=n (eaten ay — eee 1 Pa et 
E + [F]+ + (n+ [a] +s 
[P+4S |e tat ]antat ts, 
i va n 


n+1 n+1 n+l 
( : ]+4 : |+ ++ 24i] 


=S; t+ Sete Sat Snir. 


[= ]+[4F]+ ve + [Be] aa tet ttt ten. 











then 


Second Solution. The number of integers of the sequence 1, 2, 3, 
--+,” which are divisible by any chosen integer & is equal to | 


(these will be the integers &, 2k, 3k, ---, baa The sum obtained 


by totaling this divisor each time it appears is | (that is, 
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kRtk+--+- +k; ia times). We have the following results. 


(a) The sum [4] + [FI foieee [=] Se |= | is equal to 
1 2 k n 


the number of integers of the sequence 1, 2, 3,---,# which are di- 
visible by 1, plus the number of integers of this sequence which are 
divisible by 2,---, plus the number which are divisible by ». But 


this is precisely the sum ¢, + tf, + ¢3 + -+: +?%, given in the problem. 


(b) The sum {= | + || tee + | fteee Ht nf = | is equal 
to the sum obtained by adding the integer 1 each time it appears as 


a divisor of a number of the sequence 1, 2,3, ---,, plus the integer 
2 taken each time it appears as a divisor of one of the number of 
this sequence, plus the integer 3 taken each time it appears as a 
divisor, and so on. But this is precisely the series s, + S: + s3 + 
ste Sy. 

Third Solution. An elegant geometric solution suggested by the 
second solution will be given. Consider the equilateral hyperbolas 


y =<, or, equivalently, xy =k (of which we shall take only the 


branches in the first quadrant, see Figure 9). 


BH wwe G&G & & 
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Figure 9 


We note all the points in the first quadrant which have integral 
coordinates (integer point). Now, if an integer x is a divisor of the 
integer &, then the point (x,y) is a point on the graph of the hy- 
perbola xy =. Conversely, if the hyperbola xy =k contains an 
integer point, then the x-coordinate is a divisor of k. Hence, the 
number of integers f, which are divisors of the integer & is equal 
to the number of integer points lying on the hyperbola xy = k. The 
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number ¢, of divisors of k is thus equal to the number of abscissas 
of integer points lying on the hyperbola xy = k. Now, we make use 
of the fact that the hyperbola xy = » lies “farther out” in the quadrant 
than do xy =1, xy =2, xy =3, ---, xy =n-—1. The following im- 
plications hold. 

(a) The sum ¢, +?,+--- +f, is equal to the number of integer 
points lying under (or on) the hyperbola xy =. Each such point 
will lie on a hyperbola xy = k, where kSm. The number of integer 
points with abscissa k located under the hyperbola is equal to the 
integral part of the length of the segment MN [Figure 9(a)]. That 
iS, va since MN = ze (compare with the solution of problem 102). 
Thus, we obtain 


=| 2 Eid Le ae ue 
ttttist: +m=[7]+[F]+[$]+ +[{4]. 


(b) Write alongside each integer point [Figure 9 (b)] the number 
equal to its abscissa; then, s, + s. +-:- +5, is equal to the sum of 


the integers aE for the integer points located under (or on) the 
hyperbola xy =. But the sum of.the integers for all such points 


for a specific abscissa k is equal to | = | Hence, we have 


| Bis ne ae EL 
Si: + Se+Ss3+-: +%=[4] As|+4]+ +f], 


104. It is readily shown that (2+ U2 )"+(2—V/2 ) is an inte- 
ger: if 24+72)*=a,+6,V 2, where a, and 6, are integers, 
then (2—12 » =a, —b,V 2 (this follows from the binomial formu- 
la, but may also be shown by mathematical induction). Since 
(2-VY2)" <1, it follows that 

(2+V2yJ=24+V2"+2-V2)"-1, 
and, consequently, 
Q+Voy-(2+V2"=1-0-V2y. 

But since (2— 7/2 ) <1, we can, by taking the power » sufficient- 
ly high, make (2-7/2 )* as small as we wish. If (2-2 )»< 
0-000001, then 

2+V2y—-(24+V2)1=1-2-—V 2)* > 0.999999 . 
105. (a) First Solution. Since (2+VW3)"+2—-V3)" is an 
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integer (see the solution to problem 104), and since (2 — V3) <1, 
it follows that 
(2+V3=A2+V3"+2-V3y-1. 
If we expand (2+ 1/3)" by the binomial formula, we obtain 
(2Z4+V3R+(2—V 3S) = 22" + Cr2"-2-3 + ChQ*-4-3? + +++), 


which is divisible by 2. Therefore, (2+UW3)!"=(2+V 3)? + 
(2-V3)*—1 is odd. 

Second Solution. The number (2+ 13 )* can be written in the 
form a, + 0,’ 3, where a, and 5, are integers. We shall show that 


dn — 3b, = 1. 
The proof will be carried out by mathematical induction. First, if 
mn =1, then a, =2, 6; =1, and 2?-—3-1=1. 
Now, assume that for some 
2+V3"=at+5V3 , 
where ai — 30, =1. Then for (2+ 3 )**! we have 
(24+ V3)! = (an + baV 3X2 + V3) = (2an + 302) + (Qn t+ 2b) 3 . 
We see that @n+; = 2a, + 3b, and bas: = an + 25,. Consequently, 
Gn — 30n-1 = (2an + 3bn)? — Han + 2b, = a, — 3b, = 1. 


Therefore, a, — 30, for any n. 
Thus, we have 


[an + bn 3] = Gn t+ [bnV 3] = an + (V 302] 

=a,+[Va@—1]) =4a.+ (@.—1)=2a,—-1. 

That is, ((2+WU3)"] =[a.+ baV 3) is odd. 

(b) We note that 
(a+V3y)= {\" + Woe + (1 ai ee =A , : n is even, 

1Q+V3y"+1—V 3)", if n is odd. 

Consequently, the expressions on the right are _integers [see the 

solution to problem (a)]. For 2 even,0<(1-V 3 )* < 1; for ” odd, 

~l<(l-VY3}) <0. 


We shall investigate separately the cases for even ” and odd nz. 
nis even: n=2m. Then 
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1+V3syyadtv3ym+d-—-V3 yl 
=(1+V3¥" +40=V3¥}"=1 
=(44+2Y3 )™+(4—-2Y3 )"—-1 
=24(24+ V3 ™+(2-V3)*}-1. 
But the number in the braces is clearly an integer, and so the number 
(1+V3 )"}] =2"N—1 is always odd. Hence, if m is even, the 
highest power of 2 by which [(1 ++ 3 )*} is divisible is zero. 
n is odd. n=2m+1. Then 
[144 V¥3 pespH ts yet + (1-3 em 
=(44+ 23 1+ V3)+(4-2V3 )r1-V3 ) 
=2(2+V3)*14+V3)+2-V31-V3} 
=2((2+V3 )*+(2-V3 I 
+¥V3(24+V3 *-2-V3))}}. 
Let (2+VU3)™=adn+tbnaV 3, where am and b, are integers; then 
(2-V3)"=ant bal 3. Substitution yields 
(1+ V3 Pm ] = 2" {am + banV 3 + am — bmV 3 
+V3 (Qn + ba 3 —Gnt bn 3 )} 
= 2"(2am + 6bm) = 2"*" am + 35m) . 
But az + 3b, is odd. In fact, 
(am + 30m\Gm — 30m) = ay, — 96m = (ai, — 36%) — 6b%, = 1 — 68°, 


[see the second solution to problem (a)]. Since 1 — 66%, is odd, both 
factors, (am + 3bm) and (Gm — 3b,), are odd. Hence the greatest power 
of 2 by which [(1+ V 3 )*"] is divisible, for » = 2m +1, is equal to 


m+t="5h [5] 41. 


106. Since (2+U5)?—-(2—15 ) is an integer, and since 
—-1<(2-—V5)<0 (for p odd; see the solutions to problems 104 
and 105), it follows that 

(2+ V5 Pl =2+V5 P+ 2-V5). 
Use of the binomial formula yields 
(2+V5Pp+(2-V5) 
= 2(2? + Ce2P-°5 + Ch2"-452 + --- 4 CP 1Q-5ie-10/2) | 
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so that 
(2+V5 PP] — 2+ 
= 2(C32?-25 + Ch2e-452 4 6. + CPD. 5-0/2) 
All the binomial coefficients 


2 D(p—1) 
C3 a 1-2 ’ 
ci — PP = WP = 2K — 3) 
? 1-2-3-4 ; 
Cp =p 


are divisible by the prime p (they are integers, and the numerators 
are divisible by the prime p, but the denominators are not). This 
means that the difference [(2 + / 5 )*] — 2?t! is divisible by p. 
107. C2= now — 192 — 2)-+-(n — p +1) 
a Gre ae | Sioa . 
consecutive integers 2,2 —1,n--2,---,n—p+1 is divisible by 9; 


let us designate that integer by N. Then [>| = e and the dif- 


Exactly one of the p 


ference given in the problem takes on the form 


n(n — 1)--- (N+ 1)N(N— 1)---(u— p +1) 7 N 


p! p- 
We observe now that the integers 2,n—1,---,N+1,N—1,-::, 
n— p+ 1 (the integer N being omitted) yield all the possible positive 
remainders 1,2,---,#—1 upon division by p, inasmuch as the p 


successive integers from » to n—p+1 must yield all these re- 
mainders including 0, and we have left out the sole integer divisible 
by ~p. Now we shall show that 


n(n — 1)---(N+ 1X N—1):--(n-—p+1)-(p-D! 
is divisible by p. We write the equations 


N+1=&:p +a; , 
N-1=hkisip + ais, , 


n—p+l=kpiptar-s, 
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where ad, @2,°**, @p-1 are the integers 1, 2,---,f—1 in some order. 
It is clear that if all the integers on the right are multiplied to- 
gether, every term of the expansion will contain p as a factor, ex- 
cept the term a@,°a@)---@ ,-,, and this term is equal to(p—1)!. Thus, 
the difference shown is divisible by p. 


If we multiply this difference by the integer 7 the product still 
remains divisible by p; that is, 


nn—1)---n-—p+1) N(p—))! 
p p 


is divisible by p. If we divide this difference by (p — 1)! [which does 
divide it; see problem 49 (a)], we obtain 


maa pt Noy _[a), 


This still is divisible by p, inasmuch as p and (p — 1)! are relatively 
prime. 


108. Let a and 8 be two numbers satisfying the conditions of the 
problem. For some selected positive integer N we consider all the 
integers of the sequence [a], [2a], [3a], ---, which do not exceed N; 
we shall write these as [a], [2a], ---, [za]. Since [va] <= N, where n 
iS maximal, we have [(z + l)a] > N, and hence na < N+1,(n+lha= 
N+1,N+1>na=N+1-a,orna=N+1, where l1>/l21-—a. 

We may show, in a similar manner, that if m is the maximal 
integer such that the integers [8], [28], [38], ---, [™@] all fail to exceed 
N, then m8 = N+/', where 1>/'’ 21-8. Since, according to the 
conditions of the problem, we encounter in the sequences [a}, [2a], 
---, [na] and [8], [28], ---, [mf] each positive integer 1,2,3,---,N 
exactly once, it follows that 7+ m= N. This implies that 


eA en iy 2 a a a 
a B 


or 


and 
HE+$)-1-(E+4): 


From the inequalities involving / and /’ it follows that 
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Designating the sum i + = by ¢, and dividing all the numbers of 
a 
the preceding inequality by N, we arrive at the inequality 





t t—2 
—>l-te 
N N 
which must be satisfied for any selected positive integer N, no mat- 


ter how large. But since the first and third members of this in- 
equality can be made as small as we wish, it must follow that 
1—t=0, from which it follows that ¢ = = + 7 =1. Further, it 
is readily seen that the numbers a and 8 must be irrational, since 
p 


if a= Di then we would have 8 = , and this would imply 





q 
that [ga] = [(p — q)8], which contradicts the conditions of the problem. 
Assume now that a and § are irrational numbers, and that 


= ae a 1. Since necessarily a >1 and 8 >1, it will not be pos- 


sible to find two equal numbers among the integers [a], [2a], [3a], 
-++,m Or among the integers [f], [28], [38], ---. 

We shall now show that, given any positive integer N, either an 
integer x can be found such that [za] =-N or an integer m can be 
found such that [mf] = N, and both possibilities cannot exist simul- 
taneously. Let 


fn — la] < NS [na], 
[(m — 1)8] < NS [m8]. 
These inequalities imply that 


na—-a<WN, na>wN; 
mB—-—B<WN, mB > N 


(neither na nor mB can be exactly equal to N, since @ and # are 
irrational); that is, 

na=N+d, 

mB=N4d', 


where 0<d<a,0<d'< 8. It follows that 
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and, consequently, 


Ul 
is an integer. But since 0 < ! < 41,0 7 <1, we have 


(2 Bae >:, 
a B 


Hence we arrive at the equality 
which, since 


is possible only in the event that one of the numbers d or d’ is less 
than 1 and the other is greater than 1. But this means that of the 
integers [na] = [N+ d] and [m8] = [N+ d’], neither of which is less 
than NV, one must be equal to N and the other must exceed N. 


109. First Solution. It is readily seen that (a2) =|a@+ = ; Hence 


we can put the equation we wish to derive into the following form. 
_TN 1 N 1 N 1 
N= |5o lee altleeol* 


Now let 
N = Gy: 2" + Any 2") + ++ + Ay:2 + Ay 


(Qn, Qn-1, °**, Gi, @ are either 0 or 1) be the expansion of N in powers 
of 2 (as in the binary number system). We then have 


Ee + +| = [a2 + Gy 2 2+ 0 bat are 


= Ay 29 + any 2" + +++ + ai +a, 


N i — ~Dn-2 ~9n-3 Sone a,+1 ral 
[tt+o]=[2 + Qy-1°2"* + sear Gy 


— Q,°2"~? 4- Qn-1:2"-3 +---+a,, 
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ree al eee Qn-1 tl | Qn-2 Qo] _ 
[e+ x|=[e+ 9 + 4 + +] =a tars, 
N L _ Q,+1 Qn-1 Qo = 
lar t+ z]-[ ge + +a | Qn» 
and 
N 1 N 1 
E= +|-[ae +p]ao=0 


(recalling that the a; are either 0 or 1). Hence we obtain 


N 1] N 1 N_ 1 
[F+5]+[t+a]+ +[gar+z|+ 
=a,(2"' 4+ 224-0. +14) 


+ an-(28-? + 2734 --- +14) +++: tad +1) 4+ a 
Se 2" dye" Seana t+a:2+a=N, 





which is what we wished to show. 

Second Solution. It is obvious that the number of odd numbers 
exceeding N is equal to ~ if N is even, and is At) a [F| +1 
if N is odd—or, equivalently, (5): Thus, the number of ee 
numbers not divisible by 4, and not exceeding WN, is equal to ka 
if N is either divisible by 4 or yields the remainder 1, and is equal 
to a +1 if N yields a da a of 2 or 3 upon division by 4. 
In either event this number is 7): The number of integers not 
exceeding N which are divisible by 4 but not by 8 is: equal to [F| 
if N is either divisible by 8 or yields one of the remainders 1, 2, or 
3; or else is equal to 3 It 1. In either event the number is equal 
© G) 7 F 

In a similar manner it is shown that: (<5) is the number of 
integers not exceeding N which are divisible by 8 but not by 16; 


x is the number of integers not exceeding N which are divisible 


py 16 but not by 32; and so on. If we use these results to examine 
all the numbers in which we are interested, we find that 
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which is what we wished to show. 


110. (a) Let a@ be the first digit, and 6 the last digit, of the 
desired integer N. Then the integer can be written as 


N = 1000a + 1002 + 106 + 6, 
or as 
N = 1100a + 116 = 11(100a + Bb). 
Since this integer is to be a perfect square, and since it clearly must 
be divisible by 11, it must also be divisible by 121; that is, ~ = 
100a + 6 must be divisible by 11. But 
100a +b =99a + (a+ 6)=11:9a+ (a+). 


Hence a+ 6 must be divisible by 11. Since neither @ nor 6 exceeds 
9, and since a is not 0, it follows that 1Sa@+6=18, whence 
a+6b=11. 

This implies that 


1002 + 6 = 11-94 4+ 11= 119942 + 1), 


N — 100a+b _ 
D1 il =9a+1. 
. ? N . 
Since N is a perfect square, Pi is also a square. But among the 


integers of form 9a + 1, where a ranges through the integer values 
1 to 9, only 9-7 + 1 = 64 is a perfect square. This means that VN = 
121-64 = 7744 = 88?. 

(b) Let @ be the digit in the tens place of the desired integer, 
and let b be the digit in the units place; that is, the number is 
10a +b. If the order of digits is reversed, the integer becomes 
105+ a. The conditions of the problem yield 


10a + 6+ 106+ a=11(a+ 6) =k’, 


where & is an integer. 

It follows that &? (hence k#) must be divisible by 11; also, a+ 6 
must be divisible by 11. Since a + b S$ 18, this implies that a+ 6 = 11, 
or k?=121. Therefore, the only possibilities for the integers sought 
are 
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29, 38, 47, 56, 65, 74, 83, 92, 
all of which satisfy the conditions of the problem. 


111. Designate by a the two-digit integer formed by the first two 
digits of the number N sought, and by 6 the two-digit integer formed 
by the last two digits of N. Then, N = 100a + 8, and the conditions 
of the problem yield 


100a + b=(a+b), 


which may be written 
99a = (a+ bY —(a+b =(a4+ bfat+b-1). (1) 


Thus, the product (a+ b)a@+6—1) must be divisible by 99. We 
shall investigate the possible values for a and b. 


GQ) @+6=99k, a+b-1= = Since a and 0 are two-digit num- 


bers, <2. The case k= 2, when used with equation (1), leads 
immediately to a = 99 and b= 99. Similarly, 


ka 1, 

a+b=99, 
a=a+6-1=9, 
N = 9801 = (98 + 1)?. 


(2) a+b=11lm, a+b-—1=9n, mn=a. Here we obtain 9x = 
llm—1. Since 11m — 1 is thus shown to be divisible by 9, it fol- 
lows that m yields the remainder 5 upon division by 9 (it is easily 
verified that if there were any other remainder, then 1lm— 1 would 
not be divisible by 9). Hence, m= 9t+5, and so 9x = 99t + 54, n= 
1l¢ +6. We now have 


a= mn = (9t + 5\11t + 6) = 994? + 109¢ + 30. 


Since a is to be a two-digit integer, we must have t = 0; and, 
consequently, a = 30,a+ 6 = 11m =55, b = 25, N = 3025 = (30 + 25). 

(3) a+b=9m, a+b—1=11n, mn=a. Reasoning as we did 
above in part (2), we have the single possibility N = 2025 = (20 + 25)?. 

(4) a+b=33m,a+b—-—1=3n, or a+b=3m, a+b—-1 = 33n, 
which is untenable, inasmuch as a + 6 and a+6-—1 are relatively 
prime numbers. 


(5) atb—1=99k, a Pb. Here we will have 
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a+6b—-1=99, 
a+b=100, 
q = A+ at b=1 _ 99, 
99 


which is an impossibility. 

Therefore, the conditions of the problem can be satisfied only by 
the numbers 9801, 3025, and 2025, and these numbers do satisfy the 
conditions. 


112. (a) Since the numbers are to contain only even digits, they 
can begin only with 2,4,6, or 8; hence we need examine only those 
integers between 1999 and 3000, 3999 and 5000, 5999 and 7000, and 
7999 and 9000. Accordingly, the square roots of such possible four- 
digit integers must be between 45 and 55, or 63 and 71, or 77 and 
84, or 89 and 95. Further, since (10x + y)? = 100x? + 20xy + y?, it 
follows, for 0 < y <9, that the tens digit of the number (10x + y) 
is odd or even simultaneously with the tens digit of y? (the 20xy term 
contributes an even digit to that place, and 100x? contributes a zero 
digit). Hence the square root of the numbers sought cannot end with 
the digit 4 or the digit 6. 

Since the square roots of the numbers sought must be even, we 
are left with only the following four possibilities: 


68? = 4624 ; 80? = 6400 ; 
78? = 6084 ; 92? = 8464 . 


These four integers satisfy the conditions of the problem. 

(b) Reasoning analogous to that used in problem (a) shows 
that there does not exist any number composed of four odd digits 
and which is a perfect square. 


113. (a) We shall designate the hundreds, tens, and units digits 
of the integers N sought by x, y, and z, respectively, so that N= 
100x + 10y + z. The condition of the problem, then, is 


100x+10y+z=xi + y!42!. 


Since 7! = 5040 is already a four-digit number, none of the digits 
can exceed 6. Consequently, N cannot exceed 700, which implies 
that no one of the digits can exceed 5 (since 6! = 720). At least one 
of the digits must be 5, otherwise the greatest value obtainable for 
x!+y!+ 2! would be 3-4! = 72 < 100, whereas N is a three-digit 
number. The possibility x = 5 can be eliminated, since in that event 
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N= 500, but the greatest value obtainable for x! + y!4 2! is 3-5! = 
360. This, in turn, implies that x cannot exceed 3. Further, it can 
easily be reasoned that x cannot exceed 2; in fact, 3! + 2-5! = 242 < 
300. Now, the number 255 does not fulfill the conditions of the 
problem; if only one digit of the number sought is 5, then x cannot 
exceed 1, since 2! + 5! + 41 = 146 < 200. Moreover, since 1! 4+ 5! 4 
4! = 145 < 150, we must conclude that y cannot exceed 4. Con- 
sequently, z= 5, since we have shown that at least one of the digits 
has to be 5. Therefore, we must have x=1,42y20, and z=5. 
This allows us to find the one possibility for the solution of the 
problem—a number satisfying the problem’s condition is N= 145. 
(b) The desired numbers N cannot have more than three 
digits, since in the extreme case (9? + 9? + 9? + 9? = 4-9? = 324) we 
obtain only a three-digit number. Hence we can write, for the inte- 
gers, N= 100x+ 10) + z, where x,y, and z are the respective digits 
of the number (from left to right, and allowing the possibility of 
x =0, or even both x =0 and y= 0). 
The problem then imposes the condition 


100x+ 10y +z=x+4+ y? +27, 
or, equivalently, 
(100 — x)x + (10 — yy = 2(z — 1). (1) 


The last equation implies that, necessarily, x = 0; if this is not the 
case, we have on the left an integer not less than 90 [x = 1, 100-—x= 
90, (10 — y)y = 0], and the integer on the right is not more than 
9-8 = 72. Consequently, equation (1) can be replaced by 


(10 — y)y = 2(z —1). 
It is readily verified that this equation cannot be satisfied by any 
nonzero y (recall that y and z are digits). If y=0, then there re- 


mains only the trivial possibilities z= 0 or z= 1. 
Hence, except for N= 0, there is only the solution N= 1. 


114. (a) Clearly, the numbers N which are sought cannot have 
more than four digits, since the sum of the digits of a five-digit 
number cannot exceed 5:9= 45, and the square of this number is 
2025, a four-digit number. Further, since 4-9 = 36, and 36? = 1296, 
if N is a four-digit number satisfying the condition of the problem, 
its first digit cannot exceed 1. But 1+3-9= 28, and 28? = 784, 
whence even four-digit numbers are excluded from consideration. 
Thus N can have at most three digits. Assume, now, that N= 
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100x + 10y + z, where x,y, and z are digits (the possibility x =0 is 
allowed, as is x = y = 0). 
Now the condition of the problem can be written in the form 


100x+ 10y+z2=(*+y+4+2), 
or 
99x + 9y =(x+y4+ 2% —(x+y4+2) 
=(x+y+2z2Xe+ty+2z-1). 


It follows from the above equality that one of (x+ y+ 2) or 
(x+y +z-—1) is divisible by 9 (not both can be divisible by 3 since 
they are relatively prime). Also, 1S *x+y»+2z 27. We shall in- 
vestigate all possible cases. 

(1) xty+2z—1=0; 99x4+ 99 =0, x=y=0, z=1; N=1. 

(2) x+y+z=9; 99x+ 99 =9-8=72, x=0, 9y = 72, y = 8, z= 1; 
N=81 [= (8+ 1)*]. 

(3) x+ty+z—-1=9; 99x + 9y = 9-10 = 90, x = 0, 9y = 90, which 
is impossible. 

(4) xty+z=18; 99x + 9y = 18-17 = 306, x=3, y=1, z=18—- 
(3 + 1) = 14, which is impossible. 

(5) xt+y+z2—-1=18; 99x + 9y = 19-18 = 342, x=3, y=5, z= 
19 — (3+ 5) =11, which is impossible. 

(6) x+y+2z2= 27; 99x 4+ 9y = 27-26 = 702, x =7, y=1, z= 27 - 
(7 + 1) = 19, which is impossible. 

Therefore, the conditions of the problem are satisfied only by the 
numbers 1 and 81. 

(b) The cube of a three-digit integer can contain no more 
than nine digits, hence, the sum of the digits of the cube of a three- 
digit number cannot exceed 9-9 = 81 < 100. This implies that the 
numbers sought cannot be three-digit numbers; and the same kind 
of reasoning will show that such a number cannot have more than 
three digits. The integer, or integers, sought can have at most two 
digits. 

The cube of a two-digit integer cannot have more than six digits, 
and the sum of the digits of such a cube cannot exceed 6-9 = 54, 
whence the numbers sought cannot exceed 54. However, if a number 
not exceeding 54 is cubed, the first digit of the cube cannot be 
greater than 1; but then the sum of the digits of the cube cannot be 
greater than 1+ 5-9=46. Thus, the numbers sought cannot exceed 
46. 

Proceeding as before, we find that if an integer does not exceed 
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46, its cube contains at most five digits, and since this cube is less 
than 99,999, the sum of the digits is at most equal to 4:9+ 8 = 44. 
The cube of 44 is a five-digit number ending with the digit 4. Hence 
the number 44 must be throw1 out as a possibility. The numbers 
sought cannot exceed 43. 

Now we make use of the fact that the sum of the digits of every 
positive integer yields the same remainder upon division by 9 as does 
the number itself upon division by 9. It follows that any of the 
integers sought must yield the same remainder upon division by 9 
as does its cube. This is possible only if this remainder is —1, 0, 
or 1 (solution of 7? = 7). 

Thus, the numbers sought do not exceed 43, and they can yield 
upon division by 9 only the remainders —1, 0, or 1. Only the fol- 
lowing thirteen integers can satisfy these conditions: 


1 

8, 9, 10; 
17, 18, 19; 
26, 27, 28; 
35, 36, 37. 


Of these possibilities, the following integers satisfy the condition of 
the problem: 
1(d°=1); 
8 (8° = 512) ; 
17 (178 = 4193) ; 
18 (18° = 5832) ; 
26 (263 = 17,576) ; 
27 (273 = 19,683) . 

115. (a) Direct verification assures us that for x <5 the only 
positive integers solving the given equation are x=1, y=1 and 
x = 3, y =3. We shall show that no solution exists for x=5. We 
note, first, that 


1! + 2! 4+ 3! +4 4! = 33 


ends with the digit 3; and 5!,6!,7!,--- all end with the digit 0. 
Therefore, if x 25, the sum 1! + 2! 4 ---+ x! terminates with the 
digit 3 and therefore cannot be the square of any integer y. 

(b) Two cases will be considered. 
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Z=2n is an even integer. This case is readily reduced to problem 
(a), inasmuch as y*" =(y")?. For even integers z the solutions are 
x=1; y=1; z is any even number; 

c= 3) 9 = 1S; 2 = 2. 


z 1s an odd number. For z= 1 any value of x, and the correspond- 
ing obvious value of y, will suffice. Let z=3. We note that 


1! + 2! 4 314 --- + 8! = 46,233 . 


This number is divisible by 9, but not by 27, whereas for all » 29 
the number 9! is divisible by 27. The sum 9! +10! + --- +x! is 
therefore divisible by 27; and so, for x = 8, the sum 1! + 2! + --- + 
x! is divisible by 9, but not by 27. In order for y? to be divisible 
by 9 it is necessary that y be divisible by 3, but then y? must be 
divisible by 27 (for z 23). Consequently, for x28 and z23 the 
given equation has no solution in integers. 

It remains to consider the case for x <8. We have l!=1= 1}, 
where z can be any integer 1! + 2! =3 (which does not provide an 
integer solution for z 2 3), 1! +2! + 3!= 3? (a solution arrived at 
earlier, but not for the case of odd z) and 


1! 4 2! 4+ 3! 4 4! = 33, 
LA) eevee SU S015 
1! 4+2!4 --- +6! = 873, 
W+2t4+--- +7! = 5913. 

As can be easily verified, none of these integers is an integral 
power (= 3) of any natural number. Thus, for odd z we have only 
the following additional solutions: 

x=1; y=1; z2=any odd number; 
x = any natural number; y=1!4+2!4 ---4+a!; z=1. 

116. Let 

@e’+h+c?+d?=2". 


We shall designate by p the greatest power of 2 which divides all 
four integers a,b,c, and d. Upon dividing both sides of the above 
equation by (2°)? = 27? (an even power of 2), we obtain 


a+b +cit+ dj = 2", 


where at least one of the four integers a, 01,c,,d, is odd. If exactly 
one, or if exactly three, of the integers a@,,6,,¢,,d, are odd, then 
a; + b} +c} +d; is odd, and in this event the equality is impossible. 
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If two of the integers are odd, say a, = 2k +1 and b, = 2/ +1, and 
two are even, say ¢c, = 2m and d, = 2n, then we may write 


at+bt+ct+di=4k2 + 4k +1442 + 41414 4m? + 4? 
=2zAer+k+P+l4+m4+n*%)4+ 1), 


which is a contradiction that a; + bj + ci + d; = 2"-*? cannot have an 
odd divisor (the expression in brackets cannot be 1 except for k = 
l=m=n=0;  =d,=0 and c=d=0). If all four integers are 
odd, that is, aq =2k+ 1, 6b, =2!1+1, C¢, = 2m +1, d,=2n +1, we 
have 
aithtet+d =4e + 4k +1442 44141 
+ 402? ++ 4m+1+4n?+4n4+1 
= 4[kRkR+14+704+1)4+mm4+1)4+2m4+1)4+1). 
Now, the product of two consecutive integers must be an even 
integer, and so the expression in the brackets immediately above is 
odd. Under the circumstances, its value can be only 2°=1. This 
implies that zm —2p =2,2=2p+2,andk=l=m=n=0,4%4=h)= 
Qg=d=1,a=b=c=d=?2?, 
Therefore, if ~ is an odd number, then 2” cannot be written as 
the sum of four squares; if = 2 is even, then 2” can be expressed 
as the sum of four squares only in the following way: 


22P _ (27-1)? + (27-1)? + (2?-!)2 + (2°-1)2 2 
117. (a) First Solution. The equation 
e+ yy? + 27 = Qxyz 


is satisfied by x= y =z=0. It is obvious that no other solution is 
available which involves zero value for any one of x,y, or z; hence 
we may assume that none of them can vanish. We can write 


x = 2°x, , 
y = aby, ’ 
z= 27z,, 


where x;, ¥1, 2, are odd (if any one of x, y,z is initially odd, then the 
exponent for 2 can be taken to be 0). 

Since x, y, and z enter the equation symmetrically, we may assume, 
with generality, that a << 7. We shall now determine by what 
power of 2 the left member of the equation is divisible. 

(1) If a<Bxs~y, or else if a=8=y7, then after factoring out 
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(2a)? = 2, there will remain the sum of an odd and two even 
numbers, or else the sum of three odd numbers—that is, an odd 
number. 

(2) If w= 8 <7, then it is possible to write 


x = 2%2k +1), 
y = 221+ 1), 
Z = 2%-2m. 


In this case, 


x? ty? + 2? = 2(Qk + 1) + (20 + 1)? + (2m)? 
= 2a(4h? + 4k +1 + 402 + 41 +14 4m?) 
= Perak +k+2+)+m) +1); 


after factoring out 22%'', there remains in the brackets an odd number. 

On the other hand, the right member of the equation is divisible 
by 2¢%*87+1_ Also, the right member must be divisible by the same 
power of 2 as is the left member. 

For case (1) we must have 2@=a@a+8+7+1. Since a<PS7, 
we arrive at the untenable inequality 2~ 2 3@+4+ 1. 

For case (2) it follows that 2@+1l=@+8+4+741. Since a= 
8 <7, the following inequality is implied, which again is impossible: 
2a+1>3a@+1. 

Therefore, there fails to exist any solution in integers for x? + 
y? + z* = 2xvz, except the trivial one x = y=z=0. 

Second Solution. Since the sum of the squares is to be an even 
number, it may be reasoned that either all three of the numbers x?, 
y*, z? (hence also x,y, and z) are even, or one of them is even and 
two are odd. But in the last event, the sum would be divisible only 
by 2 and the product 2xyz would be divisible by 4. Hence we must 
conclude that x,y, and z must all be even: x = 2x, y = 2y1, z = 22. 
If we substitute these into the given equation and divide through by 
4, we obtain 


xi + yt +2i= 4x12). 


As above, this equation implies that x,,¥;, and z, are all even 
numbers, and so we can write x, = 2x2, y, = 2y2, z, = 22:, which 
yields the equation 


Xo +2 + 22 = WX Voz , 


which, in turn, implies that also x2, y2, and z, are all even numbers. 
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Continuation of this process leads to the conclusion that the fol- 
lowing set of numbers are all even: 


x,y, 2; 

x F ¥ _ Zz, 
a eek La 

x y ee 
a a aa cae ae 

x a ey. _ 2 
le eae og 

x a Z. 
Xk = OR Vk QR Zk OK 


(the numbers x, Vz, 2, satisfy the equation x; + ye + 2; = 2**x,y,2e). 
But this is possible only if x =y=z=0. 

(b) As above, it may be proved that the only integer solution 
of the equation x7 + y?+ 224+ 0? = 2xyzv is x=y=z=v=0. Here, 
it suffices to make the special investigation for the case where the 
highest power of 2 which divides x, y, z, and v is the same; that is, 
when 

x = 2%(2k +1), = POL). 
z2=242m+1), v= 2%2n +1), 


where @ is a nonnegative integer, and k,/,m, and n are integers. 
Then 


x? y2 4 22 4+ y? = 2a[(4h? + 4k +1) + (42 + 4141) 

+ (4m? + 4m + 1) + (4n? + 4n + 1)] 

=2erePe ke btm +m +n? +n + 1) 
= 287kh(k+1)4+ l24+1)+mm4+1)4+nm4t14+)). 
Now, the last expression in brackets must be odd (the terms which 
are products of two successive numbers are even). Therefore, the 
greatest power of 2 which divides the left member of the equation 
has exponent 2a + 2. But, in the original equation, the highest power 


of 2 which divides the right member is 2‘#+'. Accordingly, we must 
conclude that 2a + 2 = 4a@+ 1, which is untenable for any integer a@. 


Remark: A second solution of problem (b), which is analogous to that of 
problem (a), is left to the reader. 


118. (a) Let x,y,z be any three nonnegative integers satisfying 
the equation 
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e+ y? +2? = kxyz. (1) 
We shall show, first, that it is always possible to assume 
kyz kxz kxy 
< = <= — << 
Vera So te SS (2) 


(none of the integers on the left of (1) can exceed half the value of 
a right member). To show this, assume, for example, that z > 
XV 
5 
kxy — z, which clearly also satisfy equation (1): 


Then consider not x, y, z, but the lesser integers x, y, and z, = 


x? + y? + (kxy — z)? = kxy(Rkxy — z). 
If any integer of this new triple is greater than the product of the 
other two multiplied by 3° we again make a similar substitution 


until the conditions of (2) are satisfied (after which the process will 
fail to yield decreasing numbers for «x, y, z). 


Assume now that x Sy Sz. First, since ySzs ee, it follows 
that 
kx 
1<—: 
=a 
kx 22. 


Equation (1) can be restated in the form 


kxy 2 = | 
2 2 ee. Sa —. Pash de 
x+y ae 2) =(5 ; 


Since z = 2, if in the left member z is replaced by y Sz, the 


numerical value is increased (or remains the same if y = 2); con- 
sequently, 


Rkxy 2 RexPy? 
2 2 Be a > —_— 
x+y +( 2 ») = re 


This yields the inequality 
x? + 2y? = kxy?. 
Further, it follows from x S y that 
y + 29 S kxy? 5 
that is, kx <3. 
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Hence, we have 2 S$ kx <3; that is, kx is equal to 2 or 3. But if 
kx = 2, then equation (1) assumes the form 


x? + y? + 22? = Qyz, 
or 
5 le Oe eed 
thus x = 0 and kx =0 instead of 2. Therefore, kx = 3, which means 
that & can have only value 1 or 3. It is readily verified by examples 
that these values for & are possible [see the solution of problem (b)). 
(b) Reasoning similar to that employed for problem (a) is 


used here. There we had x? + 2y? = kxy*; since kx = 3, this inequality 
can be rewritten in the form 


x? + 2y? = By’, 

or 
Prey. 
However, we assumed x < y; consequently, x= y. Assume now 

that in the basic equation, (1), x =y, kx =3. We obtain 

2x? + 2? = 3xz, 
or 

(z—x\z-—2x)=0. 


Thus, z=x or z=2x. Since 


it is impossible for z to be equal to 2x. Therefore, z = x. 

Accordingly, for condition (2) to be fulfilled, we must have x = 
y =z. But, inasmuch as kx = 3, x can be only 1 or 3, and we obtain 
two solutions for equation (1): 


x=y=z=1 (k = 3); 
LH=/fHZS3 (R=). 


In the solution of problem (a) we saw that any three integers x, 
y, 2 Which satisfy condition (J) can produce other solutions, by suc- 
cessive replacements of the form z, =&xy—z of (2). But if z;= 
kxy — z, then z = kxy — z,; hence every solution of equation (J) can 
be obtained from the least solution by successive substitutions of 
form z, = kxy — z. In particular, we obtain in this way the following 
solutions for equation (J) (up to 1000): 
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(1) For k =3: 
x a 2 
1 1 [ 
1 1 3 
| 1 2 
1 2 5 
1 5 13 
1 13 34 
1 34 89 
1 89 233 
1 233 610 
2 5 29 
2 29 169 
2 169 985 
5 13 194 
5 29 433 
(2) For R=1: 
= a: me 
3 3 3 
3 3 6 
3 6 15 
3 15 39 
3 39 102 
3 102 267 
3 267 699 
6 15 87 
6 87 507 
15 39 582 


The fact that solutions corresponding to k = 1 can be obtained from 
those corresponding to k = 3 by simple multiplication by 3 follows 
from the fact that the least triple (3, 3, 3) satisfying the equation for 
k = 1 is related to the least triple for k = 3 by the factor 3. 


119. If the relatively prime pair x,y is to meet the conditions of 
the problem, the following equations must be solvable in integers: 


e?+4+12=uy, 
y? +125 = vx. 
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We shall show that a solution of these equations produces not merely 
the relatively prime pair x and y satisfying the conditions, but two 
other pairings x, and y,v which satisfy the same conditions. That 
is, we shall show that x?+ 125 is divisible by w and wu? + 125 is 
divisible by x, and also that y? + 125 is divisible by v and v*? + 125 
is divisible by y. 
First, x2 + 125 = wy means that x?+ 125 is divisible by wu. The 
equalities yield 
wy? = x' + 250x? + 125? ; 
w(vx — 125) = xt + 250x? + 1257, 
and, finally, 
x(w2v — x8 — 250x) = 125(4? + 125), 


from which it follows that uw? + 125 is divisible by x (which is rela- 
tively prime to 125, otherwise x and y would not be relatively prime). 
Also, the integers x and w are relatively prime, for if x and w had 
a common divisor of d, then 125 = uy — x? would also be divisible by 
d (that is, d = 5), and, consequently, y would be divisible by d (since 
y? = vx — 125), It may be shown, in exactly the same way, that the 
integers y and v are relatively prime, and the square of either when 
increased by 125 is divisible by the other. 

We redesignate our integers x,y,u,v as follows: x=%, y=%X, 
u=x-1,U=X. If u?+ 125 =x-,x, then the pair of integers 4, x-2, 
that is, x-1,x-2, also satisfy the conditions of the problem. Thus, if 
v?+125=.x,y, then the pair of integers v,x3, that is, x2,%s, also 
satisfy this condition. Hence, beginning with an integer pair satis- 
fying the conditions of the problem, it is possible to construct an 
infinite double-end array of integers, 


tty X25 X-1, Xo, X1, X2, °° * , 


where neighboring pairs satisfy the equation 


Xa +125 : 
SS 5415 
Xatt 
Kasi + 125 
rr Xt - 
Xa 


Further, in the given array the ratio of the sum of a pair neighbor- 
ing an integer to that integer is constant: 
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2 2 2 
Xa-1 + Xati — %u-1Xat+1 + Xa41 (Xa + 125) + Kati 
oo OO ™_ on om ol enn ew 
Xa XaXa+t XaXa+1 
2 2 
_ xe + (Coane + 125) _ Xe + XaXa+2 Xe + Xa+2 
XaXat+1 XaXa+ Katt 


This observation is helpful in extending the double-end array of inte- 


gers above: it we designate Me Fatt by ¢, we will have 
a 


Mati = Xa — Xa-1,5 
Xa-1 = tXe — Karr. 
Now we must develop a procedure which will help us determine 


all such arrays which yield solutions of the problem. We note, first, 
that if Xat+1 2 Xa, then 


2 2 
Xo+1 + 125 Xat 
= 2 eat 5 
Xe Xa 


Xa+2 


and if %e-1 2 %a, then xe-2 > %e-1; hence every chain of integers 
augments in both directions from some least integer (or equal pair 
of least integers, and two neighboring numbers of the chain can be 
equal only if both are 1). 

Let x) be the least integer of the solution-chain: 


KX, 2X, X17 2M. 
We shall show that m < 1/125 < 12. 


We first observe that the number /, referred to above, is an integer 
exceeding 2. In fact, it follows from the equation 


Xa-1 + Xot1 _ Xa + Xate 
Xe Xatt 


t= 


that ¢ is an integer. Hence x, and xe+: are relatively prime, and 
consequently 


— Ka-1 + Xe41 
Xa 


cannot have in its denominator a divisor of xe+:, and 


om Xa t+ Xate 


Xo+i 


cannot have in its denominator any divisor of x. Further, 
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2 2 2 2 
Xe + Xe+1 + 125 S Xa + Mas, SD): 
NaXatt XaX@t 


i= 


or Xo + ee = WNaXott (since co + Cen — 2XeXe+1 = (Xa — Xen)? = 0), 
Thus, 123. Now, since 
(m— He NX i Xo) = Kiker x — XoxX, — XoxX-, 
= XyxX-1 — Xx — Xo(X1 — Xo) — Xo(X-1 — Xo) 
< xx, —x5 = 125, 
it follows that at least one of the (nonnegative) integers x, — x) and 
x, — xX fails to exceed 11. Suppose that x,— x, <11. We have 
xo + X41 + 125 | 
Xx, 
x + x, + 125 — Qxom (x1 — Xo)? + 125 


Lag See 
XoX XolXo + (x1 — X0)) 


t= 


But ¢ 2 3 and so tf — 2 21; consequently, 
(x, — Xo)? + 125 = xp + x0o(x1 — Xo) , 


which is impossible if x, 2=12>(x,—x,) [since here x; > 125, 
Kol X1 — Xo) > (4, — Xo)?). 

It remains now to test for x, all integers that are less than 12 and 
which are relatively prime to 125; for such an %,%x, is an integer 
such that x, + 125 is divisible by x, (that is, x, is a divisor of 
xo + 125), and x} + 125 is divisible by x. Since x) + 125 = x,x-;, we 
may use the fact that x, is the smaller of the neighbors of x to 
obtain 


% <0,< V0 + 125. 


It is not difficult to verify that all pairs x, x, satisfying the con- 
ditions of the problem can be expressed as follows: 


2 2 
1i(¢= SE te = 127) ; L2(¢= wae = 65) ; 
2 2 2 
1,3(¢= SEE = 5); 1,6(t= 26218 
1-3 ; 
2 2 2 
17(t= LT + 15 +125 - 28), 1,9(1= 1249 at 
2 2 
2,3(t = Bae = 23) ; 6,7 (t= wt ete =5), 
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This yields the following solution arrays: 


--+, 15,001, 126, 1, 1, 126, 15,001, ---: 
--+, 4094, 63, 2, 129, 8383, ---; 
--, 1889, 42, 1, 3, 134, 6027, ---: 

--, 15,261, 566, 21, 1, 6, 161, 4341, --- 
--, 10,826, 449, 18, 1, 7, 174, 4343, - 
--, 7369, 321, 14, 1, 9, 206, 4729, --:; 


-+, 22,698, 987, 43, 2, 3, 67, 1538, ---; 


--+, 2501, 522, 109, 23, 6, 7, 29, 138, 661, 3167, - 


oe 


All possible pairs of relatively prime positive integers x, y, less 
than 1000, such that x? + 125 is divisible by y and y? + 125 is divi- 


sible by x, are given by the following tables. 


ee 2 i x 
126 1 449 18 922 
1 1 18 1 109 
63 1 1 7 23 
1 2 ¢ 174 6 
2 129 321 14 7 
42 1 14 1 29 
1 3 1 9 138 
3 134 9 206 
566 21 987 43 
21 1 43 Z 
1 6 2 3 
6 161 3 67 


661 


120. The problem gives rise to the following system of equations 
to be solved in integers (where x, y, z,m are the integers sought): 


e+ytz+u=(x+ov), 
yretz+u=(yt+u/y, 
2+xe+-ytu=(z+h), 
w+xt+ytz=(utsy 
or, 

ytz+u=2vx +0", 
x+ztu=2wyt+w’, 
xtytu=2z+?t, 
z+y+2=2su+s’. 


(1) 
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If we add the equations of (1), we obtain 


(2v — 3)x + (2w — 3)y + (2t — 3)z + (2s — 3) 
Sy? te qr eg Stee) 2 


Note that in equation (2) at least one of the numbers 2v — 3, 2w — 3, 
2t — 3, 2s — 3 is negative; otherwise there would be on the left of 
the equation the sum of positive integers. Let us assume that 
2v—3<0; This is possible only if v=0 or v=1. In the first 
event, the first equation of system (1) yields y + z + 2 =0, which is 
untenable for y, z, « all positive. Hence it must be assumed that all 
the integers v,w,t,s are positive, and that v=1. In this event 
equation (2) can be rewritten in the form 


x= (2w —3)\v + (2¢-—3)2+ (2s—-—3u4t+wt+Pt+st+l1. (3) 


We now consider the several possibilities. 

The numbers x,y,z, are all distinct. Here, the integers v, w,?, s 
are also all different: if, for example, v=w, the difference of the 
first two of the equations (1) yields y — x = 2u(x — y), which is im- 
possible for positive v and x + y. Further, if we assume v = 1, the 
first of equations (1) yields 2x =y+2z+u-—l1, 

1 1 1 1 
Bg ge ag es 
which is inconsistent with equation (3), where the coefficients of y, 
z,u in the right member are positive integers (since w, ft, or s cannot 
be equal to 1 because they are distinct from v which is equal to 1). 
Therefore, this case is not possible. 

Precisely two of the integers x,y,z,u are equal. Here we must 
separately investigate two cases. 

If z=u, then ¢=s. Equation (3) and the first of equations (1) 
now yield: 


x = (2w — 3)yy + 2(2t — 3)z + w? + 2t74+1; 
2x=y+2z-—1. 
As before, these equations are inconsistent. 
If x =y, then w=v=1. Equation (2) and the first of equations 
(1) yield, respectively, 
2x = (2t — 3)z + (2s —-3)ut+t+s2? +2; 
x=z+u-1. 
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Substituting the second equality in the first, we have 
(2¢-—5)z+(2s—Su+P+s?+4=0, (4) 


from which it follows that at least one of the two members 2¢ — 5 
or 2s — 5 must be negative. Assume 2/ — 5 < 0; sincet > Oandit #1 
(for v=1, t #v, since z # x), it follows that ¢=2. Now, if twice 
the first of equations (J) is added to the third equation, we obtain 


4z+4x*+6=4% 4+ 22+ 3u, 


that is, z= <u — 3. Substituting this into equation (4), along with 
i = 2, we have 


(4s — 13)u¢ + 2s? + 22=0. 


Clearly, 4s —13 <0. Since s>0,s +41, s #2, we must have s = 3. 
If these values are now substituted into equations (1), there results 
a system of three linear equations in three unknowns: 


x+z2+u=2s4+1, 
2x+u=4z24+4, 
ax+z=6u4+9. 
We easily find that x(= v) = 96, z= 57, u = 40. 

The integers x,y,z2,u are two pairs of equal numbers. Assume that 
x=yandz=u. In this event, the first of equations (1) yields x = 
2z —1; if this is substituted in (2), we obtain 

x=(2t-—3)z+P41, 
and so 
(@i—5)z+#42=0. 
It follows that 22—5 <0, and since t > 0, ¢ #1, we have ¢ =2, 
Equations (1) may now be written 
x+2z=2x+1, 
2x+5=424+4, 
whence x(= y) = 11, z= u) = 6. 


Three of the integers x,y,z,u are equal. It is necessary to consider 
two cases. 


If y =z=4u, then equations (3) and the first of equatians (1) take 
on the form 
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x = 3(2w — 3)y + 3u? +1; 
2x = 3y —l, 


and these, clearly, are inconsistent. 
If x=y =z, then the first of equations (J) is 


2xtu-2x+1, 
from which we find «=1. The last of equations (1) becomes 
3x = 2su +52? =2s4+ 87; 
— sis + 2) 
x 3 . 


But x must be an integer; hence either s or s +2 must be divisible 
by 3. That is, s=3k, x =k(3k+ 2), or s=3kR—2, x = (38k — 2)k. 
Here k is an arbitrary integer. 

All the numbers x,v,z,u are the same. In this case, the first of 
equations (1) yields 3x = 2x + 1,x =1. Hence we have the following 
solutions for the problem: 


£=]VS96, 2=— 57, w= 405 x=y=1ll, z=u=6; 
xov=ez=k(3R42), u=1; x=y=z2=u=1. 
121. Let x and y be the numbers sought: 
xX+V=KX, 
or, 
xsy—x-ytl=l, 
e=Do-—}=T1. 


Since 1 may be expressed as the product of two whole numbers 
in only two ways, we must have 


x-1l=1, y-1=1; 
that is, x = 2, v =2, or else, 
x-l=-1l, y-l=-l1; 
that is, x= 0, y = 0. 
122. We shall show, first, that at least one of the positive integers 


x,y, 2 the sum of whose reciprocals is equal to 1, must be less than 
4. In the equation 
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1 1 1 
= se pS 1 ’ 
x y z 
. . 1 1 1 
if all of the integers x, y, and z exceed 4, then the sum a + am +— 
z 
must be S i + i + ak = O, Assuming now that x<SySz, we 


4 4 4 4 
have at most two possible values for x: x=2 or x=3 (clearly, 


x > 1). These two possibilities will be considered separately. 


If « = 2, then De oh es If we use a common de- 
y z x 2 
nominator for af + eres = =0, we find the following necessary 
condition: : 
yz—2y—2z=0, 
yz —2y—2z24+4=4, 
or, 


(y— 2)(z2—2)=4. 


Since y and z must exceed 1, neither y—2 nor z—2 can be 
negative, and only the following cases are possible: 


y—-2=2,2-2=2; y=4,z=4. 
y-2=1,2-2=4; y=3,7=6. 


izes, (hen ee 
y z x 


2yz — 3y —3z=0, 
4yz—6y—6z2+9=9, 
(2y — 3)\(2z -—3) =9. 


Since y = x = 3, 2y — 3 = 3, and 2z — 3 33, there is only one possibility: 
2y—3=3, 22-—3=3: yo=3, z=3. 


Therefore, all solutions of the problem are given by the equations 


ies Cs 
a ae 
ee aa ee 

gtatycl- 
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123. (a) If we + Pe a then we must have as a necessary con- 
x y a 


dition 
ax+ay=Hxy, 
or, 
xv—ax-av+a@?=a’, 
(x — a\(y —a) =a’. 


The last equation has 2/e— 1 solutions, where « is the number of 
divisors of the integer a? (including 1 and a? as divisors). To obtain 
all of these solutions, we may write the 2;/e possible systems of form 

2 
x-—a=d, y-aa=t and x —a = —d, ee eer (where d is a 
divisor of a’), and discard the system x — a = —a, y — a = —a, which 
leads to the unsatisfactory result x = y = 0. 
If a= 14, then a? = 196, and the divisors of a? = 196 are 


1, 2, 4, 7, 14, 28, 49, 98, 196. 


We obtain the following seventeen solutions to the problem, which 
correspond to the above. 





2a, na x oe 
15 210 13 +182 
16 112 12 —84 
18 63 10 —35 
21 42 7 —14 
28 28 —14 7 
42 21 —35 10 
63 18 — 84 12 

112 16 —182 13 

210 15 


(b) The given equation may be converted, as in the solution 
to problem (a) to the form 


(x—z)(y—z)=2°. (1) 


Let ¢ represent the greatest common divisor of the integers x, y, and 
z; that is, x = x,t, y = yit, 2 = z,t, whence x, y;, and z; are a relative- 
ly prime set (that is, there is no nontrivial divisor for all three). 
Further, let us designate by m the greatest common divisor of the 
integers x, and z,, and by 7 the greatest common divisor of y, and 
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z1. That is, we write x, = mx2, 2: = M223 Vi = Myo, 2; = NZ,, where 
x, and z2, y. and z, are relatively prime. The integers m and x are 
relatively prime, since x,, ¥,, and z, have no common divisor. Since 
z, is divisible both by m and by 7, we may write z, = mnp. 
If we now substitute into the basic equation (1) x = mx2t, vy = nyet, 
= mnpt, and divide by mnt?, we obtain 


(x2 — np)(v2 — mp) = mnp’ . (2) 


But x, is relatively prime to p, for m is the greatest common 
divisor of the numbers x, = mx, and z, = mnp; analogously, y. and 
p are relatively prime. Upon expanding the left member of (2), we 
see that xeye = xp + yenp is divisible by p. It follows that p =1, 
and the equation takes on the form 


(x2 —n)(y2 —-m) = mn. 


Now x, is relatively prime to ”, for the three integers x1; = mx, 
y, =ny2, and z; = mn are relatively prime. Consequently, x. — a is 
relatively prime to ”, whence y, — m is divisible by 2. Analogously, 
X._—n is divisible by m. Thus, x.—xn==km, ¥2 —-mM= kn; 2 = 
cky, = tm-+n. Therefore, 


x=mmt+nyt, 
y=ntumint, 


z=mant, 
where m,n,t are arbitrary integers. 


124. (a) It is readily reasoned from the equation x¥ = y* that the 
prime divisors of x and y must be the same: 


Oy, m. a, 
x= js 2 a “<p : 
y = pi'b,?--> eee 


where pi, po, -:+,p, are prime numbers. In view of this, and the 
equation, we have 


ay = Bix, ary => Box, rae | any = Bux . 
We shall assume y > x. It follows that 
a, < Bi, ae < Bo, +++, ay < By. 


Consequently, y is divisible by x, or y = kx, for some integer k. We 
may rewrite our equation as 
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xk= = (Rx). 


If we take the xth root on both sides, we obtain x* = kx, or x*-! = k, 
Since y > x, then k > 1, which implies x > 1. But 2?-! = 2, and for 
k > 2 we always have x*"!>k. In fact, if k > 2 and x = 2, then 


ko! > Qk-k > k . 
since already 2°-! > 3; and for k = 2, x > 2, 
xe-l=x>2=k, 


Therefore, the only solution of the problem, in positive integers, is 
x=2, kR=2, v=kx =4. 


(b) We shall designate the ratio by &, whence y = kx. If 
x 
we substitute this for v in the equation, we obtain 
ackz =e (Rx)* F 


or, taking the xth root on each side and then dividing by x, we 
obtain 


bee “ae 
from which we obtain 
x= kien | 


y = Bhiltk-v = pes tk-v) 


Write the rational number 





as a fraction z in lowest terms. 





Substituting this expression for into the formula, we have 





au Peg: 
p’ p po k=] q ’ 
= pt+q p/q = (2 + i 
i ( p a 


Since ~ and q are relatively prime, in order for x and y to be 
rational numbers we must be able to extract the gth roots of p and 
of P+ q. But since, for g22 and p=~n', we have the following 
inequality 


k—-1l= jee rege epee set k p+q 


ni <pta<(nt iy = met part + (Dyer 5 ; 


we must conclude that g = 1 is necessary. 
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Therefore, all positive rational numbers satisfying the given equa- 
tion are given by the formula 


(SHY. oY" 
p p 
where p is an arbitrary integer other than 0 or 1. 

125. Let be the number of eighth-grade students who participated, 
and let m be the number of points assumed by each of them. The 
total number of points won in the tournament is then m+ 8. This 
number clearly is also equal to the number of games played. Since 
there were, altogether, ~ +2 players in the tournament, and each 
played (z + 1) games (one with each remaining player), there was a 


total of ote games played (two players to each game, 


hence we divide by 2). Therefore, we have 


mn +8=Et2+% 


or, after simplification, 
nn+3-—2m)=14. 


Now, m is an integer, as is the number in parentheses (since m is 
either an integer or a fraction having denominator 2). 

Since 2 must divide 14, ~ can be only one of the numbers 1, 2, 7, 
or 14. We must discard the possibilities » = 1 and » =2, since in 
either of these cases the total number of participants could not have 
exceeded 4 and the two seventh graders could not have amassed as 
many as 8 points. 

There remain the possibilities » =7 and xn=14. If »=7, then 
17 +3-—2m)=14, m=4. If n=14, then 14(14 + 3 — 2m) = 14; 
m=8. Hence, there are two answers: »=7 and = 14. 


126. Let 2 be the number of ninth graders who participated, and 
let m be the number of points won by them. Then there were 10 


tenth-grade students, and they won a total of 3m points. In all, 


then, there were 11m participants in the tournament, and om points 


were won. 

The total number of points won is, clearly, equal to the number 
of games played. But since each of the 11” players played each other 
l1lu(l1xz — 1) 


9 games played, and so we have 


once, there was a total of 


the equation: 
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lls 1111 — 1) 
—m = ———— ,, 
2 2 


and thus, 
m=n(1lw— 1). 


But each ninth-grade student played 1lz— 1 games (since there 
were llm participants in all), and the #2 ninth-grade players could 
have amassed n(1lz— 1) points only in the event that each of them 
won every game he played. But this is possible only if there were 
just one ninth-grader playing; that is, necessarily, 2 =1. Therefore, 
since this is a possible solution, one ninth-grade student participated 
and he won ten points. 


127. The conditions of the problem are (using Heron’s formula for 
the area of a triangle in terms of the lengths of the sides) 


V pb — Ob — Np — ¢) = 2p, 


at+bt+c ye 


p-—a=x, p—b=y, and p—c=z. Then the above equation be- 
comes 


where a, 6, and c are positive integers, and p= 


Vix ty + 2)xyz =2&x+y4+2), 
or, upon squaring both sides and simplifying, 
xyz =4(x+y+4+2). 


Here, x, y, and z are all integers, or else all of them are fractions 

with denominator 2 (depending upon whether p is integral or not), 

that is, all are half of odd integers. In the latter case, however, 

the left member of the equation is actually a fraction and the right 

member is an integer. Hence, x, y, and z are necessarily integers. 
Let us assume that x 2>y2z. The equation yields 


consequently, 


We multiply this inequality by vz—4 (it is clear that yz—4>0, 
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since otherwise x would be negative) and investigate the resulting 
inequality in y: 


yz —- 8v—42 50, (1) 
that is, 
(v— yy —~y2) $0, 


where y, and y, are the roots of the quadratic equation in y, zy? — 
8v — 4z = 0 (z being assumed fixed): 


yea ioe 
2 , 

43 _4-V/16 + 42? 

Se Se 


However, y, is clearly negative here, which means that y — y,. > 0 
(y itself being positive). Consequently, a necessary condition for 
validity of inequality (1) is that 


yeUa0, 
ys 4AtVi6 +e? 
< ; 


Hence, we must have yz<4+ 1/16 + 42? , which implies z? —4 < 
V 16 + 42? (for z < y). Squaring both members of this last inequality, 
we obtain 

z!— 822+ 16 S 16 + 42’; 
zi < 122?, 
which can hold only for z <3. 
We shall consider the three possibilities. 
(1) paige eV IES eo: 


OP 5 ioe et ON Poa 


x 
yz—4 y—a4 


We will obtain a positive integer for x only in the following cases 
(for y < 9): 

y =5 (here, x = 24), 

y = 6 (here, x = 14), 

y = 8 (here, x = 9). 
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Ogee pe eos oo: 


4y + 42 4v+8 2v+4 
yz—-4  2y—4 7 y-2 





This produces the integral x only if y =3 (yielding x = 10) ory =4 
(yielding x = 6). 


(By 2s) es AVIA oie > Por peg, ge 
3 yz—4 


will fail to be integer. 
These possibilities yield the following five solutions of the problem. 


x ae Z2 %“£+yYtz=p a b c 
24 : 1 30 6 2 29 
14 6 1 21 7 15 20 
9 8 1 18 9 10 17 
10 3 2 15 5 12 13 
6 4 2 12 6 8 10 


128. (a) The problem clearly involves the solution, in integers, 

of the equation 

e+ paz, 

If ¢ is the greatest common divisor of x, y, and z, we may factor 
out ¢2 from both sides of the equation to obtain an equivalent equation 
(having the same solution triples x, y, z); hence, we shall assume from 
the beginning that there is no common divisor for x,y,z. This will 
imply that each pair of integers is relatively prime, since if two of 
the integers have a common divisor, that number must also divide 
the remaining integer. 

Since now x,y,z are assumed to be relatively prime, it follows 
that at most one of these unknowns can be even; if two them, for 
example, are even, then the third must be even, and hence they 
would not be relatively prime. Further, if x and y are both odd, 
say x = 2k+1 and y=2/+1, we must have 


a+ y? = (2k +1)? + (214 1) = AR + P+ R+D +1. 


Now, the square of the integer z is odd if z is odd, or divisible by 
4 if zis even. Since the expression on the right for x? + y? is not 
divisible by 4, we must conclude that x? + y? must be an odd number, 
and so one of the integers x, y is even and the other odd; also z is 
odd. We may, with generality, assume that x = 2x, is even. 
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The equation may now be written in the form 


(2m) =2?— y?, 





or, 
go Ze We. z2—-y 
1 2 2 . 

Let ate au and ~—* =v; then z=u+v and y=u-—v. The 


integers u and v (recall that z and y are both odd) must be relatively 
prime (otherwise z and y would not be relatively prime). Hence 
since their product is a perfect square, each of them is a perfect 
square; that is, wu = a? and v = Bb? for some integers a and b. Finally, 
we have 

Z=utv=aa4+b, 

yrua-—-ve=a-B, 

wy =Vuv=ab, 


or, if now we relieve the condition that x, v,z be relatively prime 


x = 2tab, 
ve ta = fy), 
z= t(a? + 07), 


where a and 6 arbitrary relatively prime integers, a > b, and tis an 
arbitrary integer. 

These formulas yield all solutions of the problem. 

(b) We shall designate the sides of the triangle by x, y, and 

z (z being the side opposite the 60° angle). Using the law of cosines 
from trigonometry, we have 2? = x? + y? — xy. 

We must solve this equation in integers. It is convenient to use 
a rather indirect method; we can put the equation into the format 


[4z + (x + v)]* = [22 + 2(x + y)]? + [3(x — y)]’, 
or, 
w=wt+ov?, 

where uw = 22+ 2(x%+ y), v = 3x — y), and w = 42+ (x +). Now the 
result of problem (a) can be used to obtain 

u = 2tab, 

v= t(a@’ — 8), 

w= tia? + 67), 
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where a and 6 are some relatively prime numbers and ¢ is an arbitrary 
integer. 
Therefore, we obtain 
4z+ (x + y) = ta’ + 5%), 
2z + 2x + y) = 2tab , 
3(x — ¥) = ta? — b*). 
Solution of this system of equations in three unknowns yields 
6z = 2t(a? + B*) — 2tab, 
3(x + ¥) = 4tab — tia’? + B*), 
3(x — v) = ta? — 6°), 
and finally, 


— th(2a Zs, 


y= <-ta(2b —a), 


z= ata! + 6b? —ab) . 


In order for the values of x, y, and z in these equations to be integers, 
it is necessary that at least one of the numbers, ¢ or a + 5, be divisible 
by 3. [If ¢ = 3t,, then the equations may be expressed in the form 
x = t,b(2a — b), 
y = t,a(2b — a), 
z=t(a?+ b?— ab). 
If 2+ 6 is divisible by 3, then either a = 3a; +1, 6 = 35, + 2, and 
x = t(3b, + 2X 2a, — b,) , 


y= t(3a, +1)(25, —ay, + 1) ’ 
z = (3a) + 3b; — 3a.b, + 3b, +1), 


or else a = 3a, + 2, b= 35,+ 1, and 


x = (3b, + 1)2a,-—6,+1), 
=> t(3a, + 2)(26, 7: a) ’ 
z = t(3at + 36} — 3a,b, + 3a, + 1).] 


If the equations we obtain are to be meaningful, it is necessary 
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that 22 > 6 and 25> a; that is, = <6< 2a. In order for these 


conditions to hold, the largest of the three numbers x, v,z (if @ > b, 
the largest will be the number x) will be less than the sum of the 
other two. That is, it will be possible to construct the triangle 
using segments of lengths x, y, and z. 

(c) Using the law of cosines, we have 


Z2=ox+ y+ xy, 


where z is the side of the triangle opposite the 120° angle and x and 
vy are the remaining sides. 


This relationship can be rewritten in the form 
[4z + (x — y)}? = [22 + 2x — y)]}? + [Bx + »¥)} . 
As in problem (b), we find 
x = Lala — 26), 


ne + to(2a cae a 


i ita" + B® — ab), 


where a and 5b are relatively prime numbers such that @ > 2b and at 
least one of the integers ¢ or a+ b is divisible by 3. 


129. Inthe triangle ABC (whose sides are a, b, c and whose opposite 
angles are, respectively, A, B,C) suppose that B=nA. Then C= 
180° — (x + 1)A, and, consequently, by the law of sines, 





56 _ sinnA 

a sinA ’ 
¢ — sin@a+1)A 
a sin A ° 


(a) 2=2. Since 


sin2A =2sinAcosA, 
sin3A =4cos? Asin A—sinA, 


we have 


Wee eee. 
a 
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— = 2cos A) — 1. (1) 


b+ce— a 


But 2cosA = , and so in the integral triangle 2cosA 
p 


c 
will always be rational. Let 2cos A = a where fp and g are inte- 


gers. Then, by (J), we have 
O20? 0H OG pe =e). 


If p and gq are relatively prime, then the three integers g’, pq, and 
p? — g? do not have any common divisor other than 1. It follows 
that in all triangles satisfying the given condition B = 2A and having 
least integral sides (not having a common divisor) the lengths of the 
sides are expressible by the formulas 


a=¢q, 
b=pq, 
c=p?—-@, 


where p and g are relatively prime integers. 
In order actually to determine the triangle, where B= 2A, the 
numbers p and g must satisfy the following condition: the angle A = 


arecos £ must be such that 0 < A < 60° (A must be less than 60°, 


q 
since A+ B+C=3A +C =180°). Since cos0 = 1 and cos 60° = > 
p 


this condition can be rewritten as 2 >— > 1. The least integers p 


and q satisfying this condition are p "3 g=2. It follows that the 
smallest triangle with integral sides satisfying the condition B= 2A 
will be the one having sides a = 4, b=6, c=5. 

We proceed now to problems (b) and (c). Here it will be necessary 
to use trigonometric functions of A to express sin5A, sin6A, and 
sin7A. Successive applications of the identity involving the sine of 
the sum of angles [or using the general formula of problem 222 (b) 
given in the “Problems” section] yields the following identities: 


sin5A = (2cos A) sin A — 3(2cos A)? sin A+ sinA , 
sin 6A = [(2 cos A)? — 1][(2 cos A)? — 3]2 cos Asin A , 
sin 7A = [(2 cos A)? — 2][(2 cos A)? — 3]4cos? Asin A — sinA. 


The calculations are then carried out exactly as in problem (a). 
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Assume that 2 cos A = (p/q), where p and q are relatively prime 
integers; It follows from the identities for sin5 A,sin6A, and sin 
7 A that triangles with integral (nonreducible) sides whose angles 
satisfy the condition B=nA, where n=5 or 6, have sides satisfying 
the following formulas: 


(b) For 2=5, 
a=q, 
b= q( pt — 3p’? + q*), 
c = p(p? — q’)(b? — 39’); 
(c) For »=6, 


a=q, 
b = pq( p* — q’)(b® — 3q°) , 
c = p p® — 2q*)( p? — 3q?)— 9g. 
(Here, p and g are relatively prime integers.) 
In order that a triangle be actually determined by these numbers, 
and where B = nA, the integers p and q must be such that: 
(b‘) For n=5, 
0< Spetoce- < 30°, 
2q 
(c’) For » =6, 
0 < arc cos 2. < 180° = 25°43/ . 
2q 7 
Since cos 30° ae the integers p and q, for » = 5, must satisfy 
the condition 2 > 2 >V 3 =1.732---. The least integers p and 
q 


q which satisfy this condition are p=7 and q = 4 (q cannot be less 
than 4 because differs from a whole number by less than =). 
Therefore, the smallest triangle with integral sides, in which B= 
5A, will be the triangle with sides 
a= 1024, 
5 = 1220, 
c= 231. 
For n= 6, the integers » and g must satisfy the condition 


180° 
i 





ee Se 
q 
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We find from tables that 
180° 
7 





2cos = 2cos 25°43’ = 1.802. 


p 


Therefore, we find that, necessarily, 2 > — > 1.802. The least in- 


tegers p and q satisfying this condition aie q=6,p=11. Substitut- 
ing these values for p and q in the formulas, we find that the 
smallest triangle with integral sides, in which B =64A, will be the 
triangle with sides 


a = 46,656 , 
b = 72,930 , 
c = 30,421 . 


130. Given a right triangle with integral sides x? and y? and 
with hypotenuse z, where z also is an integer. It is readily re- 
asoned that x’, y?, and z are relatively prime, and so 


x? = 2ab, 
yp=a—b, 
z=@4+0', 


where a and 5b are relatively prime numbers, and a > b[see the solu- 
tion of problem 128(a)]. The second of these equations can be re- 
written as 


a=bh?+y, 


whence a,b, and y can be expressed by means of the formulas 


b=2tu, 
y=P—wv, 
a=?+2', 


where ¢ and uw are relatively prime integers [again using the results 
of problem 128 (a)]. We obtain 


x? = 2(t? + u*) 2tu; 
x 2 
(5) = tu(f* + u?). 


But ¢ and uw are relatively prime, which means that they are also 
relatively prime to ¢? + w?; consequently, since the product tu(t?+ 2?) 
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is to be a perfect square, each of the factors must separately be 
perfect squares: 
ere re 
u= Ni, 
24+ v= 22. 


The last equation says that the under the initial assumption there 
exists a right-angle triangle with sides ¢ = xi and uw = yi and hypo- 
tenuse z,, where %,,9,, and z, are again positive integers and, of par- 
ticular importance, z, < z[since, further, zi = (22+? =a? <a?+0?=2]. 
Hence, if there exists any right-angle triangle each of whose legs 
are squares of integers, and whose hypotenuse is an integer, then 
there exists another such triangle which has a smaller hypotenuse. 
Employing the same reasoning we can construct a succession of these 
triangles with decreasing hypotenuse. Since all such hypotenuse 
lengths are integral, we must arrive at a triangle whose hypotenuse 
is of length 1. But this is a contradiction since 1 cannot be a sum 
of squares of two positive integers. 


131. We shall designate the left member of the equation by A 
and the right member by B. Then A = B follows from: 
ni-A =1-2-3---n-A =(2n)! , 
n'-B = (2*-n!)-[1-3-5--+- (Qn — 1)] 
= (2-4-6 --- 2n)-(1:3--- (2n —1)] = (2n)! . 
132. (a) If we employ the identity 


pe lee TN o's ws 
Rk+1) k k+1’ 
we obtain 
1 1 

Se Sates 
1-2 2’ 
je aro Kee 
2-3. 2 3’ 
ae ee 
34 3 4’ 
1 1 1 


Adding together all these equations, we obtain 
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1 1 1 1 
Beet ls Ree oa ee ea gS 
1-2 . 2-3 se Dn n- 


(b) Using the identity 


ESN CES MCCS iT ESTE 
kk + 1)(k +2) ~ 2LRR+1) &+ DE +2) 


(which can be readily verified), we obtain 


CY 


oe eee eee ai slacaoc = eal 
(wn —2)(n—1I)n 2L(m—2)m—1) (n—WDn]' 
Adding together all these equations, we obtain 


1 1 1 1 
Peg O54 345 °° GS Dae Dh 


(c) We use the identity (whose validity is readily established): 


1 1 1 1 
Rh(k + 1)(R+2)(R+3) Al kKR+1)(R +2) (REDE+2R+ a : 
This yields 











(n — 3)(n — 2)(n — 1)n 


aN a vill ae ee | 
~ 3 [ (n — 3)\(2 —2)(n —1)) (n—2)(n — ln 
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Adding together these equations, we obtain 


1 1 1 1 
= "GG Grea 








DOS4 0545 3456 °° 


=| gang aie 


Remarks: If we ‘‘guess at’’ the results we expect to obtain (which is often 
quite feasible, if we try a few small values for n), we can often prove the 
general validity of a formula by using mathematical induction (see, for ex- 
ample, the solution of problem 133). 

It is possible to prove, also, that in general 

1 1 
——$—$ + es 
1 


ese ep ap a a en 


1 1 1 
po i pexceecest ~ (n—-p+2))(n—pt+3)\(n—pt+4)-:: =| 
{the proof being analogous to that of problems (a - dash)]. 


133. These identities are most conveniently proved by mathemati- 
cal induction. We leave the verification of (a) and (b) to the reader, 
but we give here the proof of the more general equation (c) of which 
(a) and (b) are merely special cases. 

The equation is valid for x = 1, since 


1-2-3---p = PS wet) 


Assume now that the equation is valid for some 2: 
1-2-3--- p+ eee Lap Daa p= he te ae 
pt+l 
Then we have 
1-2-3---p+2:3°-+ p(p+1) 
ters tant+l)---(n+p—1lt+(m4+1)---at+p—-Vin + p) 


2D) a sp) 
p+1 


_ mn +1)--- (t+ p)+ (pt D+) --- (4 p) 
pt+l 


+(a+1)-:: (2+ p) 
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_(@t)):-a@t+pn+p4+)) 
7 pt+l ; 


By mathematical induction we conclude that the equation holds 
for all 7. 


134. First Solution. (a) We write the sequence of equations 
B=15, 
2=(14+ 1% =P4+3-24+3-14+1, 
33 = (24+ 1) =2°4+3-24+3-24+1, 
4=(34+ 13 =34+3-374+3-:34+1, 
(2 + 18 = 43 + 32? + B8n 4-1. 
Adding all these equalities, and cancelling equal terms on both sides, 
we arrive at 
(a + 1 = 19 + 3012 + 2? 4+ 3274+ +++ +7?) 
a Oe eZ ae a cae) ea 
It follows that 
Das 28 Spa ena ep ge* 
SES SU 2 or “++ +n)—n 


3 
_ 2n° + 6n? + 6n — 3n? — 3n — 2n_ n(2n? + 3n + 1) 
- 6 7 6 
— nn +1)(2n + 1) 
= a a 


(b) We write the sequence of equations: 
l=, 
2=(14+)l§=14+4-24+6-24+4-14+1, 
3¢= (2+ 1) = 2'4+ 4:2°4+6-27?4+4-241, 
4=(34+ 1) = 344+ 4-3°4+6-374+4-341, 


a+ lt=ntt+40+6-nv?+4n41. 


Adding all of these equalities, and cancelling equal terms on both 
sides, we obtain 
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(a + 1) = 16 + 48 + 2 4 ++. $n) 
+ 6(12 + 2? 4 ---+m7)4+41424+---+a)4n. 


We now use the result of problem (a) to obtain 
4234 --. 473 


< e i. 4 get Dens 1) gae +t) 
=q[@4n 1 ae 4 —_——. n| 


Zz 


= Ail +1) —1)-[#m4+1?4+1)—n@ +122 4+ 1) 


— 2n(n + 1) — n} 
= 71 + 2)(n? + 2n + 2) —(n + 1)(2n +1) — 2+ 1)- 1) 
=F + V(t + 2n + 2—2n—1—2) + (nt + 2n +2-1)] 
= 26 tnt —1) + (+= SSE 


(c) Proceeding as in problems (a) and (b), and using the ex- 
pansion (k + 1) = k° + 5k* + 10k + 10k? + 5k 4+ 1, we obtain 
(a 1) SD ent ee at) 
ate LOGS ae et ape ia teat) VOCS E22 eet tiesec 99?) 
serOk Ae 2 co hon) ees 


from which we find, using the formulas from problems (a) and (b), 


n(n + 1)(2n + 1)(3n? + 32 — 1) 


1‘ + 23 ‘Sian 4 
oe me 30 
(d) We write 
S, = 13+ 234 334 .-.-. pepe ED 
4 


{see problem (b)]. We then obtain 
1° + 3? + 53 + --- + (2n — 3)8 + (2n — 19% 
= [194294 --- + (Qn) — BI 4+ 294 --- +n] 
(2n)(2n +1)? _ 8 n?(n + 1)? 
4 4 
= n(2n + 1)? — 2n? (n +1)? = n*[(2n + 1)? — 2(n + 1)? 
= n*(4n? + 4n + 1 — 2n? — 4n — 2) = n2(2n? — 1). 


= Si. — 8S, = 
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Second Solution. (a) Consider the following table. 


Ist row 1 | 2 3 k n 
2nd row 1 2 3 k n 
3rd row _1 2 3 k nN 


kth row 


nth row 





The sum of all the integers of any row is equal to 1+2+3- seta, 


that is nn + VD) 
, 2 
n(n + 1) 


, and so the sum of all the integers of the table is 


equal to n- Now let us sum up the numbers within any 


region bounded by lines. For the region bounded by the &th row 
and &th column we have the sum 
Lp bes RS 1) ee 
_(R—Dk a if 


pe 2 + 
5 a ria ak 


Summing up all the regions in this way, we obtain 
‘ 
SU $B ta S E24 $m = FAtD | 


from which we obtain 


27 222 + 1) n(n + 1) n(n + 1)(2n + 1) 
2 24 ee yt — SY ET FT AS ee Th) 
1? + 2? + n “al 5 i 7 | 6 , 


(b) Consider the following table 


Ist row Le 22 BF k? n? 
2nd row Be Sa 35 k? n? 


3rd row 2 2 3? R? n? 
kth row 2? 3? R? n? 


nth row 12. 22 32 pe? ne 
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The sum of all the integers of any one row of the table is 
12?+2?4+3?4---+n?, 


that is, a + ent [see the solution of problem (a)]. Hence the 
2 

sum of all the integers of the table is equal to niin + Wien £1) 

However, the sum of the integers in the region bounded by the kth 

row and kth column is equal to 


P+24+---+(kR-1P +k R= (k— ROR — 1) | pp 


6 
file, Dips My 
=a gh +s , 


This yields 
4 1 ' 
Say aes Pee Pa) a ae Ok et oe See eae) 


_ n(n +1)(2n +1) 


1 
Pay oe eet 6 


from which, after some manipulation, and using the result of prob- 
lem (a), we obtain 
a Gt TY 


P+ 2!+--- +n 5 


(c) This problem can be solved in a method quite analogous to 
that used in problems (a) and (b) by employing the integers 13, 2?,---+n°. 
It is left to the reader to carry out the details of the proof. 

Remark: Jf we could ‘‘guess at’’ the results of problems 134 (a-d) by 
considering small values of , mathematical induction would serve to establish 
the validity of the formulas. 


135. If we add 1 to the left member of the given equation, we 
can write 


(1 +a)+60+a@)4+c+a)(14+ 0) 
apes apd ee ar eb). ae) 
=[1 +a)(1 + 8) 
+ce1+a)1+))+d1+a)(14+)(1+¢) 
Bpomes Selby Chce By 9 Cisse) 
=[( +a) +6) +c) 
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+d1+a)1+d1+o)}+-°:-+41+a14+5)---d +h) 
=(l+a1+5)0+0044) 
+te+>+l1+a14+)---4+e) 
=(l+a1+d1+o0---d+J), 
which proves the proposition. 
If a=b=c--- =], then we have 
a+t+al+a)+al+a?+a(1+a)y 
ae eet GL ae ay RCL bg a dg 
where # is the number of integers a,b,c,---,/; writing 1+a=x, 
whence a = x — 1, we have 
CO a ae Ae ee ee oe Sa al! 
which is the formula for the sum of a geometric progression. 


136. (a) We add 1 to the sum we wish to determine, and we ob- 
tain 
(18+ 1-1!) +2-2!4 3-3! + --- +n-n! 
= (2! + 2-2!) 4+ 3-3 + --- + nen! 
= (3143-3) +---4+unl=4'+---4n-n! 
= (a! + nen!) =(n + VS; 
therefore, 
1-18 +2-2!4+3-314+---4+nnl=(™+)!-1. 
Remark: This result can be obtained from the formula of problem 135 by 
substituting a = 1,6 = 2,c=3,-:-,l=n. 
(b) We add to the summation under consideration the term 
co,, = 1. If we employ the fact that 


t t+] b+2 
Cn + Ce =Ulmt+1, 


we obtain 
(Cop + Chat) + Cate + Casa toe + Case 
= (Ch+2 + Cie) + Casa ties + Cite 
= (Chis + Cass) +++ + Case 
= Crsetire + Cate = 0+ = Creat 
therefore, 


paler + Cas + Cras ie Bart = Cais = 13 
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Remark: This result can be obtained from the equation of problem 135 by 


Aine! ntl eo eee Lae ntl 
letting @ = — ~~ , a ae ’ aay = , : ae a 


137. From the definition of a logarithm we obtain 





= <0. 
logs a log 


(In fact, if log,a = y, then 6” = a, or a'/¥ = 6, whence = log. 


The equation can therefore be written in the form 
logw2 + logw3 + «++ + logw100 = logy (2-3 --- 100), 


from which the desired conclusion immediately follows. 


138. It will be shown by mathematical induction that the sum we 


seek to determine is equal ee ey First, the proposition is 
Q,Q2 ++ An 
obviously valid for 2 =1. Now, assume that the assertion is valid 


for n — 1 positive integers, and consider the sum S of the given frac- 
tions for m integers. From each of the m! terms of the sum S, we 


can factor out the fraction 2 since this final factor 
GQ, + Gz + +++ tan 


has as its denominator the sum of all the 2 positive integers (the 
order of the addition being unimportant, since no integer is omitted). 
Further, grouping in the parentheses separately the (7 — 1)! terms 
corresponding to those permutations of indices where the index 1 is 
missing, the (z — 1)! terms corresponding to the permutations where 
the index 2 is missing, and so on, we arrive at m separate sums, to 
each of which we can apply the induction hypothesis, since each 
comprises (m — 1) integers; for example, a2, ds, -++,@n, OF Q1, Qs, ***,Qn, 
and so on. 
Summing these, and using the induction hypothesis, we obtain 





S= 1 = ee ee 

GQ terrs tan Q2Q3 °°" An QQ, °°* An Q\Q2*°* An-1 

=— (Se) 
~ ay ta2te1+ +an G10. *** An 


which is what we wished to show. 
139. (a) Multiply the expression by 1 — = to obtain 
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ll 
ll 
— 
| 
cite 
NE 
yee 
— 
+ 
“| 
NL 
ll 
— 
Q 
tw 
3]— 


Therefore 


(2 +3)(1 +5) +5) sae (1 + gr) 
gee NS 8 (i an) 
1 — (1/3) 2 geet 
(b) If we multiply by sin a, we obtain 
(sin @ cos a’) cos 2a cos 4@ «++ cos 2"a@ 


ae (sin 2a cos 2@) cos 4@ --+ cos 2"a@ 


co tw 


(sin 4@ cos 4@) --+ cos 2"a@ 


Sere reer n,, —sin2*a 
= oo a@ cos 2"@ Saar a 
Therefore 

COS a@ COs 2a cos 4a +++ cos 2"a@ = ae P 
2"*' sina 
140. Since 2!°=1024, we can write 2'!°=1024'°, Since 1000!°=10, 
which is the number with 1 as a first digit followed by 30 zeros, and 
since 1024'° > 1000'°, it follows that the number 2! = 1024! cannot 


have fewer than 31 digits. However, 


1024!° e (10)" (3) 
1000'° 1000/ ~~ \40 


a 
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41 40 39 


— —_ 


40 ~ 39 ~ 38 


41 B a01 1. 
Gs= 1+7: 39 Ley 39 3 and so on). Hence, 


2100 — 1024'!° < 10 - 1000"° 


which implies that 2! contains fewer than 32 digits. Therefore, 
the integer 2' contains exactly 31 digits. 

Remark: This result is even more easily obtained by using logarithms. 
Since log 2 = 0.30103, log 2!°° = 100 log 2= 30.103, and so 2!° must have 31 digits. 
But the technique used in solving this problem without using logarithms has 
independent interest. 


141. (a) First solution. We designate the product - 2 . 2 
99 2 4 6 98 
100 by A, and consider also the product B = a ae oe 0 

Since 
Bo OG. hy? Te 6. "99 ~ 98’ 100 ’ 


we have B> A. Now, clearly, 


It follows that 


whence =. Further: 


B<2A=7 es joo” 
since 
CIR i gage 
3 4’ 5 6° 7 8 *99 ~~ 100 
Consequently, 
A+ 2A > AB=——, which implies A> ay. 


Second Solution. We write, as above, 
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es ee ee 

2 4 6 100 
Then, 

ne ams 99? 


22° 4? 6? 1008’ 


from which we obtain 
Vtogt-1 5-1 997-1 
2 4 6 —j007- 
1? 3 52 992 
2 ——_—— , ————_—— ————— ee 
<4 <I Po1 1 01 


If we factor the factors of the numerator on the left and the denomi- 
nator on the right as differences of two squares, we obtain 











‘12:4 4-6 98-100. 4, 1 3:3, 5:5 99-99 
2:2 4:4 6-6 100-100 1:3 +5 5. 99-101 ’ 
or, after simplification, 
1 1 
< A? < — 
200 a 101 ’ 
1 1 
—< A<—S <= 
10/2 V/10l ~ 10° 


which is what we set out to prove. 


Remark: A more general relationship may be proved in exactly the same 
way: 


1 3 5 2n — 1 1 
mesg pe >< 


2Vn 4 6 2n V2n- 
(b) We first show that if 2 > 1, then 

5 ANS SR ENR Sean Se 

2 4 6 2n 3n +1 ° 


This may be done conveniently by mathematical induction. If n=1, 
we have 


Eee eee 
7 alas oe rs ea 
Assume now that for some n 
OR Ree ee ee 
2 4 6 an V3n +1 


2n +1 


If both sides of this inequality are multiplied bys, 5 





, it becomes 
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> ee ee 2n — 1 an +1 _ 22 +1 
2: CBr. 1G 2n Qn +27 (n+2)V3n4+1 ° 
Now, 
| 2n +1 le (2n + 1)? 
(Qn + 2)/3n +1 | 122% + 2822 + 202 + 4 
_ (2n + 1)? 
~ (123 + 280? + 19% + 4) + 


_ (Qn + 1)? Jd 
~ (Qn+13(38n+4 +n ~ 3n4+4’ 








and it follows that 
2n +1 e 
(Qn +2)/3n+1 ~V3n4+4- 
Thus, we obtain 


1 3.45 _2n—1 2n +1 1 


a OG ee peo VG ad” 


We conclude, by the principle of mathematical induction, that for 
every 2 





1 S23, wale 1 
2 4 6 Qn ~V3n4+1~- 
(We note that equality holds only for » = 1.) 
If now we let 2 = 50 in this last inequality, we find 


1°35 99 1 eth 1 
2 4 6 100 ~1/3-50+1 W151 12.288...’ 





which proves the assertion of the problem. 
142. We start with 


MA 1-2-3... 100 

2100 © 100 = 980(] .2-3,. 50)+28%(1-2-3...50) 
7 1-2-3... 100 1-3-5... 99 
~ (2-4-6... 100)-(2-4-6... 100) 2-4-6... 100 ’ 





and apply the results of problem 141 (a). 


143. It suffices to determine which is the larger: 101" — 99" or 100”. 
Consider the relationship 
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101" = 99"). 000+ 1)" =.100:= 1)" 


100” 7, 100" 
_ Cs -100"-! + C;,-100"3 + -+-) 
100” 


Sela. ut Yor?) ..) 
=2(ao5+ grl0e == 


It is clear that the fraction on the left exceeds 1 if #250. We 
show that this ratio exceeds 1 also for 2 = 49. We have 


3( 49. 49-48-47 49 18,424 
2(99 + aro + 7) > 2 (90+ ) 





100 * 31-1002 100 * 100° 
49 100? 
7 2 (06+ io) See 


Now we show that if 2 = 48, the ratio under consideration is smal- 
ler than 1: 


ae 48-47-46 -45-44 si) 
100 * 3t-1003 5t- 100° 
, 2[ 48" 43° 
100 * (-2-3)-100° + (1-2-3\(2-3)1008 
48° 
+ []-2-3)(2-3)(2-3) 1007 * | 


48 1/48\° 1/485 
=2[i99+ = (400) +-e(to0) + | 


48 
100 9600 
Se aay 1/48\? 9616 ~ 
6 (400) 


Clearly, now, the ratio is also less than 1 for all positive integers 
less than 48. 

Therefore, we finally obtain: 99"+100" is greater than 101" if ~<48 
and is less than 101” if > 48. 


144. We first show that the product of 2 consecutive natural num- 
bers is greater than the zth power of the square root of the product 
of the first and last of these numbers. Let the x integers be 
a,a+1,-:-,a@a+n-—1. Then the &th number from the beginning 
will be a+ k—1, and the kth number from the end will be at+n—k. 
Their product is 
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(a+k—-l)(at+n—-—k)=a?+an—a+(k—l(n—-k) 

Za+an—a=aatn-—)), 
where the equality is obtained only fork =1 or k=n. That is, the 
product of two positive integers equidistant respectively from each 
end of the sequence (for odd , these two integers are taken to be 
the common middle one) always exceeds the product of the two ex- 
treme (first and last) integers. But then we have, for the product of 
all the numbers, 


aa+1):--(@+n-—1) 
> fala +n — DIM? = (Vala tnd, 
where the equality holds only if 2 =1 or » =2. 
We shall show now that 300! > 100°°. We have 

12520 25:S. 17-20 = 5%} 
26 +++ 50 > (1/26 - 50) > 35%; 
51 --- 100 > (7/51 - 100)*° > 70°°; 
101 --- 200 > 7/100" - 7/200'° = 102 - 25°; 
201 «++ 300 > 1/200 - 7/3001 = 10% . 25°. 35°. 


If we multiply together all the left members of these inequalities 
and compare the result with the product of all the right members, 





we obtain 
300! > 525 - 3525 - 705° - 10499 -219° . 350 


= 559 . 725 . 550. 1450 . 4(400 . Qioo . 350 
= 10500 . 7 - 1450 . 350 
= 105° - 2125 - 427 - 14% > 105° - 20% - 40? - 14 
= 10559 . 225 . 425 . 1475 = 105° . 1127 
= 108° - 1,127 > 108° = 100°” . 
Remark. A more general result is shown in problem 148. 
145. We first show that, for any natural number k& S 2, 


k 2 
1+Fs(1 +5) Sie, 
n n n n? 
We use mathematical induction. The proposition is obviously true 
fore = Assume now that the proposition holds for a particular 


value of k. We shall show that it then holds for k+ 1. We have 
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k+1 1 k 
Grae) Ota) Grae ats) 
n n n n n 
k+1 ek k+l 


=147*=4>14 
n n n 


We do not need here the fact that k Sm, hence the inequality is 
valid for any integral value of k. Assume now that kn. Then: 


kel at: 2 
(1+=,) =(14+7)(1+4)<(1+4+4)0+4) 
nw nh n nw nr n 


k+1 74+2k+1 k+1 k? 
24 AE BERET ele 
n n n n 
k+l k+1) k+1)-—k? 
yp ktL@4 0 mkeD- et 
n n 
k+1 k+1) 


since n(R+1)>kR if nZk. 
If we now substitute & = ” in the inequality, we obtain 


n 2 
2=1+%<(1+—) <1474553. 
n n non 
146. In view of the result of the preceding problem, we have 


(1.000001)! -909.900 — (1 eR 2 
‘ 1,000,000 


147, It is clear that 


(1001998 _ (i000) 1 =(1 di 1 _ 1 <3. 1 <] 
(1000)!9°° ~ \ 1000 1001 1000 1001 1001 
(see problem 145), and, consequently, 

1000!°° > 100199 . 


148. Assume that the given inequality is valid for some natural 
number z. To prove it valid for +1, it suffices to establish the 
validity of the following inequality: 

(2 + “_" 
ee ey 





(* + a 
sed =. 


2znt+12 
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Upon division by » + 1 these inequalities become 
1 1\* 1 is 
p+ zy) e1egQ+a) 

which follow from the inequalities 2 < (1 +77) <3. 


It remains only to note that for m = 6 the validity of the assertion 
of the problem follows, since 


ION ie = 
(S$) =3 = 729, 
6! = 720, 

6 \é 
6" _ 96 = 64. 
(5) 64 


149. (a) By the binomial theorem we have 


1 1 1 1 
oo l SS 2 eee n—l 
ite Cy Cran Ga gh 





ooo 
— 
+ 
x |r 
NY 
3 

| 


nn—-1) 1 , nnu—lm—2) 1 





1 
TE ae Gas 3! rm 
fe ace get ee TN = = De 
(n— 1)! nr! a nt 


bh B82) 








1 1 2 
a 7 = a) 
cy ee jase n—1 
Bi +0 ma aa) (i= a) 
1 1 2 n—1 n 
eee sees (rere | Gee nee = Ss 
Paani at)( eat (1 oat a) 


Comparison of these expressions shows that 
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1 N+1 1\" 
1 eat 
Q % wo ) >( = a) , 


and the assertion of the problem follows immediately. 


(b) We write 
nil 77) + 1 EHD 
ee ore, 


(a =F 
(a - nN = a] - Gann 
i -(44 = ". ey =(1- ay (1 oe 1). 


gents 











However, for 2 = 2 





1\* 1 
(a- a) eaten arr sd 2! nt 3! “ns 
4 Hn =i 2) 2) J as = 
4! 


Lites iho N-a)e 
HONEA eee 


1 —— 


Peon: ee 


n 5 ri 5 ae 


WA 


On the other hand, 


1 1 1 11 1 11 11 
Q-+ +9 n> 2 yi +—)=1-5 ne 2 wo 





~) (a + --) <1, which means 
n? n 


way 
(1+ cy 
Q+)" | “<(i4sy, 


from which the statement of the problem follows. 


Consequently, (1 = 





150. A proof by mathematical induction is given. 
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We show first that, for any natural number 2, 


eae (1) 


This inequality clearly holds for »=1: 1!=1> J Assume that 
e 


inequality (1) holds for some positive integer 7»; we must show that 
. n+l 
(2 +1)! > (4) ? 


In view of problem 149 (a), we have 


e>(1+) ; 
n 











y= 
n 


e 
=.) ° @ (ae 
a e ( ~) e 


It follows, by the principle of mathematical induction, that (1) is 
valid for all natural numbers 72. 
We now deal with the inequality 


ni < n()" ' (2) 


We show that this inequality holds for all integers 2 > 6. With the 
aid of logarithm tables (natural logarithms are used here) it is readily 
verified that inequality (2) is valid for » = 7: 


7 
Ne 7(=) ; 
e 
7\1 7\7 
hab 18; 6h< (J) for in 6S 'in'700.2-6:58. and Ta (S) = 71In7 — 1) 


= 6.62. 
Assume now the validity of (2). By the results of problem 149 (b), 
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that is, 


But now, by (2), we have 


(n+ Di=4+ Dn! <G@ tn (2) 


at l\" gre 
= (=== pa Ae a 
(1 + i( ) Ge 
n+l n+l 
fi (1 + -) . 


that is, the analogous inequality, in which x is replaced by +1, 
will hold. Since inequality (2) holds for » = 7, it follows by mathe- 
matical induction that it will hold for all x exceeding 6. This com- 
pletes the proof. 





151. We note that in the sum 
S=xt+ xt xt tee tet), 


if x > 1, then the first term is numerically the greatest, but if x<1, 

then the last term is greatest. It follows that 
(kR+1)x*>S>k+1, if x>1; 
(R+1)x*<S<k+1,if x<1. 


If both sides of these inequalities are multiplied by x—1, it is found 
that for x #1 


(k + 1)x"(x—1) > x1 -—1>(R4+1)(«-1)). 
Dp 


I then we find 





Assume now that x = 


(e+ Vp | ph —(p — DH + 1)(p — 1) 
CI Ga (p~— 


pred 


Analogously, if we assume that x = , we obtain 
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(R+1)(p+1¥ — (pt dt! — pH! is (k + 1)p* 
pet > pt pet 


It follows that 


(p + 1)*t! — ptt} > (k + 1)p* > pet z. (p mes 1)#} ; 


or, letting p successively have the values 1, 2,3, ---, 7: 
Qk+i aa jet > (k + 1)1* > yer = 0 ; 

Bet ot: Dt > (k + 1)2* > Det ar, yet ; 
Akt = Bett > (k + 1)3* > Beri ears Qkt1 ; 


(n + 1k! — kth > (Rk + 1)nt > nt) — (nm — 1)! 


If these inequalities are added together, the following inequalities 


result: 
(w+ 1¥*!'}-1> (R+1)(1% + 2 4+ 34 4---- +n) > net, 


or, dividing through these inequalities by +1 


1 re 1 1 k+1 
eee) See ea” 








n 
nere . 





So Lea OF + oF ae seep ne S 
k+1 


This is essentially the set of inequalities sought 


152. (a) First, it is readily seen that 























1 1 1 ] 1 1 1 
Pe wae a Dg ont > ton 2” 
—__-—o—- 
n times 
But also 
1 1 1 1 1 1 1 
peace ae ae xl(++s) 
1 1 1 1 
rte) (s rer a ia +(5-+ n 
3n | 
2n? 


an? + 2(n — 2) 





af, area 
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<3[2 gs +o | 
2 1 2n? 2n? on? 
(2 + 1) times 





1 
=o lo aan ee 


which proves the assertions of the problem. 
(b) It is first noted that 
1 1 


0° 3n +1 





1 1 1 
= ae Qn on 
It follows that 


1 1 1 11 
: Cte Ga aet) 














n+1 n+ 2 
1 1 1 
Pe ee ee 
n Nn n n n 





Speen aero 
(2n — 1) times 


On the other hand, we have 
































Bete oe Ged =4/( tie. ) 
n+1léoen+2 3n +1 2/[\n4+1 ° 3n41 
1 1 1 1 1 1 )| 
+(—-5+a,)+(sSytgen)t Creag ee 
1 4n+2 4n +2 


+ 


-sla +1)?—n? | (2n +1)? —(n — 1? 
4n +2 
4n +2 pot ieee 


(2n + 1)? — (n — 2)? (2n + 1)? -— nn? 


lf 4n+2 4n+ 2 uate 
2 lx +1 tt @nt 1?  TQ@n+D? 


(2n + 1) times 


1 4n4+2 
= =] 
2 cen Yen + 1)? 


153. (a) We first prove that 


a —— 1 — ere) 
2Vn + 1-20 < He < 2 n— 2Vn—-1 . 


We write 
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=e — _ Aantl-VaVvnt1t+vVyn) 
1 -—-2V 21 = ooo Ss | 
2 + V aa ae 
2 S 2 pare! 
—Vnt1lt+Vn ~“Vnt+Vvn Van’ 
The second part of the inequality is shown in an analogous manner. 
Now we have 








1 1 1 > > 


+ (44 —-V3)4-:- + (1,000,001 — 11,000,000) | 
=142(7’1,000,001 —Y2)>2-100-VY8 +1 
> 2000 -3 + 1= 1998. 


Analogously, 
ee nae ea 
5 ae eas V 1,000,000 


+(V¥3 —~-V2)4+--- + V1,000,000 — 1/999,999)] 
= 1+ 2(1/1,000,000 — 1) =1+4 2-999 = 1999 . 


Consequently, the integral part of the sum 


1 1 1 
lt Trtyst  +771000,000 
is equal to 1998. 
(b) A technique similar to that used in problem (a) yields 


1 1 1 
710,000 ' 1/10,001’  * 11,000,000 


> 2[(1/10,001 — 110,000) + (1/10,002 — 110,001) 
+--+ + (V1,000,001 — 11,000,000) 
= 2(1/1,000,001 — 71/10,000) > 2(1000 — 100) = 1800 
and 


1 1 1 
10,000 ' 710,001 ~~ 1,000,000 


< 2[(1/10,000 — 1/9999 ) + (110,001 — 1/10,000 
+--+ + 71,000,000 — 1/999,999)] 
= 2(1/1,000,000 — 7/9999 ) 
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= 2000 — 1/39,996 < 2000 — 199.98 = 1800.02 . 
Therefore, the sum 


1 1 1 
10,000 110,001’ * 71,000,000 


is equal to, with precision to within 0.02, the number 1800. 


154. We note, by comparing the two equations 


and 


that for every natural number x 


3 z 
(Fee ese 
3) #On n 





2/3 
From this we obtain 1 += . = > (1 + -) ; multiplication by 7? 
yields 
23 + Sn > (n + 1)7/8 : 
and finally, 
1 3. yo 3/—} 
Ta? glVvasty — Vn’). 


Analogously, 


(since — = & > = =-+ +2 0) , from which it follows 
that 
2/3 
ey, 
n n 


wr oo 


47/3) > (n =! 1)/3 ; 
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1 
vn 





3 
ge es 
Now we can write 


1 1 1 
¥4 + ys * + ¥7,000,000 


> SYR YR +(VE- YH 
+ ++» + (41,000,001? — *1,000,000")) 








3 oa = 3 = 
=3 ( 9/1,000,002,000,001 — #16) > 2 10,000 — %/54 
> 15,000 — 4 = 14,996 . 








However, 
oe ee 
¥/ S V/ 1,000,000 
<SUVE — YR) 4+ (YR - YR) 







+ +++ + ( ¥1,000,000? — 4/999,999%)) 
ee 
= + (11, 000,000,000,000 — ¥9) < (10,000 — 2) = 14,997 . 


Thus, the integral part of the sum 
1 1 1 
Yat 75 + 7,000,000 
is equal to 14,996. 
155. (a) It is readily seen that 











i A 1 1 1 1 
10 7 ae?’ Tiq0087? to-m * Tet2 +’ + 3000-1001 
ee cee eee 
~\10° 11 i. ae (so00 7 Tae 
i 24 
= 5 — apg > Ort — 0.001 = 0.099 , 
and, analogously, 
iy aly ee 1 1 
10° 7 1 +’ *yo002 S 9-10 * to-11 * “*’ + 999-1000 


ft Ii Me jee too ees 
= es a) + (4p i) + + (495 - ooo) = 9 ~ 1000 


< 0.112 — 0.001 = 0.111 . 
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1 1 1 7 
C 3%, 2 t 
onsequently, the sum 10? + TE + + 70002’ with precision to 
0.006, is equal to 0.105. 
(b) We note, first, that 
fe. 4. A 1 1 1 
ior * tir * Gar + °° + To001 > Yor = 3,628,800 ~ 9-000000275 . 
But, also 
ae, Ce 1 
io! * ait * Jar t °° + Yooo! 
1/9 wi dU 999 
<otio tintin at 
a eu , Mai, -1, may 
=91 10! i! 12! 1000! 
Ga ee = 1 1 
36 {31 =J0l 10! Tih * ak ot 991 - Tat 
1 1 1 1 1 
-(1_ 1 )e-1 1__ 1 2 9 cqogo0305 
G cor) <9‘ 91=3,265,920 ~ °° 
Therefore, the sum 
MS je fe errs sodas 
io! + HW 1000! ’ 


with precision to 0.00000015, is equal to 0.00000029. 
156. We shall show that the sum 
Lae ee : rar 
2 3 n—1 n 


can be made greater than any given number N. Let N be some 
chosen integer, and take 2 = 2?%. Then 














1 1 1 1 1 1 1 1 
le pepe pe toes a14s+(4+5) 
1 1 1 1 1 1 
TAG. 6 Por ag) reg gary 
1 ] 1 1 1 1 
+ tgeitgy)>rlegtgtyti tp Nel 
2N times 


[every sum in parentheses is greater than + see problem 152 (a)]. 
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Remark: This can also be proved as a consequence of problem 152 (b). 


157. Designate by m, the number of undeleted fractions between 
— and aa including a but not aa If the fraction a ly- 
ing between these two fractions, is one of the undeleted numbers, 
then of the numbers bs 














10g’ 10g +1’ 10g+2’ ’ 10g +8’ 10¢+9 
(al of which lie between Td and om) only the final fraction will 


be deleted when those containing a digit 9 in the denominator are 
crossed out. If as is one of the deleted numbers, then all of the 


additional fractions 09’ Ese eA ai Tara will also be deleted. 
It follows that 
Ne = ONz-1 « 
: : 1 1 1 1 1. 
Since nm, = 8(of the fractions 1,—, —,--- , —, —, only — is deleted), 
2 8° 9 9 
nm =8-9=72; 
Ne, = 8. 9?; 
Ay = 8 - OF 
Now consider, for x < 10"*', the sum 
1 1 1 
Daag cae era 


Add this to the sum 


1 


14 peo +o 
3 10"t! — 1’ 


Z 


after throwing out all those fractions having a digit 9 in the deno- 
minator; 


1 1 1 1 1 
+(sa+ io’ +53) +0 +(s5+ ic +a) 


—— . 
(2 + 1) times 
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1 1 1 1 
<1l-n —-H —-+n vee f+ Ny) $m ON. 
eT eT ae (AT 
If we replace each summation in parentheses by the product of the 
largest term contained therein and the number of terms in those 
parentheses, we obtain 





1-19 + aM + sg ART aes i m=. +o ‘Mn 
9 G2 Qm-1 Qn 
=a(1 + 707 yor TF Tow t io) 
—~g. inert) .g._1  _3.10=280. 
es oe 
10 10 
This verifies the assertion of the problem. 
158. (a) Assume that in the summation ] + ++ ++ wae ++the 
n 
integer 2 is less than 2**'. Consider the summation 
1 1 1 
1+ met 3 3 +:: ‘+ oer ap ; 


and, as in the solution of problem 156, group the terms in the fol- 
lowing manner: 


] 1 1 1 1 1 
1+(G+%)+ +(4 + eet Bet 7) 


1 1 1 1 1 
na +| ap * aie eocumst tea crue) 


+(gtqgtata)t-+[gertoert- aoeehs 

qe’ qe qe ' 4 (24)? * (24? al 

es oe ho oe pees Sia C1) ee ee 

Aras Ege Ok 1 =2 DES 2, 
eS: 


This verifies the assertion of the problem. 
Remark: It is possible to show, by similar techniques, that if @ is any 
number exceeding 1, then for any natural number n 
1 1 1 2% =. 
1 1% ie 2 Be +. se Soe: as 


This sum is bounded, and its bound is independent of »; that is, n can be 


258 Evaluating Sums and Products 


arbitrarily large. Problem 156 showed, on the other hand, that if a <1, the 


1 ] 1 . 
sum 1 -+ — -+- — +}. --- -- — can be made as large as we wish by taking n large 
Qa 3a n® 
enough. 


(b) It is readily seen that 


1 1 1 1 1 
gt get get pet tye 
SO) pe ee 
12 4 2:3 3-4 4-5 (n —1)n 
se elt) om 
L298" 34 (n—1)n) 4° 
However, by problem 132 (a), we have 
1 1 1 1 I 
Too go O40 Gein OR 
and, consequently, 
1 1 1 1 3 
lt atatgtity<it(-F)=1g. 


which proves the assertion of the problem. 


159. we shall show, first, that 





a sea 1 Is eh 1 
<(1 + ptt tal(at stot +R 


1 1 1 
ee ria aa +a) 

where & is an integer such that 2* <n < 2*+!, and p, is the greatest 

prime not exceeding n. For this investigation we consider the va- 

rious factors in parentheses of the right member of the inequality. 

Since every positive integer m from 1 to » can be written as the 

product of powers of primes 1, 3,5, ---,f:, we may write 


m = 2% - 3%. 503... pie ; 


where all the exponents a, @, --+,a@, are nonnegative integers not 
exceeding k (zero 'exponents being, of course, allowable). We en- 
1 





— as well 


; 1 
counter as terms every fraction 1,—,—,—,°--, F 
y 2 3 4 n—-lan 
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as some additional positive numbers. This means that the right mem- 
ber of the inequality exceeds the left member. 
If we take logarithms of both sides of the inequality, we find 





Mh hte ee 

< log (1+ ++ +a)ltgty+ +35) 
oe ae ae) 
to to )4log(l+y+o+ +35) 

tot log (1+ S++ $a). 


But for any integers k and p 2 2, 





ee | 1\_ 2log3 
log (1+ 54+ 54he--4+3)< oer 


Po PP p* p 
Consequently, we have 

iy fal LS) 1 
Se ee eS 
pp | ar eters cee 
p p 

oy eee ee ee 

pepo pl 








and, clearly, 
2 log 3 log 3 
— 2 > —_.. 
Pp p-1 
Hence we conclude that 


1 2log3  2log3 . 2log3 2 log 3 
— ee — —_—_—— —_— —_—__ 0 
log (1 + + + \< ao ae +S + re 
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Danae eee | 1 
eo ta a Se ee 
og3(5+at+e+ +>). 


If there existed a natural number N such that for every positive 


integer / the sum 1 +P4Ste tieee ee would be less than WN, 


then for all positive integers 7 the following inequality would have 
to hold, 





Is ens A 1 1 
log(l+5t+g+ gto t +) 





n—l n 
< 2lo (p+ tet th)<AW-Dlo 3 
ee aa pi rd 
from which it would follow that 
1 1 1 1 1 
hia ees ae —< POO-VEAN, 
l+t+a+ ot qt Ta ty 1» 


Where NN, is independent of x. But it was shown in problem 156 
that such an JN, does not exist; consequently, no number N can exist 


such that, for all J, [ie ene ete eee tee ro <N. 























2 3 5 Pi 
160. We have 
b-—c c—a a—b- Be— be? + ac? —a’c +.a°b — ab’ 
4 (ee ee eee 
a b Cc abc 
c(a — b) + abla — b) — (ac + be) (a — Bb) 
. abc 
_(a—b\(e? +ab—ac—be) _(a— bd)[e(e — a) — (ce — a)) 
= abc — abc 
Ae= DCH Oe a) Ne = Db Ce =a) 
~ abc i abc , 
: : a b Cc 
We shall now investigate + + . Leta’ =b—-c, 
b-—c c-a a-—b 
b'’=c—a, and c'’=a—b. Then 
b'—c =c-—a-(a-—b=b+c-2a. 
From the condition a+6+c=0, we have 6+ c = —a, from which 
bb—c'=-3a, 
b’ —c! 
a= - 


3 
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In an analogous manner we also obtain 

















c'—a’ 
b=- 3 . 
eee ee 
C= 3 . 
It follows that 
a b Cc 1/b'-c'  c'—-a a'—b! 
eet sa te -F( a aed a ) 
Using the above formula, we obtain 
a b ee ee CO Te  | 
hae =a oe al a'b'c!' 
<A, = 36)(= 3a) (—38) ahaa tee ee 
~ 3 (b—c(e—a\(a—b) (a — b)(b—c)(c — a)" 


Consequently, if a+6+c=0, then 


b-—c c—a a-—b a b Cc 
(= ¥, b ¥ Cc \gtetetrs) 


~ i ae =e "a= Te we = 3 ee 


161. We have 
0O=(at+tb+eo%=@824+804 3 + 3a%b + 3a’ 
+ 36?a + 36%c + 3c?a + 3c?b + babe 


=a+ 63+ c3 + 3ab(a + b) + 3ac(a +c) + 3bc(b +c) + 6abc 
=a+3+ c} — 3abc — 3abc — 3abc + 6abc 

















=@+6)+c— 8abe. 
It follows that a° + 5° + c* =3abc, which is what we set out to 
prove. 
162. (a) First Solution. We have 
a+ 634+ 33 — 3abe 
= a + 3abla + b) + B® + c? — 3abe — 3abla + b) 
= ai + 3a’b + 3ab? + B® + ce? — 3ab(ec +a +b) 
=(a+ 6+ c?—3abla +640) 
= [(@ + 5) + c)[(@ + bP — (a + ble + c?] — 3aWla +b +c) 
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=(a+6b+c)[(a@+6)?—(@t+bjc+ c? — 3ad] 
=(a@+6+4+c)(@ + 2ab + B? — ac — bc + Cc — 3ab) 
=(a+b+o(?et4+84+c? —ab—ac-— be). 

Second Solution. If in problem 161 we substitute x for a, we have 
e+ 54 ¢—- 3xbc = 0, if x+b+c¢=0. Consequently, the equation 
x? — 3bcx + 63+ c* =0 has a root x = —b—c, from which it follows 
that the polynomial x? — 3bcx + 6° +c? is divisible by x — (—b —c) = 
x+6+c. If in this result we resubstitute @ for x, we find that 
a+ 6? + c? — 3abc is divisible by a+6+c. Ordinary division pro- 
duces the other factor: 

@+64+ cc -— 8abe=(a+b4+ ce (784+ 8+ c? — ab —ac— be). 

(b) First solution. We have 

[(@+6+4+c) — a] — (6 +c’) 

=[(at+tb+c-al[{@atbobt+crt+a@atb+or+a 
— (b+ c)(6? — be + c?) 

=(b+cH[l@+b +0? —6] + ale + oc) 
+ (ab + bc) + (a? — c?)} 

=(6+ c{l@+b+c)—b][(@+b+¢4+b]+aa+oc) 
+ ba+c)+(a+t+c)(a —c)} 

=(b+c)(atco(at+b+c+b+at+b+a-c) 


=3+c)(a+c)(at+d). 


Second Solution. Substitute, in the given expression, x for a: 
Gb ey He = b= et. 


If x= — 6, the expression vanishes; consequently, the equation 
(x+6+c) — x8 — 6} —c?=0 has asa root x = — 8, and so (x+b4+c}?— 
x’ — b' — c® is divisible by x+ ). Resubstituting a for x, we can 
conclude that (a4 + b+ c)} — a — 68 — ¢? is divisible by a+b. 

It is similarly shown that (a + b + c)? — a — b' — ¢ is also divisi- 
ble by a@a+c and by b+c. We can write (since the three factors 
are clearly relatively prime) 


(atbt+tc¥-—-@-BH-—C=kat+b(atcobt+c). 


In order to determine the factor k, it suffices to equate, in this 
equality, the coefficients of any like term from each side: for example, 
the coefficient of a2b. If we set a=0,b=c=1, then we find k=3. 
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163. In problem 162 (a) we found that (a? +?-+7?—a@w8—ay-— fr) x 
(a+tB+r)=a82°+ 64+ 73 -—3a8r. For a,f8, and 7 we substitute 
Ya, ¥b, and ¥/c, respectively; we then have 
(Ya + ¥o+tr Yeo Vest YR + Vo -— Yao 
— Yac — Ybe)=at+b+ce—3 Vabe . 
It follows that 


Va+¥b+¥e at+b+c—3 ¥VYabe . 


Now it is not difficult to eliminate the radical from the denomina- 
tor of the fraction on the right: 


ol Vt Vt Vt — Vad — Vac — Voc 
Yat ¥b+ Ve (a+6+c) — 27abc 
x[@t+to4+cr%+3atb+o) Yabe +9 Vee). 


164. We saw in problem 162 (b) that (@a+b4+ci—a-8-@ 
differs from the product (a + 6)(a + c)(6 +c) only by a constant fac- 
tor; hence it suffices to show that 

(a + b + c)3333 2, 3333 a 3333 2, 3333 


is divisible by a+b,a+c, and 6+ c. But this can be shown by 
exactly the same proof used in problem 162 (b). 





165. We have 
(a?—-1_ a1 
10 S = Eee ee 
a’+ta De eer a ra 
(a3)s — 1 _@—-lya"*+a+a+a4+1) 


“@—-ljlat+at+at+atl (@-Y)@t+aet+et+atl 
_(@+artijyar-+e+a+a +) 
GPa a ga ; 
But division yields 
Got eet et aaa + at—atta—atl. 
Consequently, 
a+aé4+1=(@4+atlid-adt+a—-a-@+a—at+l). 


166. First Solution. Designate the dividend polynomial by B and 
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the divisor by A. Then 
B— A = (x99 — x9) (8888 — x8) 4 (x77? — xt) 4 (8808 — x6) 
soi © Scie eat, St oad Sd yl ©, Sed) 
fe (2222 — 2) 4 (xt! — x) 
= x9[()0 — 1] + xO[Cerym — 1] + xe" — 1] 
+ x8 (e966 — 1) + a(x! — 1] + tI — 1] 
+ x8 (1p — 1) + xtf(atyee® — 1] + xf — 1], 

Each difference in parentheses is divisible by x'!°—1, and so by 
A=*~—*. Therefore, B — A is divisible by A, which means that 
B must be divisible by A. 

Second Solution. We have 


er ke ee a a ee ae ce a a ee ae ee 








_ = 1 @ HV = a) @ — a) (% = as) «+ (X = Gs) 
ge J x—1 
= (X — a)(K — a2) +++ (4 — a), 
2k . 2k : 
where a, = Cos 70 +7 sinto (k = 1,2, --- , 9), since the roots of the 


equation x!° — 1=0, (that is, the ten tenth-roots of unity are of this 
form (see the discussion of Section 9, Complex Numbers, preceding 
the statement of problem 222). Consequently, in order to prove the 
assertion of the problem, it suffices to verify that 


969999 + 78888 + gt + 78666 + 93555 + geitsd 
+ 463333 + 2222 + gill + 1] 


is divisible by each of the factors (x — a), (x — a2), -++,(x — a). 
This, however, is equivalent to the assertion that 


69999 + 78888 + , aaea + 578666 + 99555 + 5 ani 


+ 93333 + 2222 + gil + l — 0 (1) 
has as roots @,d@2,d3,°°*,@). We shall verify that these are roots 
of equation (1). Since aj’ = 1(k = 1, 2,3, --- ,9), it follows that 

a = ape? = (ai y999qh = _ = ai; 
gk = gre (ai?)*8q’ = = a’: etc. 


9999 6888 T777 6666 5555 4444 3333 2222 1111 
Qe +ade t+ay +a, tae tan” +ae tay” +a,e> +1 


=~atatatat+adtatat+at+a+1=0 
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167. We shall find two numbers a and 6 to satisfy the equation 
e+ pxrtg=x2+a°+ Bb — 3abx. 


To do this, we must solve for a and b the following two equations 
in two unknowns: 


a+b =4, ab= — 


ws 


or, equivalently, 
pb 
a+ =a, C= =). 


Now, it is easily verified that a* and 5° are roots of the quadratic 


equation 2? — qz — f= = 0, and, consequently, we will havet 


ants 15 /f,2 bay) Cae. (ere = (1) 


Now, in view of the result of problem 162 (a), we have 
P+ pxtqgax+a+ B — 3abx 
=(atb+nyC+0 4+ x? —ab—ax— bx). 


Therefore, the solution of the cubic equation reduces to the solution 
of the first-degree equation 

a+b+x=0, 
from which we obtain 


x,=—-—a-—b, 


0 ETRE VETERE 


t Formulas (1) are obtained from the ae ee a roots of a quad- 


or, 


ratic equation. The roots are real ater + E => 0; if £ es = < 0, then we will 
be involved with the cube roots of ane Sieber and a and 6 will be 
imaginary numbers. They may be found using the formula developed at the 
beginning of Section 9, which enables us to find the mth root of a complex 
number. For each of the three cube roots a, obtained from the number 


2 
e + /* 4: z , the corresponding 6 can be obtained from the relation ab = 
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and the quadratic equation 
x —-—(at+bxe+a+h—ab=0, 
from which it follows that 


a+b (a—-bvV3 ; 
es 2 Bs 


at) _@-bV3; 
2 2 


xX. = 
x3 = 


where a and b are determined by formula (1). 


168. First Solution. We designate a +x by vy, thereby obtaining 
a system of two equations: 


Vatx =y, Va-—v =x. 
We square these equations to obtain 
a+x=vy", a-y=x. 
If the second equation is subtracted from the first, the result is 


A Sy 
or, 
e—-vwP+xetye(xty(x-yt)D)=0. 


Two possibilities arise. First, 





x+y=0; 
then y = — x and x* — x —a = 0, which yields 
=iy/ I 
x12 = ie acer 
Or, 
x-—y+1=0; 


then y=x+1 and x? +%+1-—a=0, from which we obtain 


These possibilities for the roots of the given equation must be 
tested in order to eliminate any extraneous roots. 


Remark: If only positive roots are considered, it may be readily ascertained 





: : : 1 : 
that the equation will have the single root x3 = ae + je a5 > provided al, 
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but will not have a root for a < 1. 


Second Solution. We clear the radicals from the equation in the 
usual way: 


a—-Vatx=2x, 
(a—xyY=atx, 
x'— 2ar*—x+a@a—a=0. 
We now have an equation of degree 4. However, this equation is 


quadratic in the letter a@; we shall use the device of solving for a in 
terms of x: 


@—(@e+Detnt*—-x=0, 
_ 2x? + lt V4xt + 4x? + 1 Axt + 4x 


G 2 
_ tele V4 + 4e4¢ 1 _ ee tht Cx t+) 
2 2 ? 
Q=xe+x+1, Q2=x—-—x. 
The equation 
a — (204+ Yat xt+—x=0 
has the two roots 
a=xr+ x+1, Q,=x—-—xX, 


and so we can write 
a — (247+ Dat x*-— x =(a—a)(a-— a.) 
San =a Ila =a eo) 
Therefore, we can write the quartic equation in the form 
(e@—x-—al(et+x—-a+)H)=0. 
This is readily solved to yield 


1.2 2 — oe a -y4 4’ 
Ponta Soles ot a i 3 
at a. as ae oe on . 


169. First Solution. Let 
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Then the equation takes on the form 
you. 


We express x in terms of y,; calculation yields 
= yi + 2ay, + 2 
x= NM ay, 16° 


We note that x is expressed in terms of y, by a quadratic formula 
having exactly the same coefficients as that giving y in terms of x. 
It follows that if we graph the functions 


1 
—_— 2 soe 
y=x?4+ 2axt+ 16 


1 
Mi afa+x—e, 


then the two graphs (parabolas) will be symmetrical with respect to 
the line bisecting the first quadrant (See Figure 10; every point x= 
Xo, ¥ =%¥ of the first curve has an image point x = yo, ¥1 = % on the 





y?+lay+ if =f 


Figure 10 


second curve). The points of intersection of these two curves have 
x-coordinates for which y = y,; these coordinates yield the roots of 
the equation. These points must lie on the axis of symmetry of the 
two curves, satisfying the conditions 
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YrHxuEH).. 


If we solve the equation y = x, that is, 


1 
2 ee. Sone 
x + 2ax + 76 x, 


we obtain 








ka 1—2a\? 1 
Ni2 = 5) =7/( 5 \ 35 P 


It is left to the reader to convince himself that for 0<a< + 


both these roots are real and satisfy the given equation. 
Second Solution. The problem can be solved in a more conventional 
way. If we clear radicals in the usual manner, we obtain 


(8 +20x+ +3) = Fite — 
2 a 16 =a x 16’ 


or, upon expansion and the collection of terms, 


x4 + 4ax' + (4a! + 20+)! + (4! + fa — 1)s 


The left member of this equation can be grouped and factored as 
follows: 


1 
4 3 —— +2 
[« + (2a — 1)x3 + a | 


8 * 16 
WY 2 4 _ if) ( 
+| (20+ af). + (4a + 8 16 x+ 


=[# + (2a — 1)x +36” + (2a + 1)x + (20 +) é 


+ | (2a + 1x) + (4a? —1)x? + & : )x 


This yields the solutions 


1 
2 ca a 
x? + (2a xt r6 0, 


; =15%2/454)-4: 
Bene Se a = 2 16’ 
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+ QatVx+2ati2=0, 
1 + 2a ez 17 
= = ooo HE —_—_— —= —_— . 
ie a ( 2 ) = 16 


If 0<a< > the first two roots are real and satisfy the initial 


equation; the last two roots are complex numbers. 


170. (a) To yield a real number for the left member, for real 
values of x, the expressions under the radicals in the left member 
must all be positive. Let us designate these radicands, respectively, 
starting from the innermost one (from 3x), by yi, v3, --+, Ye-1, Ya; We 
then have 


3x =x+ 2x = yi 


x+2y=92, 
ea 2y5-= 90; 
+ Qi = nas 
5 2Vn-1 = ve ‘ 
where all the numbers y,, ye, -++, ¥n are real and positive. The initial 


equation takes on the form, in the new designation, 
Yan =X. 


We shall now prove that y,= x. Assume that x>~¥y,. Then a 
comparison of the first and second equations shown above will indicate 
that y; > ye. Similarly, the second and third equations will imply 
that y. > ys; we can continue, in a similar manner, to find 


Ya > Ve > tt > Vn-1 > In. 


Hence if x > ¥,, then x > 4,, which contradicts the equation y, = x. 
The assumption x < y, will lead, by analogous reasoning, to a similar 
contradiction. Hence we must have y, = x. 

Since yj = 3x, it follows that 


3x = x’, 
and so we may set down two possible values for x: 
X= 3 , a2 = 0. 


Both values satisfy the given equation. 
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Remark: We can use another technique to solve this equation. We write 
it as 


Wet QW etl a t+ lat le (1) 





n radicals 
If we replace the final x of the left member by the entire expression for x as 
given by (J), we have 


t= Wet Qe + 2a 4 + Oye Oe 
a 


2n radicals 
If we again repeat this substitution, we obtain new equations of the same form, 
except that we have, successively, 3n,4n,--- radical signs. Thus we arrive 


at 


t= xe + 2/E 4 37g 4 .-- 


= lin VF WET TE (2) 
It follows that 
hae se ae ae ae 


= Wat Ua +2 ably gp aM et oe (3) 


which yields x = +32, x2 = 32; consequently, x; = 0,22 = 3. This shows that 
the roots of equation (1) do not depend upon » [since the roots of (2) are in- 
dependent of 7]. 

The reasoning used here cannot be considered a legitimate solution to the 
problem, inasmuch as the existence of the limit shown in (2) has not been es- 
tablished and hence cannot be legitimately employed for (3). However, the 
reasoning can be rigorously justified by a more advanced discussion, which is 
not undertaken here. 


(b) We make successive simplifications of the fraction in the 
left member: 











ae ees 
x x 
ie V5 eae a 
ee ee x+1’ 
Bs 
Cae Bx +2 | 
MP Oeel foe EE ord? 
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We finally arrive at an equation of form 


ax+b_ 
ex+d ~’ 


where a,b,c, and d are some integers (depending upon »). This 
equation is in fact a quadratic equation x(cx + d) = ax+), which 
implies that the given equation can have at most two roots and hence 
cannot be an identity (since then al] values of x would satisfy it; in 
particular x = 0 fails to satisfy the equation). 

Without an assignment of value for ~ we apparently cannot de- 
termine these roots. However, let us assume that 


eee 
x 


The successive simplifications of the fraction yield 


Loe SS % 5 


RR RIP 


and we finally arrive at the identity x = x. Hence, under the assump- 


tion, the roots of 1+ = =x, or x*> —x—1=0, that is, 


eee a 


, 


Xe 


_1-vV5 
2 ’ 

satisfy the given equation. Since the equation has at most two roots, 

and we have found two roots for it, these represent the complete 

solution of the problem. 


Remark. We display still another method for solving the equation [compare 
this with the remark following the solution of problem (a). 

We substitute for the final « shown in the ‘‘multi-storied’’ fraction’ its 
expression as given by the equation itself. We then have an equation of pre- 
cisely the same form, except with 2n fractional designations.tt ' Continuation 
of the process leads finally to our writing 


+ Continued fraction is the terminology usually used for this concept [Editor]. 
tt Literally, ‘‘twice as many stories’ [Editor]. 


Solutions (17 1) 273 

















The fraction bar is 
repeated N times 


where on the left we have an infinite continued fraction. 

















This yields 
1 1 1 
r=—_—_ 7” => ir ces ae — , 
14+—_, 1+] ‘ band 
ee wee 1+7>— 
1+. 1+. 


that is, we obtain the quadratic in x, 


il 
lta’ 





x 


which we assumed in the first solution of this problem. This proof now shows 
that the solution of the equation does not actually depend upon n (a fact we 
might have adduced at the conclusion of the previous solution). 

The reasoning here is not rigorous, inasmuch as the existence of the limit 
of which we made use has not been proved. However, a rigorous proof can 
be given by more advanced mathematics. 


171. We have 
x+3-4/%x—-1l=x-1-4Vx-1 +4 
(Vx—1)?-—4Vx—-1 +4=(Vvx—-1 — 2) 


| 


and, analogously, 
x+8-6/Yx—1 =x-1-6/Yx—1 +9 
=(Vx-1 —3). 
Hence, the equation can be written in the form 
(V0/e—-1— 22 + V(x —-1 3)? = 1 


or, since it has been specified that only positive roots are to be con- 
sidered 
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I\Yx—1 —2|+|Vx—-1—-—3|=1, 


where | y| means the positive numerical value of y. 

We consider the several possibilities. 

First, if Y’x —1—2=0and Vx —1—320, that is, if Wx — 123, 
x—-129,x210, then |/x—1-2|=Vx—1-2,|Vx—1-—3|= 
Vx«x-—1-—3, and the equation takes on the form 


Wee lS! 4 eT — SEH 


Hence, 
2V¥x—1=6 
x-1=9, 
x=10. 


If Vx—1—220 and VWx—1-3S80, that is, if Wx-122,x*2 
5, but 14x —1<3,x <10, then | Wx—1—2| =V x—1-2, |Vx—-—1- 
3|=—-Vx-—1 +3, and the equation becomes the identity 


Wee 2S eH ee St 


Therefore, the equation is satisfied by @// values of x between x=5 
and x = 10. 

If Vx—-1—-2<50,Vx—1—3 <0, that is, if VWx—-1S2,x% <5, 
then |Vx—1-—2|= —-Vx—142,|\Vxe—1T-3|=—-Vae—-1+43, 
and the equation becomes 


—Vx—14+2-Vx-14+3=1. 
It follows that 


2/x—1=4 
x—-1=4, 
x=5. 


The case Y’x —1—250,x—1—320, is impossible. 
In summary, all values of x between 5 and 10, inclusive, that is, 
5 <x <= 10, are solutions of the given equation. 


172. We shall first look for the real roots lying in the interval 2 
to oo, then in the interval 1 to 2, then 0 to 1, then —1 to 0, and 
finally —oco to —1. 

Letx22. Thenx+1>0,x*>0,x-—1>0,x —2 = 0; hence |x+1/= 
xt 1,jx|=*,|x-1|=x-—-1;|x*-—2|=x*-—2, and we have the 
equation 
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x+l—x4+ 34-1) —2%*¢-2=x42, 


which is an identity. 

Accordingly, all real numbers greater than 2, and 2 itself, are 
roots of the given equation. 

Let lSx<2. Then x«+1>0,x>0,x-—120, and x-—2 <0, 
which implies 


jxt1ll|=x41, 
(|S 

jx—-ll=x-1, 

}x—2|=-—(x- 2). 


We obtain, for this case, the equation 
xt+1]l—x4+3(4-14+2%-2)=%*42. 


This yields 4x = 8, or x = 2. This value lies in the interval pre- 
viously considered. Consequently, there is no additional root found 
between 1 and 2 for the given equation. 

LetOSx<1. Then|x+1|/=%x*+1,|x|=4%,|x-1]=—-—(—-)), 
and |x —2| = —(x— 2). We have 

x+t1l—x-—3(x-1)4+ 2xe—-—2)=x«42. 


This yields x = —1, but since this lies outside the interval which 
we used to set up the equation, it must be discarded. 

There exists no additional root for the equation in the interval 
Osx«< 1. 

Let —-1<2x%<0. Then |x+1)]=2x+4+1,|x|=-x,|x-—1|= 
—(x— 1), and |x—2|= —(x-— 2). We have 


xtltx-—-3%-14+2e4-2)=%*42. 


This equation is contradictory; hence there are no roots between —1 
and 0, inclusive. 


Finally, let x < —1. Then|x+1] = —-(«+1),|x«| = -—x,|x-ll= 
—(x—1), and |x —2|= —(x— 2); We have 
—(x+1)+%«-—3(e-1)4+ 2%*-2)=%x4+2, 
x=-2., 
We obtain the root x = —2 from this interval. Therefore, the equa- 


tion is satisfied by —2, by 2, and by all real numbers exceeding 2. 


Remark: The results obtained for this problem become vividly clear if we 
graph the function 
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y=|x2+1|—|2|+3|2-—1|-2|2-2|]—-(@42). 


Figure 11 shows in light lines the functions y: =|2+1], y2= —|2]|,y¥3 = 
3|2—1|,y,= —2|2—2|, and ys = —(2 + 2), and in heavy lines the function 
y=yity2+ ys t+ ys + ys (by ‘composition’ of graphs). It is clear from the 
figure that y crosses the axis at x = — 2 and at x = +2, and thereafter remains 
on the x axis for x > 2. 





Figure 11 


173. From the first equation of the given system we see that 
2 = x, yHurx. 
If we substitute for y? in the second equation, we obtain 
CS ay are 1 3 Gd) 


which, as a quadratic equation, in general yields two possible values 
for x. Since each value of x can be associated with two values of 
y, the system will have at most four solutions; This will reduce to 
at most three solutions if one of the values of x is zero, since this 
value will go with only one companion value for y, that is, y = 0. 
If we substitute x = 0 into equation (1) we obtain 


a=, a=zH#l. 


The system can, and will, have precisely three solutions only for 
these values of a. 
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The number of solutions of the system reduces to two if the quadra- 
tic equation involving x has only one solution (a ‘‘double root’’). 
The quadratic equation 

(Ee AFb eS 1, 
or, 
2x* — 2ax+a?—1=0 


will have one root if and only if the discriminant (B*? — 4AC) vani- 
shes; that is, if 
@—~Aa—-—1l=0, 


or, a =2; that is, a=+V 2. 


174. (a) Formal solution of the system yields 





ee ee 
me ee be 
Pr eeee sre Sane 
ef a—l 


If a+1+0 and a—1+0, then the system has the single solution 
@tat1 
at+l ’ 
—a 
a+l° 





y= 


If @=—1, or if @= +1, then the formulas are meaningless; in the 
first instance we arrive at the system 


—x+y=1, 
x-y=l1, 
which is a contradictory system. In the second instance we have 
x+y=l1, 
C +y=1, 


which has an infinite number of solutions (for example, for x arbit- 
rary, y= 1-—~x.). 
(b) Solution of the system yields 


goer 
— @—l ’ 
-a+a 

5 era 


a—l 
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Here, if a? — 1 #0, the system has the single solution x = a’ +1, 
y=-—a. For a= -—1 and a=1, we obtain the systems 
i +y=-l, 
x—-y=l1 
and 
" +y=l1, 


x+ty=l1, 
both of which have an infinite number of solutions. 


(c) We obtain from the first two equations 
and 


pa 2=1—ar 


ayvt+z=a-xX. 


If we consider this as a system of two equations in two unknowns, 
y and z, we obtain 


a—-x—lt+aex (a—1)(14+ 2%) 
y= = , 
a—l a-—l 
ah a) jax 3 Se HD 
= ag aera = —-(l+a)x. 
Hence, if a#1, then y=1+ x and z= —-(1+a)x. If these values 
are substituted into the third equation, we find 


xt+U+xn-alt+ax=a, 


x(2-—a-—a@)=a’?-1 





—x(a+2)\(a-l=a-1. 
Therefore, if a—1+0 and a+2 #0, the system has the single 
solution 
a a—) | 
(a+2)(a—-1) at+2’ 
_ en: 
LS EPS ep 


=e _ (@+ 1) 
Zz (a+1])x= aw, 
For a =1 and a= —2, we obtain the systems 
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xty+z=1, 

eyed 

¥+v+tz=1 
and 

poe 


x—-2v+z=-2, 
| xty—2z2=4, 


The first of these systems has an infinite number of solutions, and 
the second has no solution (from the first two equations we obtain 
—x— y+ 2z=-1, which is inconsistent with the third equation). 


175. If we subtract the second equation from the first, and the 
sixth from the fifth, and equate the two expressions for x, — x3, we 
obtain 

ai(, — as) = as(a, — @s), 
or, 
(a, — a) (a. — a3) = 0. 


Similarly, if we obtain the two expressions related by x, — x, and 
also by x, — x:, we find two more relationships: 


(a, — a2)(@3 — ay) = 0, 
(@, — Gy) (a, — a)=0. 


The first of these three relationships implies that either a, = a, 
OY @, = a; (possibly both). Let us suppose that a, =a; =a, Then, 
from the second relationship, a, = a orelse a,= a. Either of these 
possibilities makes the third equation an identity. Hence, for the 
system to be consistent, it is necessary that three of the four quanti- 
ties a@,, @2, a3, a, be equal. 

Suppose now that a, =a,=a;—=a and that a,=f8. Recalling 
those expressions for the differences x, — x2, x, — x3, X.— Xs, With 
the aid of which we obtained the relationships just exploited between 
@, @, A, and a@,, we find that 


ae A ae 
Designating x, = x, =x; by x, and x, by vy, we find that the six 
equations in four unknowns reduces to two equations in two un- 
knowns: 
2x =a’, 
x+y=aB, 
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from which we find that 


5 incense 


2 


y=a(6-4). 


Remark: Analogous reasoning shows that the more general system 


U1 t+ Bet ses t+ Umi t Lin = O12 +++ Am-1Am , 
D1 + Got +++ + Bm-1 + Gmgi = M12 °+* Am-1Ams1, 
serbia Gina ay M2d u's, SAG baard, 0 dy Rcanate sav ear Siibcan a: 4 Gal ay W ehny OLaNE a Somer odes ; 
Intm—-1 + Pn¢m—-2 bet + n-1 + Ln = Antm-19n+m-2°'* An-1% , 


consisting of C; equations in n unknowns (n > m + 1), will be solvable only 
in the following two cases: 





a = a2 +++ = an-1 =a, An = B; 
here, 
a® n—-1 
1 = Me = +--+ = 8n-1=>—, te = a®-1(p — a). 
n n 
n—m-+1, or more, of the quantities a1, a2,--+,a@, are zero (here, x1 = 42 = 
_=2k%n = 0). 


176. From the first of the given equations, 
x=2-—y. 
Upon substitution into the second, we obtain 
2s fac skeet ee ae 
or 
2+ y—2y+1=0, 
or 
2+ y-1?=0. 


Each of the two terms of the last equation is nonnegative, hence 
both must vanish. Hence z = 0 and y = 1, which implies x = 1. 
Therefore, the system has precisely one real solution. 


177. (a) First we note that if x) is a root of the given equation, 
then —x» is also a root. Consequently, there are as many negative 
roots as there are positive roots. Moreover, the number 0 is clearly 
a root of the equation. It suffices then to find how many positive 


roots there are. Now if aa =sinx, then 
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|x| = 100|sinx| < 100-1 = 100, 


and so no root can exceed 100 in absolute value. 

Let us partition the x-axis from 0 to 100 into segments each of 
length 27 (except for the final segment, which will be shorter); we 
shall examine each interval separately to find the roots in it. (See 
Figure 12). 


y 





100 
. (len z 
Figure 12 


There exists one positive root in the interval from 0 to 27; in 
each of the following intervals (excluding the final one) there 
are two positive roots. To find how many roots may be contri- 


buted by the final interval, we examine it separately. Now, 100 is 
a number between 15 and 16 Gas a eee 2n; A — 6.25 <2m1) 


consequently, we have 15 segments each of length 27 and one final 
segment of length 100 —15-27 >5 >. This final segment is long 
enough to contain the complete upper half of the sinusoidal period, 
and hence it also contributes two roots. 

Therefore, in all we have 1+ 14-2 + 2 = 31 positive roots for the 
given equation, an equal number of negative roots, and, in addition, 
the root 0; therefore, the equation has 63 roots. 

(b) The solution is quite similar to that of problem (a). First, 
if sin x = log x, then x S$ 10 (inasmuch as sinx $1). Since 2-22>10, 
the interval on the x-axis between x =0 and x= 10 contains one 
complete period of the sine curve plus part of a second period. The 





Figure 13 
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graph of log x intersects the first wave of the sine curve at pre- 
cisely one point (see Figure 13). Further, since 27 + 4 < 10, then 


at the point x = or we have sin x =1>logx, which means that 


the graph of log x intersects the first half of the second positive wave 
of sin x. Since, at x = 10, log x =1> sin+x, the graph of log x must 
intersect this second wave another time. Therefore, we conclude 
that the equation sin x = log x has exactly three real roots. 


178. It is readily verified that the proposition of the problem is 
valid for 2 =1 and n = 2: 


x, + x. = 6 
xi t xg = (xX. + xe)? — Qeix, = 6 —2-:1= 34. 
(The sum of the roots of a quadratic equation is equal to the negative 


of the coefficient of x). 
Further, we have 


ay xg = (tn Hoe) (xt + 0) — xee(at? + 977) 
= 605. baa = 1-Gp ax). 
or 
+a = bat? ee 4 
+ (Gt! + x) — (ot? + 2) (1) 
It follows from this formula, first, that if x?-?+ x3°? and x% 7? + x37? 
are integers, then x; + x7 is also an integer; thus, by mathematical 
induction x1 + x3 is shown to be an integer for all natural numbers 
n. 
Now, let 2 be the least positive integer such that xf + x7 is divi- 
sible by 5. It follows from (J) that, in this case, the difference 
(et) + x9) — Go? 4+ xt) 
is also divisible by 5. But if we replace m in (1) by m —1, we obtain 
at) xa? = St? 4+ x97?) 
+t? + e877) — Ce Ft 5), 
from which it follows that 
xO 4 x = Sat 4 ot 


— [Git +87) = Gt + 
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is also divisible by 5. This contradicts the assumption that ” is the 
least integer such that x)" + x2’ is divisible by 5. Hence we must con- 
clude that there cannot exist a positive integer » such that xf + x? 
is divisible by 5. 


179. Let us say that there are » positive numbers (and hence 


1000 — » negative numbers) among the numbers Q, @2,:-+,@o00. Then, 
in the expansion given, the ‘‘mixed products’’ a;a; of the ” positive 
n(n + 1) 


numbers | there will be of these products | and the mixed 


products of the 1000 — 2 negative numbers [there will be 
(1000 — 22)(1000 — 2 — 1) 
2 


of these products] will be positive terms, and the product of positive 
by negative numbers [there will be (1000 —m) of these] will be 
negative. The condition of the problem requires that 


n(n — 1) i (1000 — 2)(1000 — x — 1) 


9 9 = n(1000 — »), 
or, 
n? — n + (1000 “5 n)? — (1000 — ) = 1000n — n°, 
on? — 2000” + — =0, 
ies 1000 + 1,000,000 — 999,000 _ 1000 + 1/1000 
— —s 2 , 


which is impossible. 

For the analogous problem posed, we obtain by similar reasoning 
the requirement 
_ 10,000 + 10,000 __ 10,000 + 100 


n D) D) 


Here it is possible for the expansion to contain an equal number of 
positive and negative mixed products. For this, it suffices if the 


10,000 + 100 
2 


initial polynomial contains = 5050 positive numbers and 


10,000 — 100 
2 
180. First, we have 
(V2 -I=V2—-1; 
(V2 -1% =3-2V2 =V9-V8. 


= 4950 negative numbers (or vice-versa). 
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The proof will proceed by mathematical induction. Assume that 


(V2 —-D*? = BY 2 —A=V2B°- VA? 
can be put into the form ’“N — /N — 1, that is, that 2B? — A?=1. 
We shall show that (replacing k by k& + 1) 
(VE — it = BID — A! 


also comes into such a form, that is, that 2B’? — A’? =1. We can 
write 


(2 = 1)2%*+1 = C2 11/7 2 — 1)? 
=(BY2 — A)\(3-2VY 2) 
= (3B + 2A) 2 —(4B+ 34); 
consequently, 
B'=3B+2A, 
A’=4B+3A, 
and 
2B" — A? =2(3B + 2A)? — (4B + 3A) 
= 18B’? + 24AB + 8A? — 16B? — 24AB — 9A? 
=2B. = A= 1; 
which is what we wished to show. 

Therefore, if the number W2 —1)%* =C— DV 2 can be put into 
the form VN —VN—1, then also the number (/ 2 — 1)%*? = 
C’—D'V2 can be expressed in this form. 

The assertion of the problem follows by mathematical induction. 

181. If(A+BYVY3)=C+DV 3, thenC = A? + 3B’, D=2AB, 
and 

(A—-BV3) = A? + 3B?-2ABY3 =C-—DY3. 
Consequently, if 


(A+ BY3) = 99,999 + 111,111 3 , 
then also 
(A—- BY 3)? = 99,999 —111,1113 , 


which is an impossibility inasmuch as the left member of this equa- 
tion is positive and the right member is negative. 


182. Assume that “2 =p+qvV r (p,q, andr rational). If both 
sides are cubed, we obtain 
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2=p'+3pqVr +3pqr+q7rVr , 
or, 
2= pp? + 3¢'r7) + q8P7 + qn r . 

We shall now show that our assumption that Y¥2 =p+qVr 
implies that 3/2 is a rational number. First, if g=0, then 2 = 
Pp is rational. If q #0 and if 3p?+ q*r #0, then from the last of 
the above equations we obtain 


ee 24 3¢?r 
Vr a 
from which we find 
2 — p(p? + 3¢@*r) 
g3p>+qr) ° 
which states that #/2 is rational. If 36? + qr =0, then 


V2=p+q 


gr = —3p?, 
2 = p[p? + 3(—3p?)] = —8f* 
and */2 = —2p is again a rational number. 


It remains to prove that %/2 is not a rational number. If ¥2 


were equal to an irreducible fraction ™ then we would have 2= 
n 


3 
or m3 = 2n*. In this event m° (and hence m) would have to be 


aa 

an even number, and therefore would be divisible by 8. We could 
3 3 

then write 73 = and, since is even, then necessarily »? (and 

therefore ) would have to be even. This contradicts the assump- 


tion that ~~ is irreducible, and the contradiction proves the statement 
n 
of the problem. 


183. (a) Designate 1.00000000004 by a, and 1.00000000002 by 48. 
Then it is readily seen that the two numbers of the problem can be 
l+ea 1+8 


—_—_— ———___—.. Since a > 8, it is clear that 
ltata 1+ e+e . 


written as 














a @ias@' Bp Bp ' 
ae l+a ; 18) = B? 
l+a 1: ( : Joel Be ge tae 
2 2 2 2 
DAO te ae Hoe Oh ee ae 


l+a — l+a 1+f 4.14+8 
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and, finally, 
l+a =1: (24442) 1: (44 )- 1+8 
l+a+a@ ‘\ lta 1+8 / 1+8B+8" 


Therefore, the second number is greater than the first. 


(b) If we designate the two expressions given in the problem 
by A and B, respectively, we obtain 








1 a 
Ap 't+Tya¢@+- +a" 
1 1 
wt a asa 
Sen a oa Sees oi Be es 
a a” a 
1 1 
==14 ‘ 
B a wh dead, yee 
a ee 


It follows that +> = or BDA. 


184. Let X be an arbitrary number. Consider the difference 
(X — a)? — (x — a). We note that 


(X — a — (x — ay = X*— x — 2a(X— x). 
We can now write the difference 
[(X — a, + (X= a) + +++ + (X= a) 
[Ce aa ee ae) Ere Ee eae) | 
= WX? — ot) — 2a +t ae ee da) (X — &). 
If in the right member we substitute Bus ae x, then 
that member will be nonnegative; in fact, we shall have 
[(X — ay)? + (X — ae)? + +++ +(X — an)*] 

= [= a Pe GP a a aa] 

SS N= 2) = 2A X= 5) Se = 2 SAK EO) 

=nX—x?20. 

It follows that the sought-after value of x must be 


Q,+@2+:++: +n 
n 


185. (a) We have, in all, only three essentially different arrange- 
ments insofar as ® is concerned: 
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(1) a, a2, as, Qs: 

O, = (a — a2)? + (@2 — as)? + (as ~— a4)? + (Qa — a)? - 
C2) Gi tes, Ge 

O, = (a, — as)? + (As — G2)? + (dz — as)? + (Qa — Qs)? « 
(3) a1, @e, da, Gs: 

O, = (a, — a2)? + (a2 — ay)? + (Qa — as)? + (Gs — G1)? 
Now, it is readily seen that 

O;, — O, = —2a2d, — 2a,a3 + 2a.a3 + 2a,a, 

2(@2 — 1) (@2 — G4) <0; 
0; — O, = — 2a,a_ — 2aya, + 2ara3 + 2aia, 
2(a3 — @;)(@2 — a4) <0. 


Consequently, the arrangement we seek is 
Q, G2, Ay, Aa. 
(b) First Solution. Consider the expression 

O= (ai, Ge) i Qi a a 2 (ia, da) (i= a:,)° ’ 
where @i,, @i,,°+*, @i, are the given numbers in the required order. 
Consider two of these numbers a;, and Gig, Where a < B. We claim 
that if a;, is greater than (or, respectively, less than) Aig, then @i,_, 
is greater than (or, respectively, less than) dig,,, (We assume 
Wi, = ai,). 

If we assumed the contrary, that is, if 


(Gig = Gigh@ig=) — Gis, ) < 05 


then the permutation which reverses the order @i,, Giz 4.) @iasgs °° *» Vip 
would decrease the value of the sum @, since the difference of the 
new sum 9’ and the initial sum # would then be 


0’ -od=— 2Gig— ip _ 20: ,Gig,, + 24: - lig + 2Aigligs 
= Gig — GighGig_, — Gigy,) - 


This observation enables us to find the full solution of the problem. 
First, since a cyclic permutation of all the given numbers (the permu- 
tation which preserves the relative positions of the numbers—for 
example, writing them ina circle and merely rotating the circle) 
does not change the value of #, we can assume that a;, is the smallest 
of the numbers, that is, z;=1. It is then possible to assume that 
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ai, and a, follow in order of magnitude. In fact, if for example, 
ig < ai, (8 #n), then we would have (a:, — Aig(Gi, — Gigy,) < 9, and 
if dig < ai, (8 #2), then we would have (a:, — dig_,)(@i, — Gig) < 0. 
Since it is possible to change the order of the “links” of the chain 
Gi, Qi,, Zi, ***, Gin, @i, to the reversed order without changing the 
value of 9, we can assume that a, < ai,, 2, = 2, and t = 3. 

Further, we assert that the numbers a;,,a:,_, follow in this order 
in magnitude, within the pattern of the numbers 4ai,, @:,, ai, already 
considered. In fact, if, for example, ai, > dig (B # 1,2;n—1,n), 
then we would have (a;, — dig)(@i, — @ig,,) < 0. But since we have, 
moreover, (@i, — @in_,(@i, — Giz) > 0, it follows that ai, < di,_,, that 
1S, Gi, = @ and Gin_, = Gs. 

It is similarly shown that a;, and ai,_, follow in magnitude after 
Qi, < Gin_, (44 = 6, in-2 = 7), that the numbers a,, and a;,_, follow in 
magnitude after the previously determined a;, < ai,_, (¢s = 8, tn-s = 9), 
and so on. Finally, we can set down the following scheme. 


If m = 2k (even), then 





YE Oe Ba 

ay Qn; 

\da — ds — @y 1+ — Ani KZ 
if m = 2k + 1 (odd), then 

JQ, — Gy — Ag — ++» — Ant 

ay | 

a= a = OS as 


(The schema represents the order of the numbers; for example, for 
even » we have the order aj, G2, G4, Qs, +++, An—2) Any An-1, ***y A1, As, Aa). 

Second Solution. If the order obtained in the first solution could, 
in some manner, have been guessed at, the verification could be 
made by mathematical induction. In fact, for »=4 the proof is 
quite simple [see the solution of problem (a)]. Assume now that for 
some even ” the sum @, in the arrangement given by part (a) for 
the numbers a, < a < --- < Gn is less than the sum @), corresponding 
to any other order. We shall prove that the sum 9,4, corresponding 
to the scheme shown in part (a), as it concerns the 2 + 1 numbers 
GQ, <Q, < +++ <@n < Gnsi, iS less than the sum @}., corresponding to 
any other ordering of the » + 1 numbers. We have 


Ons = 0, —_ (Gn = Qn+1)* + (Anv1 ca On-1)* = (An = Qn-1)" 
2 
= 20n+1 eo 20nOn+1 = 20n-1An+1 oF 20n-1An 


= 2Wdns1 — GaXAari — Ans). 
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On the other hand, if in the order answering to a sum, the 
number a,+; were to stand between two numbers az and ag, and if 
®), answers the array of # numbers obtained from the array of +1 
numbers leading to a sum @4,, by striking out the number ani, then 


Ons = 0}, = (Ge — Ans1)* + (Anti — Gp)? — (Ga — ap)? 
= Qans1 — 2Wdednsi — 2Zapdn+1 + 2Wdoap 
= WAn+1 — AaNAnt1 — Ap) 2 On+1 — Dn . 
Thus, 


On-+1 oa Ona = {O, = 0}) + [(On+1 = On) cas (Oh41 —P 0:.)) Ss 0 


(the first pair of brackets parentheses encloses a nonpositive number 
by the induction hypotheses; the second pair does so by the proof). 
Here, if the sum @},_, differs from 0,4;, then either 0, — 0, <0 (and, 
consequently, 9,1; — Ors; < 0), or (On+1 — On) — (Oh+1 — O4) < O (and, 
consequently, On+; < On.,). The transition from ” to m + 1 is carried 
out in a similar manner for odd x. 

Third Solution. This problem has a less involved geometrical so- 
lution. We represent the numbers a, < a: < a3 < --- <a, by points 
A;, Az, As,:-:, An ON a number axis; we designate the intervals 
AiA2, A2Asa, --*, An-1An, respectively, by di, d.,---,dn-1. Then the 
sum 

O = i. — Gi) Gi — Gn) er Gag > Ga? FAG, aa) 


= A;, Ai, + AiAi,t °° + Ai, Ai, 





is equal to the sum of the squares of interval lengths, or “links” 
A;,Ai,Ai, +++ Ai,-,Ai,Ai, [all of which lie on the one straight line; 
see Figure 14 (a)]. 


Sa eee AA PT SOE OS 
ee e S$ eet 
A, A, A, A, A, As AAA A, As As 
a b 
Figure 14 


Since the closed overlying curve covers the whole segment A, An, 
each of the segments A;,A,1, = d, enters at least twice into its com- 
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position (once in the direction from A, to Ax+: and again in the 
reverse direction). Therefore, regardless of the order in which we 
take the points, the expanded sum # when expressed in terms of the 
lengths d,,d2,---,d,-, must contain all the numbers 2d;; that is, 
2di, 2dz, +++, 2dy.1. Further, let Ay-:Ax=dk-. and AyArii =a be 
two adjacent segments. It is clear that if the link of the overlying 
curve which covers the segment A,A,+, going from A, to Ags 
commences at the point A,, then the link covering this segment in 
the reverse direction cannot terminate at the point A,. Therefore, 
in all cases there must exist a link which simultaneously covers the 
segments A,-,A, and A,Axzs,. It follows that the sum @ must in all 
cases contain all the numbers 2d,-,d,, that is, 2d,d,, 2d2d3,---, 2dn—2dn-1. 

Now we need only note that if the points are ordered as in the 
first solution of this problem, then 








@O = Qdi + 2di +--+ + Qda-y + 2did, + AZdedy + +++ + Wda—odn-1 


[see Figure 14 (b)]. It follows from this, and from what has been 
said above, that the sum @ will be least for this ordering. 


186. (a) First, we may assume that the numbers q@, @:, ---, Qn 
and b,,:,---,6, are all positive, since if some of them are negative 
it is clear that the inequality will be exaggerated. Consider the 
broken line A,)A:A,--- An in Figure 15, where the lengths of the 





Figure 15 


projections of the segments A,A,, AiAz°**> AniAn onto the x-axis 
are denoted by @,4@,--:,a@,, and onto the y-axis by 6, b,, SSeS 
Then, by the Pythagorean theorem, we see that 
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AjyA; = V ait of, 
A,A,2 = Va +d; ’ 


An-1An =v a. pe > 
ApAn = V(Qi $2 + -°) Fan? +O +O +-+> +b), 


from which the inequality given in the problem follows immediately. 
The broken line A,A,A;--- A, can be equal in length to the seg- 


ment A,A, only if it is a straight-line segment. This can occur 


only if - = 7s Se = rae and then we have the equality. 
1 2 n 


(b) Let h be the height of the pyramid; let a, a2, ---,@, be 
the lengths of the sides of the base (a, + a. + --- +a, = P, the base 
perimeter); and let 05,,b:.,---,5, be the lengths of the perpendicu- 
lars from the foot of the altitude (the center of the inscribed circle, 
for a right pyramid) to each of the base sides, respectively, 


(then Fad, + fabs torte + Faby = S, the base area). Now, the 


lateral surface area ¥ of the pyramid is equal to 
1 —— 1 1 ee 
qaVetht+ saVethet+---+7aVn+h. 


However, by part (a), 


25 = (ab + GRE + Va aah + +» + Vaaba + Gaal 
> Vaid + arb, + +++ + Gran)? + Gh + ah +--+ +a,h? 
= VIS FHP, 
The equality here holds only if a,b): @.be: +--+: @nbn = ih: ah: +++: a,h— 
that is, b: = db, =--- =d. 


The statement of the problem follows immediately. 


187. We shall investigate separately the cases for which x is 
even and x is odd. 

The integer n is even. Construct the broken line (Figure 16) con- 
necting points A,, Az, -::, An, Anti, Ants, forming a “step graph,” 
such that the segments A,A;, A2As3, ---, Ans: An+: are of unit length, 
and they are successively perpendicular (as shown in Figure 16, 
where x = 4). On each segment A;Aii, (@ =1,2,---,m +1), or on 
its extension, we place a point B; such that the length of the seg- 
ment B;Ai+: is equal to a; (we shall assume that a@n+, is equal to aj; 
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Figure 16 


that is, Bas, is selected such that Br+:An+2 =a). In doing this, we 
place B; to the left of (or below) the point Ai:, if a; > 0, and to the 
right of (or above) the point Ais, if a; < 0 (in Figure 16, 0 < a, <1, 
0 <a, <1,a; > 1,a, <0). We now connect the points B; to form the 
broken line B,B, +--+ Bai; By the Pythagorean theorem, 


BBs = V BAla + Bis Aba. 
Now, BiAv, = a@:, and Bis: Ais = |1 — aiss|; consequently, 
BiBin = Vai + (1 — aint). 
Hence the sum in which we are interested, 
Vat (l—a) + Vai t+ (l— a) 
+o + Vai. t+ (l— ay + Var + (1 — a)? 


is equal to the length of the broken line BiB, --: Bass. 
It is obvious that the length of the broken line B,B,-+- Bai; is 
not less than the length of the segment B:B,+:. We shall now find 
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the length of this segment. We construct the right triangle B,CBri, 
(Figure 16). Then 


Rr AA 1.A LD ——_—. n 
B,C = A,A3;+ A,As + Pag he Ae Ae ae 3° 
and 


CBris1 = AiA, + Az Ay + -:: + Aaa = 5 


(for A,B, = AnwiBaet = \1 —- a, |). It follows that 


a aa a taphi fap oe 
ByBnat aa V(BiCY +(CBas.)? a v(2) a GG) — a V2 ‘ 





This proves the inequality sought. 

It is not difficult now to determine when the equality holds. In 
order to arrive at the equality, all the points B,, Bs, ---, Ba must 
lie on the line segment B,B,+; (that is, B; must coincide with the 
points of intersection of the line segments B,B,., and A;Ai+,. Because 
the segment B,B8,.1, forms a 45° angle with B,C (B,C =CB,,,), it 
follows that 




















BA, A,B, = BsAg _ AB, me et Bi-1An = A,B, ; 
that is, a, = (1 — a2) = a3 = (l— a) = +++ =Gn-, =(1— aan). Thus for 
nm even, the equality holds for 
QA; = 4, > °°? =4,-1= 4, 
Q=@a=°::=a,=1-a, 


where a is any arbitrary number. 
The integer n is odd.t| Let dni; = Qt, Qn42 = G2, ***, Gon = Qn, and 
consider the sum 


Vai + (1 — m+ Vas + (1 — a)? 
tee + Van + — On)? + Vale + (1 — a), 
which is equal to twice the sum 
Vai + (1 — a2)? + Vai + (1 = as)® 
$e t+VaG, +d —ay+ Vat —ay? 
(each term of the last sum is met with twice in the preceding sum- 


+ Elucidation for n = 3 is left to the reader; the proof for even nm does not 
apply for odd n. 


294 Miscellaneous Problems in Algebra 


mation). However, it has already been shown that the first sum is 
less than or equal to aS it follows that 


Va + (1 — a)? + Va + (1 — a3)? 


Period Ve 4a aoe ait = ave 
that is, we obtain the required inequality. 
The equality sign holds only if 
1 
2 . 
188. First Solution. Both numbers of the inequality are positive; 
hence upon squaring both sides we have 


Q,=Q,>°'' =a, = 


l-x+1—4+2V0— 20 — 4) s4-(i + 2um +H), 
that is, 
2 Vd — #1 — x) S2—2x,x% , 
Vd — x) — 8) S1— am. 


If again we square both sides, we have 
1 — xt— x6 + xis S 1 — 2xyx, + aid, 
and if all terms are transposed to the right side, we have 
0S (x, — x). 


It is clear that the right member of the given inequality dominates 
the left member; also, the equality can hold only for x, = x. 

Second Solution. This problem can also be solved by geometric 
means; analogous solutions are possible for many more involved 
problems of this sort. Consider in the Cartesian coordinate system 
(plane) the unit circle with center at the origin (Figure 17). The 
coordinates x, y of points on the circle are related by the equation 


x tyt= 1, (1) 


Select two points M, and M, on the x-axis having absicissas x; 
and x, and where |x,|<1 and |x,.| <1 (thus both points are within 
or else on the circle). Construct perpendiculars from M, and M, 
intersecting the upper semicircle in the points N, and Nz, respectively. 
It is clear from equation (1) that M,N, =V1—x and MLN, = 

1 — x3. 
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Figure 17 


X, + Xe 


Note now that the absicissa will be the midpoint of the 


segment M,M..t We shall designate this point on the x-axis by M, 
and the point above it on the circle by N. 


eee 2 
Clearly, the length of MN is 1- (25%). Now, the sum 


M.N, + MLN, is equal to twice the length of the segment MN’, 
where N’ is the point of the trapezoid M,N,N.M, just above M, and 
MN’ is obviously shorter than MN. The inequality of the problem 
follows immediately. The equality holds only if the points MM, and 
M, coincide, that is, if x; = x2. 


Remark: Many interesting inequalities are suggested by this last proof. 
For example, consider the unit sphere with center at the origin (Figure 18). 
Let M, and M, be any two points in the X Y-plane within (or on) the sphere, 
and let N, and Nz be the points of intersection, with the sphere, of perpen- 
diculars to the plane rising from M, and Mb, respectively. Let M be the 
midpoint of segment MiMe, and construct the perpendicular MN in the plane 
containing M,, Mz, Ni, and Nez, where WN is the intersection with the sphere. 
Obviously, MN will intersect the segment from N; to No, and this intersection 
point we label N’. If (a1, yi) and (x2, yz) are the coordinates of points Mi, and 
M2, then 





t This is obvious for positive 2, and z2; it is easily verified that this will 
hold even if one of the numbers is (or both are) negative. Also, it suffices to 
consider only positive 2: and 22, since in any other event the inequality is 
emphasized. 
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MN=V1-a;-Y¥33 


M.N2 = Vi-v—x¥ — 2 — 3; 
ye a 
wn = 1 (=F) SEY. 
1 
MN’ = (MM + M2No). 


And since MN’ < MN, it follows that 


v1 + x2 \? + yz \? 
Vi-x—y + Vi-d-vis2/1- (42%) _ (wen), (2) 
provided, however, that all the expressions under the radical are nonnegative. 
Equality here will hold only for 2: = 22, y: = yz, that is, only when points M, 
and Me are coincident. 





Figure 18 Figure 19 


A somewhat similar inequality can be produced by using a triangle M@,M@2M, 
in the X Y-plane and letting M be the point of intersection of the medians of 
the triangle (Figure 19). We obtain the inequality 


Vi-ei-t+Vi-2@-+V1-2-¥ 


<3,/1-(2eete y-(4eetey’ (3) 
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This results from the fact that segment MN’ of the perpendicular from M 
does not exceed segment MN. Inequality (3) is valid only when the expres- 
sions under the radicals are nonnegative; the equality holds only for a; = 22 = 
x3 and yi = y2 = ys; that is, when the points Mi, M2, Ms all coincide. 

Another inequality arises from the use of a right circular cone having its 
vertex at the origin and the z-axis as its central axis, and having a vertex 
angle of 90° (Figure 20): 


Vetryt+ Vet yt Veit y} 


/ fy + x2 + x3 ¥, (ety 


Bay ’ 3 oe 


This is valid for all 21,22,2%3 and yi, y2,ys3- Equality holds only when a = 
1 


x x : er 
a ==, that is, when Ni, No, and Ns lie simultaneously on a generator of 
2 3 


the cone. Algebraic proofs for inequalities (2), (3), and (4) are very involved. 





Figure 20 


189. Using the trigonometric identity 


cos(A + B)=cosAcosB—sinAsinB, 
we have 


I 


wT 7 : Tw 
cos (F + cos x) cos 2 cos x — sin 2 Sin COS x« 


7 


2 


= — sin = sincosx = — sincos*x , 
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or, 

sin cos x = — cos (F + cos x) , 
from which we obtain 


. fe 7 7 
cos sin x — sin cos x = cos sin x + cos (F + cos x) (1) 


We employ the formula 


A-B 
2 


in the right member of (1) and use the fact that cosa = cos(—a@) to find 





cos A + cos B = 2cos A+B nos 


cos Sin x — sincos x 


5 7 e 7 
SEN oe COSA TSUN Pia ge OS & 


= E008 5 EOS 3 


Now, 
|lcosx + sin x| = cos? x + 2cosxsin x + sin? x 
=/1.4 sin 2s Sy 2, 


(We note that |cosx+ sinx|= 1/2 only if sin2x=1.) Ina similar 
manner we find that 


|cosx — sinx| = cos? x — 2cosxsinx + sin? x 


=VYl—sindxsV2 


(and so |cos x — sinx| = VY 2 only if sin2x = — 1). Since 5 = 
1-57 and V 2 = 1-41, we have 


7 


a q + cosx + sin x 

Bat. = ee 
and 

= 5 + cosx — sin x 

2° -— ee 


which means that 


7 S 
9 t+ Cos x + Sin x 


2 


cos 
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and 

a . 

oy +cosx — sinx 

cos = 
2 


are always positive. Hence the difference cossin* — sincosx is 
always positive; that is, cos sin x exceeds sin cos x for all values of x. 


190. (a) Write log.x =a and log,x=b. From the equalities 
2* =n and 5°= 7 we obtain 
mie = 2, 


p= 


miv/a.7l/> = 2-5=10, 
qeiletisd = 10 : 


However, z*? = (3.14)? < 10, and therefore we must conclude that 


es + ; > 2, which is what we set out to prove. 
a 


(b) Write log.z =a and log,=6. Then we have 2*=7az 
and z’=2. Since now 2'4= yz, it follows that 2* = 2!/* or b =+. 
The left member of the given inequality now is of form 


2 
1 1 Ui gay oo ON 


a lla a 


a+) 


We are required to show that > 2, or, equivalently, that 


a 
a? +1 > 2a (note that a>0). But a? — 2a+1=(a—1)?>0, which 
proves the validity of the given inequality. 


191. First Solution. We must show that if 8 > a, then 





(a) sinf—sina<fB-a. 
However, 
sin 8 — sina = 2sin Ba egg Ea es aa ae, ee 
2 2 2 
(for acute angles, sinx < x and cosx < 1). 
(b) We have 


tan8—tana>B—-—a. 
Clearly, 


B—a<tan(@—a) = tan&—tana ~ tang—tana 
1+ tan8tana 
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(for acute angles, tan x > x). 

Second Solution. We consider only part (a) since part (b) is analo- 
gous. 

In Figure 21, let the radius of the circle be unity; then the chord 
AE is equal to the radian measure of a, and AF= 8. If EM and 
FP are perpendiculars from E and F to OA, then, designating by 
S(OEA) the area of the triangle OFA, and so on, we have 


S(OEA) = + sina, 
S(OFA) = 3 sin B, 
and if S.OEA) is the area of the sector OFA, and so on, then 
SAOEA) = 5 a, 
SAOFA) = 3 B. 


We readily read from the figure that a — sina < B—sin§8. 





Figure 21 


192. Reference is made to Figure 21, and the same terminology 
is used as in the second solution of problem 191. The perpendicular 
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AC is tangent to the circle at A. We read from the figure that 


S(OAB) = F tan oe 
a 
S(OAE) = 4a, 


Consequently, 


tana _ 


a 
tang _ 
ar 

Also, it is readily seen that 
S(OAB) 

S(OAE) 

S(OBC) 

SAOEF) 





and 
S(OAB) 


Thus 
S(OAB) 
S(OAE) 


From the fact that SOBC) 


Vv 


S(OEM) — 


A 


S(OEF) ” 


S(OAC) = - ta, 


S(OAF) = +8 


S(OAB) 


S(OAE) ’ 


S(OAC) 


S(OAF) ° 


S(O AB) 
S(OEM) ’ 
S(OEC) 
S(OEN) ’ 


S(OBC) 
S(OEN) ° 


S(OBC) 
S(OEF) * 


S(OAB) 


S(OAE) , it follows that 


S(OAB) + SOOBC) S(OAB) 





S(OAE) + S(OEF) ~ S(OAE) ’ 


that is, that 
S(O AC) 


S/OAF) 7 


S(OAB) 


S(OAE) ’ 


which is what we wished to prove. 


193. Let arc sin cos arc sinx =a. 


301 


The angle @ is bounded be- 


T i Tw. é 
tween 0 and 3° that is, OS as 2” inasmuch as 0 cosarcsinx <1 


(- = sarcsinx = a Further, 
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sin @ = cosarcsinx. 
Consequently, 


. 7 
arc sin x = =e] _ a) ; 


= sin[+(F-«)] =x+cosa. 


Similarly, if arccossinarccosx=f§, then 0S8S 5 (for 0S 


and 


sin arc cos x <1, since 0 S arccosx S 7), and 
cos 8 = sinarccosx. 
Consequently, 


arccosx = — +—§, 


_ 
2 
and 


t | as ¥ 
x= cos ($48) =atsn8. 
Since cos a = sin 8(= x), conclude that 
% si 5 TT 
a+ 8B =arcsincosarc sin x + arc cos sin arc cos x = 2 ‘ 


194. Assume that the series 
COS 32x + a3, COS 31x + G39 COS 30% + doa COS 29x 
+--+ + a,cos 2x + a; cos x (I) 


is always positive for all values of x. Substituting x +2 for x in 
this series, we obtain 


cos 32(x + 7) + a3, cos 31(x + 7) + dao CoS 30(x + zx) 
+ deg COS 29(x + mz) + +--+ +a, C08 2(x + z) + a, COS (x + 7) 
= cos 32x — ds, cos 31x + dao CoS 30x — dys cos 29x 
+ +++ + 4,C0S 2x —a,cosx, (2) 


which must also be positive for all x. Now if the two series (1) and 
(2) are added, we obtain 


cos 32x + da, cos 30x + +--+ + a, cos 4x + a, cos 2x , (3) 


which also can take on only positive value for any x. 
In (3) we now substitute x + a for x to obtain 
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cos 32(x + 5) + G39 COS 30( x + 5) + @23 COS 28 x + =) 


2 
fee. aycos A(x + 5) + a,.cos 2(x + a) 
= cos 32x — a3) COS 30K + Arg coS 28% — -+- + ay cos4x — a, cos 2x. 


The sum of (3) and the final series yields the new series 
cos 32 + drs COS 284 + ao, cos 24x + --- + agscos 8x + a, cos4x, 
which will have to be positive for all x. 
Replacing x by ¥ + " in the last sum obtained, and adding the 
resulting series to the previous one, we obtain 


cos 32x + do, cos 24x + ay, cos 16x + agcos 8x. 


Replacing in this series, x by x + a and adding the resulting ex- 
pression to this one, we cbtain 
cos 32x + ai, cos 16x. 


Finally, in another step, we find that cos 32x can take on only posi- 


tive values for all x. But this is a contradiction, since if x = oe 
then cos32x =cosx =-—1. This contradiction proves the assertion 
of the problem. 


195. The well-known half-angle formula of trigonometry can be 
written as 


2sin 5 = +/V2—2cosa, 


where the plus-or-minus sign is determined by the quadrant in 
which os lies. We shall use this formula to find the sines of the 


angles 


ee eS 


re ee 


Q1Q2 QiG2Qy ek Q\0203°+* An o 
at + EGE po 4 Stet te ) 45 . 
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Assume that we have already found the sine of the angle 


(acai gp asp ee so, 


2 4 peat 
where ai, @2, 3, -+*,@, have the individual values +1 or —1l. Since 
Q\A2 Q;QxQ3 ee Q\Q2*** Ak A102 *** AkAk+i : ° 
2 (a a ce or os cea ) 45 
as [ 90" ee («: Sr a ee ea ) : 4s°| 


(where the plus sign refers to a; = +1 and the minus sign refers to 
a, = —1), and since 


ahs [ +90" = (a. + ast tie ede te fits Sess) 45° | 





Det 


=~ sin (a + = oie ) 





we may determine the following: 


Sea (a a aise Entlede aa Sn Aes 45° 
= ty/a+2sin (a, + 22 + ve + Ste Aa) «ase 


Keeping in mind that all angles are (positively or negatively) 
acute, we see that even 





1 1 1 1 
tie ES geek he CoE A BRO iGO” =. 0° 
(1+ 5 + r a8 + er) 45 oa 9 
is less than 90°, that the sign of these angles is determined by the 
sign of a, and that the square root in the final formula must be 
taken with a plus or a minus sign in accordance with the sign of 
a,. In brief, we can write 


asin (a + Ste + cof Gee tide“ tes). ass 
=a, 1/2 + 2sin (as + 2280 + soe Sate EY 45° 


Now, it is clear that 


2sina,45° =aV 2. 
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From this we obtain 


QQ, 


2 sin (a fe) -45° =a, VIE 2s 
2sin (a + St 4 BH) 45° =a V24aV24aV2 , 


2 sin (« AiG, UA2xs Q1A2030, ) aes 


SV 4a OF a oar. 


2sin (a, + 42 4, Muted. co Hutte tn) 52 


SM Oe GV Oa OE oe tanV2, 
which is what we wished to show. 


196. The expansion of the given expression will take on the form 
(1 — 3x + 3x?)"#(1 + 3x — 3x?)"*4 
= Aot+ Aix + Anx? +--+. + Apx", (1) 


where Ay, A,, Ac, :+:, An are the coefficients whose sum we wish to 
find, and the degree » of this polynomial is 743-2 + 744-2 = 2974. 
In equation (1) let x = 1; we then have 


17.174 = A,+A,+ Ast-::: + An. 


The sum we seek is equal to 1. 


197. Assume that we have expanded the two expressions, obtaining 
two polynomials in x. Now let us replace x by —x in each poly- 
nomial and rewrite them: the coefficients of odd powers of x change 
sign, and the coefficients of even powers do not. In particular, the 
coefficient of x?° in each of the expansions remains unchanged. 
Hence, insofar as the coefficient of x*° is concerned, we may as well 
compare the coefficients of x*° in the two expressions (1 + x? + x)109 
and (1 — x? — x°)!9°°) which are obtained, respectively, from the given 
expressions, by replacing x by —x. 

Now it is easily shown that the first of these new polynomials has 
the larger coefficient for x?°. In fact, the expansion of (1 — x? + x3)1000 
contributes only positive terms to the sum which makes up the 
coefficient of x*°; the expansion of (1 — x? — x*)'°°° cannot produce as 
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large a coefficient for x®°, since the sum making up that coefficient 
is comprised of like terms having coefficients of the same absolute 
values as those of the first expansion, but some of them are negative. 

Therefore, the coefficient of x*° in (1 + x? — x*)!°°° is greater than 
that in (1 — x? 4+ 99)1000, 

198. The proof of the problem follows from the following: 
Q—-x+x%-—x4 stat — 1 + HOYT + x tx? txt aan + x99 + 100) 
=[(l+x24+ x44 alas + 4100) — x(1 4+ x? + xt + dete + x8)] 

& (CL + x? +axt fees + x2) 4 (1 + x? + x8 +--+ + x%)] 
= (1 +x+xit+ argc + x100)2 — x2 (] +x? + x8 + tie + 498)? 7 
199. (a) Using the formulas for the sum of a geometric progres- 
sion, and the binomial theorem, we obtain 


(1 + oc) 000 + x(1 + x)999 + x1 + xr)9%8 + Sot + yc 1000 


x01 





aw 1 4- x) 1000 
= l+x ( as gieek = el + x) = 6! + x)t001 — xine 
x x-—-1l1-*x 
—1 
1+x 
= 1 + 1001x + Cio01x? + Cioorx? Ss Rs 1001x109 5 
Therefore, the coefficient we seek is equal to 
% 1001! 
tor “50! 951! ° 
(b) Designate the given series by P(x). Then wecan write 
(1 + x)P(x) — P(x) 
= [((1 + x)? + 271 + x)? +--+ +: 99901 + x)!9°° 4+ 1000(1 + x)1994] 
— ((1 + x) + 2(1 + x?) + 31 + x) + +--+ + 1000(1 + x)1°°] 
= 1000(1 + x)! — [11 + x) + (1 + x)? + (1 + x) + ee) +L + x19] 


Ql + x) 1001 =; el + x) 
_ 1001-2 
1000(1 + x) 3 
— +x = (1+ 4) 
Zz ‘ 





= 1000(1 + x)! 


It follows that 
_ 10+ 
x x? 
= 1000(1001 + Cioorx + Cioorx® + +++ + 1001x99° + 31000] 
— [Croor + Ctoorx + Ctooix? + +++ + 1001x999 + 1999] 


P(x) 
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Therefore, the coefficient sought is equal to 


i 2 _. 1000-1001! 1001! 
TODO roots tant 51!- 950! «+52! - 950! 
1001! , _. 51,050 - 1001! 
es Op eo ee eo on 


200. We shall first determine the constant term obtained by ex- 
panding 


(++ — 28 = 2) — ++ = 2) 


k times 








and collecting like terms. Clearly, this term is equal to what is 
obtained if we set x =0; that is, 


(-++(((— 2)? — 2% — -++ — 2)? = (---((4 — 2)? — 2)? — --- — 2)? 
Se a 
k times k — 1 times 
=(-:-((4— 2)? — 2)2?— .-. — 2)? 
—_—_————__ —_———- = 


k — 2 times 
=---+((4—2)—2?=4—-—2%=4, 

Designate by A, the coefficient of x, by B, the coefficient of x?, 
and by P,x* the sum of all the terms containing higher powers of 
x (this is x? times a polynomial in x). We then have 

(++ +(x — 2)? — 2)? — --- — 2)? = Pyx® + Bux? + Aux +4. 
k times 
However, 
CO = 2 2) 2) a tie aD) 
= (C+ — 28 — 28 — -.. — 2) 2p 
k —1 times 

= [(Prix® + Be-ix? + Aux + 4) — 2)? 
= (Pp-ix® + By-ix®? + Ay-ix + 2)? 
= Py_.x® + 2Py-,By-1x° + (2Py-1Ay—1Bi_)x4 

+ (4P.-1 + 2Be-1 An)? + (4By-1 + Ai-s)x? + 4Ay-ix + 4 
= [Pi-.x® + 2Py1Be-ix? + (2P,-1 An, + Bye-)x 

+ (4Pe-1 + 2By-,Ar-1)]x? + (4By-, + Ab)? + 4A, ie +4. 
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From this we obtain 


Ax = 4A,-, ’ 
B, = Ae + 4By-, . 
Since (x — 2)? =x?—4x+4, we have A,=—4. Consequently, 


A,=-—-4-4=—-—4', A, = —4,---, and, in general, A, = —4*. 
We shall now find B;,: 
By = Aju: + 4By-1 = Ani + 4 Aiea + 4By-2) 
= Aj-t + 4Aj-» + 42 Aj-s + ABy-s) 
= Aj-. + 4Ab-2 + 4% Ais + 4°(Ai-y + 4B) 
= +++ = Aj, + 4Aj-2 + 4Ai-s 
forse $43 AP + 42 AL + 4B, 


If now we substitute 


B, = 1 ’ A; = -- 43 ’ 
Aved< ““Agsieved : 
A, = —4? 7 Arx-; = —4k-1 


we arrive at 


By = q2k-2 + 4.42k-4 + 42.42k—-6 + ete + 4k-2. 42 + 4k-l.] 

= 42k-2 4 Aek-3 42k-4 tere yh Aker + 4k + 4k-1 

= 4-11 +44 47 4 494 --- + 4-2 + 4k) 
J 4k ee a 42k-1 a= 4k-1 

4-1 ~~ 3 

201. (a) First solution. Since x* — 1 is divisible by x — 1, for all 
natural numbers &, and since we can write 

xt xd + x9 + x2? t 8 4 P28 = (x —1)4+- 9 -— 1) 
+ (x9 —1) 4+ ?? —1) 4+ Gt — D+ 8 -—1)4+6, 

we see that the given polynomial gives a remainder of 6 upon di- 
vision by x —l. 

Second Solution. Let q(x) be the quotient resulting from division 
of the given polynomial by x — 1, and let 7 be the remainder. Then 

xt xd 4 xd 4+ x?? + 8h + 24 = G(xlx—l) +r. 


The substitution x = 1 into this identity yields 7 = 6. 
(b) Let q(x) be the quotient and let 71x + 7, be the remainder 
obtained by dividing the given polynomial by x?—1. Then 
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gt xttxd txt xt PHO = gal? —-Itnxsthn. 


If we substitute, first, x = 1 into this identity, and then x = —1, we 
derive the two equations (both of which must hold): 

6=n+n 
and 

—-6=—-—n+hn. 


Solution of this system yields r, = 6 and r, = 0. 
Therefore, the remainder we seek is 6x. 


202. Designate the unknown polynomial by f(x), and let g(x) desig- 
nate the quotient and r(x)=ax+b the remainder resulting from 
division P(x) by (x —1)(x— 2). Then 


P(x) = (x — W(x —2)q(x) + axt+b. (1) 
By the conditions of the problem, 
P(x) = (& — Dax) + 2, 
whence P(1) = 2; 
P(x) = (x — 2)ge(x) +1, 


whence /p(2) = 1. 
If we substitute x =1 and x =2, successively, in (1), we obtain 


the two equations 
2=pd)=a+), 
and 
1= p(2)=2a+b, 
from which we obtain 
a=-l, 
b=3. 
Therefore, the remainder sought is —x + 3. 


203. The polynomial x +x*+2x?+%+41 is  factorable into 
(x? + 1)(x? + x+1). It follows that this polynomial is a divisor of 


x? — 1 = (x§ — 1)(e§ + 1) 
= (x? — 1)(x3 + 1)? + DOA — 2x? 4-1), 


and, specifically, that 
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x? —] 
4 3 2 l= ——— 
xi + x8 4+ 2x? + 44 (= he = = ee 
x? — ] 


x — ee FO — Ox + Pt x—1 
Dividing x9! —1 by x‘ + x8 + 2x°+x+4+ 1 is equivalent to dividing 
x51 — ] first by x!*— 1 and then multiplying the result by 
x8 — x7 — x8 + 2x5 — 2x08 4+ x? +x —-—1. 
However, it is readily found that 


9st — 7 xi —] 
= 1939 + 51927 + isis + 1908 fier) + x9 + x? + 
a 1 Ee aleet | 





(this is conveniently found if we note that 
9st —_ 1 = x7[ (a8?) 162 — 1] + x — 1 


and use the well-known formula for dividing the difference of two 
even powers by the difference of the bases). It follows that the 
coefficient we seek coincides with the coefficient of x!* in the product 





Ge a ee a =) 
KE Se a 2 = 2a ae 1) 
and this coefficient is equal to 1. 
204. (a) Write x=Y24+13. Then 
e=24+272-VY34+3=54+2V6, 
from which we obtain 
v—5=2Y6, 
xt — 10x° + 25 = 24, 
x*—1027+1=0. 
This equation satisfies the condition of the problem. 
(b) Let x=1/2 + 2/3. Then we can write 
x=V2+ 93, 
w= 24+2V2-73+ 79, 
w= 2/24+3-2-7343-Y2-¥94+3. 
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Two of the three irrational numbers can be readily eliminated 
from these three equations, namely, 12, #/3, and #/9, by finding 
their corresponding expressions in terms of x, x?, and x°. In fact, 
from the first and second equations we obtain 


73Z=x-V2, 
YO = x? - 2-27 2-973 
=x -2-2Y¥ 2(x-V2)=e°4+2-27 2. 
If these substitutions are made in the third equation, we obtain 


= 2Y2+ 64 -—V2) 4+ 8YV 2(x2 +2 —2Y 2x) +3, 
from which we find 
e+ 6xr—-3=V2(3x? 4 2). 
Now we may eliminate the radical by squaring and transposing all 
terms to the left side: 
x§ + 36x? +9 4+ 12x* — 6x3 — 36x = 18x‘ + 24x? + 8; 
x6 — 6xt — 6x3 + 12x? — 36x +1=—0. 
This equation satisfies the condition of the problem. 


205. Using the well-known relations between roots and coefficients 
of a quadratic equation, we obtain 
a+BP=-p, ap=1; 
r+é=-q, yo 14 


Therefore, 


(a — r\(B — ra + 6\(8 + 4) 
= {la — r)(B + OB — ra + 6) 
= (af + ad — Br — 1dXaB + BO — ay — 7d) 
= (ad — Br)(B3 — ar) = ad? — a’yd — B78 + apy? 
=P —a’— P+ 7? =[(6 + 1)? + 207] — [(a + 8) — 2ah] 
ect) ea is faa “ae 


206. If @ and @ are roots of the equation 
e+ px+q=0, 
then (x — a(x — 8) = x°+ px+q. Consequently, 
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(a — r\(B — rXa — dV — 6) 
= {(r — evr — B)][(6 — a6 — B)] 
= (7? + pr + qXe? + pd +). 


However, 
rt+d=—P, 
vo =Q, 
which means that 
(@ — r)(B — rXa@ —d\(B — 6) =(7? + pr + go? + £6 + Q) 

= 7°0? + pr’d + qr? + prod? + p’rd + par + ge + pgd + @? 
= (78)? + prd(r + 8) + gl(r + 6) — 276] + p’rd + paly + 8) + ¢ 
= Q? — pPQ + q(P? — 20) + PQ — pqP+@° 
=@+q—pP(Q+q)+qP? + p’Q — 2qQ. 


207. First Solution. We solve for the constant @ in the second 
equation and substitute into the first: 


a= —(?42), 
xe—(’?+x)x+1=0, 
eH 1 = 0; 


(4—ljeP+x+1)=0. 


We obtain the roots 


m=1, 
and 
and, consequently, since a = —(x? + x), 

a=-2, 
and 

Qa,3=1. 


Second Solution. Using the results of problem 206, we can assert 
that the necessary and sufficient condition for the given equations 
to have a common root is the vanishing of the following expression: 

@+l1-—a-l(a+1)+a@—-2a=a@—-34a+4+2 
=(a—1)(a@?+a—2)=(a—1)(a4+ 2). 
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This implies that 


Qy = —2 , 
and 


Qo.4 = j ‘ 


208. Let (« — a\(x — 10) + 1=(x+ bx +c). If we make the sub- 
stitution x = —b in this identity we obtain 


(—b-— a(—b— 10) + 1=(-b4+ b(-b+4+c)=0. 
Thus, necessarily, 


(6+ aXb+10)=—-1. 


Since a and b are to be integers, b+a and 5+ 10 must also be 
integers. However, —1 can be the product of two integers only if 
one of the integers is +1 and the other is —1l. Therefore, there 
are only two possibilities: 


(1) 64+10=1, b= —9; then 6+ a= -9+a= -—1, that is, a=8. 
In this case, 


(x — 8)\(« — 10) + 1=(—-—9). 


(2) 64+ 10=—1, b= -11; then 6+ a= —11+a=1, that is, a= 
12. In this case, 


(x — 12)(x — 10) +1=@— 11). 


209. A polynomial of degree four can be represented as a product 
of two polynomial factors in two ways: a first-degree and a third- 
degree polynomial, or two quadratic polynomials. We investigate 
each case separately. 

For the first case we have 


x(x — ax — bx -—c) +1 =(e 4+ ple taxet+rxet+s). (1) 


[The coefficient of x in the first factor on the right side and of x° 
in the second factor are both either 1 or —1, since the coefficient of 
x* on the left is 1. However, the equation x(x — a)(x — bx -—c)+1= 
(—x + pi)(—x8 + qx? + 14x + s,) can be written in form (J) by using 
—1 as a factor on both sides.] 

If in identity (J) we substitute, in turn, x =0, x =a, x = 56, and 
x = c, and note that 1 can be expressed as the product of two factors 
in only two ways, 1=1-1 or 1=(—1)-(—1), we see that the four 
distinct numbers 


314 The Algebra of Polynomials 


O+p=P, 
a+p, 
b+), 
c+p 

(distinct since, by hypothesis, a,b, and c are distinct) can have only 

two values, +1 or —1l. This is a contradiction. 

For the second case we have 
x(x — ax — bx —c) +1 =? + pxrtget+ret+s). 


Substituting, successively, x =0, x =a, x =b, and x =c, we find 
that both the polynomials x?+ px+q and x? +r7rx +s can take on 
only values of +1 or —l. Now, the quadratic trinomial x? + px+q 
cannot have the same value a for three distinct values of x (other- 
wise the quadradic equation x? + px+q-—a=0 would have three 
distinct roots), and so for two of the four distinct values x = 0, x = a, 
x =b, and x =c this trinomial has value 1, and for the other two 
it has value —1. Supppse that 0°+)-0+q¢=gq=1, and let x=a 
be the other value among the numbers x =a, x= 6, and x =c for 
which this trinomial has value 1. Then for x = 6 and for x =c this 
trinomial has value —l. This yields the equations 


a@+pa+l=l1, 
ap peels 1, 
e+pce+1=—-1., 

From a? + pa=a(a+p)=0 we find that a+p=0 and p=—a 
(by hypothesis a@ # 0). Then the last two equations take on the form 
6 —ab=bb-—a)=-2, 
ce—ac=cic-—ay=-2. 

If we subtract the first equation from the second, we obtain 
b—ab—c+ac=(b—-—clb+c¢ -—ab—-c) 
=(b—clb+ce—a)=0, 
which yields (since b ¥ c) 


b+c-—a=0, 
a=b+c, 
b-a=-c, 


c—-a=-—b., 


Solutions (209) ale 


Now, from the equation 
b(b — a) = —be = —2 


we find the following values for b,c, and a: 


b=1, 

CH=25 

a=b+c=3, 

x(x — ax — bx —c) 41 = x(x — 3x —D@-2)4+1 
SS oe 5 

and 

b=-1, 

c=-2, 

a=b+c=-3, 

x(x — ax — B(x — ec) F+1 = xe +304 + D4 2)41 
= —'3%4 1)? 


Analogously, if x? + px +q assumes the value —1 for x =0 and 
x =a, and hence the value +1 for x = 6 and x =c, we have 


@= 1; 
a@+pa-l=-l, 
b+pco—1l=1, 
ce+peo-1l=1, 
from which we obtain 

p=-a, a=b+c, 

b(b—a)=clc-—a)=2, b-a=-c, 

b&-—ab—c+ac=0, —be=2. 


(6—c\(b+c—a)=0, 


In this way we obtain two additional systems from which to obtain 
values for a,b, and c: 


b=2, 
C= a1, 
a=b+c=l, 


x(x — a)(x — bx — c) = x(x — 1x — 2)* +1041 
Slee 1) | 
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b=1, 


c= -—2, 
a=b4+c=-l, 
x(x — ax — bx — cc) = x(x + Ie — Diet 2)41 
= (42+ x-— 1). 
Remark: Another solution of this problem is given in the fina! part of the 
solution of problem 210 (b). 


210. (a) Assume that 
(x — @)(x — G2)(x — as) +++ (4 — an) —1 = Pl(x)q(x) , 


where p(x) and q(x) are both polynomials of degree = 1 with integral 
coefficients, and that the sum of their degrees is n. We may assume 
that the leading coefficient in each polynomial is 1 (compare with 
the preceding problem). If we make the successive substitutions 
X=, X = Ao, X = 3, +++, X = Gy, and take into consideration that —1 
is essentially factorable only as —1 = 1-(—1), we see that, for each 
of these values of x, either p(x) =1 and g(x) = —1, or vice-versa. 
Therefore, the sum p(x) + q(x) vanishes for x = a, a2, --+, @n, and the 
equation p(x) + g(x) = 0 has as its roots x; = a1, 2 = dz, ++, Xn = Gn. 
It follows that p(x) + g(x) is divisible by « — a, x — a2, «++, x — Gn, 
and hence by the product (x — ai)(x — a@z)--- (x — @,). However, the 
degree of the polynomial p(x) + g(x) is only the larger of the degrees 
of p(x) or g(x), which is less than » [m is the degree of (x — a,)(x — a2) 
-++(*«—a,)—1]. Therefore, p(x) + g(x) cannot be divisible by the 
product (« — a,)(x — a,)---(*x—a,), and because of this contradiction 
we must conclude that the factorization assumed at the beginning of 
this proof is not possible. 

(b) Assume that 


(% — @i)(x — a2)(x — as)+ ++ (X — Gn) — 1 = p(x)g(a), 


where (x) and q(x) are polynomials of degree = 1, and whose leading 
coefficients are each 1. If in this identity we substitute, successively, 
X=, X =Q@2,X% = 43, +++, X = An, then we find that for each of these 
values of x, p(x) = 1, g(x) = 1, or else p(x) = —1, gi) = -1. 

Since p(x) — q(x) vanishes for ” distinct values of x, we must con- 
clude that p(x) — q(x) = 0, or p(x) = q(x) [compare with fhe solution 
of problem (a)]; also, the integer m must be even, say m = 2k, where 
k is the common degree of the identical polynomials p(x) and q(x). 
We can rewrite the identity in the form 
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(x — ax — a2)(x — as) +++ (x — Qa) = pXx)—1, 
or, 
(X — X1)(X — ax)(x — Gs) +++ (% — Gee) = [P(x) + I [P() — 1). 


Now, the product of the two polynomials p(x) +1 and p(x)—1 
vanishes for x =a, x =a, --+, X =a@x. Consequently, for each of 
these values of x at least one of these polynomials vanishes, which 
means that either p(x) + 1 or else p(x) — 1 (or both) is divisible by 
x — a, and this conclusion holds also for divisibility by « — a, x — as, 
and so on. Since a polynomial of degree & cannot be divisible by 
the product of more than & factors of form x —a;, and since the 
polynomial p(x) + 1 of degree k, with leading coefficient 1, is divisi- 
ble by & factors of form x —a;, it follows that this polynomial is 
identically equal to this product. That is, p(x) +1 is the product 
of k of the factors x —a,, x — G2, -+-, X — Gx, and p(x) — 1 is the 
product of the remaining & factors. 

We may assume, with generality, that 


p(x) +1 = & — a(x — as) +++ (4% — Aoz-1) , 
D(x) — 1 = (x — aa)(x — ay) +++ (% — Gx) - 
If the second equation is subtracted from the first, we obtain 
2 = (x — a(x — ay) +++ (% — Anp-1) — (4 — G,)(K — ay) +++ (4X — Axx). 


Now, to consider a specific case, if we let x = a, we obtain the 
factorization of the integer 2 as the product of & integral factors: 


2 = (G2 — Q,)(d2 — As) +++ (Az — Aae-1) . (1) 


Since the integer 2 cannot be expressed as a product of more than 
three distinct integers [for example, 2 = 1 - (—1) - (—2)] it follows that 
k <3. But the condition k =3 is impossible in (J). Assume, for ex- 
ample, thatk = 3and that a < a; < as; then 2 = (a, — a,)(a2 — @s)(d2 — Gs), 
where a: — @; > dz — @3 > a2 — as, and hence a, —a, = 1, @, -@3 = —l, 
and a,— a, = —2. If we substitute x = a, in the formula 


2 = (x — ai)(x — asx — as) — (x — Axx — ay(x — Ge) , 


we arrive at the other representation of the integer 2 as a product 
of three “polynomials”: 


2= (a, = a,)(a, = As)(ay a as) , 


where also a,— 4, >@,—@;>€,—4;. It follows that @— @ = 1, 
a@,— a; = —1, and a,—a; = —2, which implies that a, = @:, which 
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contradicts the conditions of the problem. 
Hence only two cases are possible: k = 2 and k= 1. 
If k =1, we have 
2=(x—a) —(x—a,), 
which implies that a. = a, + 2, and if we designate a, simply by a, 
we have 
(x — a(x — a.) +1=(x-—a\(x-—a-—2)41 
= (x —a-— 1) 
(compare with the solution of problem 208). 
If = 2, we have 
2 = (% — a)(% — a3) — (& — a2)(x — a), 


where we will consider a, < a; and a; < a,. If we substitute x = a, 
in this equation, and then substitute x= a,, (thus obtaining two 
equations) we have 

2 = (@2 — G1)(d2 — as) , G2—@, > G2—- 4s, 

2 = (a4 — aia, — As) , Q,—-QA, > 4,— 43. 

However, the integer 2 can be expressed (in diminishing order) 
only in two ways: 2=2-1 and 2=(—1)-(—2). Since, moreover, 
Qy— a, < Ay — &, we obtain 

ad2—-a,=-—l, d,— 43 = —2, 
Q,—a,=2, a,—a,;=1, 


from which, replacing a, by a, we find 


@=a-1, 
Q3=atl, 
@=at+2, 


and 
(4 — a)(% — a2)(% — as)(~ — a) +1 
=(x -—ayx—at+le-—a-1\(x-—a-2)4+1 
= [x? — (2a — 1)x + a? +a — 1}? 


(see the solution of problem 209). 


211. As in the solution of the preceding problem, assume that 


(x — a)*%(x — @2)*(x — ay)? +++ (% — Gn)? + 1 = plx)q(x), (1) 
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where p(x) and g(x) are certain polynomials with integral coefficients 
(each with leading coefficient 1). In this event, either p(x) = 1 and 
q(x) =1, or else p(x) = —1 and g(x) = —1, for each of the values 
X=, X = GQ. X= 43, +++, X= an. We shall show that the poly- 
nomial p(x) [and, of course, qg(x)]-will be, for all values x = a,, x = a, 

++, X= 4,, either equal to 1, or for all these values of x equal to 
—1. 

In fact, if (for example) the polynomial p(x) takes on the value 1 
for x =a; but assumes the value —1 for x = a; (i #7), then for some 
intermediate value of x between a; and a; it must become zero [the 
polynomial p(x) is continuous; its graph will go from the —1 value 
for x =a; to the value +1 for x =a;, thus crossing the x-axis for 
some x such that a; < x < a,;]. However, this is impossible, since 
the left side of equation (1) is always greater than 1 and therefore 
cannot become zero. 

Let us assume that p(x) and g(x) both take on the value 1 for 
X=, X=, +--+, X=a4,. In this case, both p(x) —1, and q(x) -—1 
become zero for x = @,,X = @2, ---, X = @n, and, consequently, p(x) — 1 
and q(x) — 1 are divisible by the product (x« — a) - (x — @2) +--+ (* — ay). 
Since the sum of the degrees of the polynomials p(x) and q(x) must 
be equal to the degree of (x — a@,)*(x — a,)*---(x —a,)? + 1, that is, 
2n, it follows that p(x) —l=(*x—-—a,)---(«#—a,) and g(ix)-—1= 
(x — a,)+++(x — @,) (compare with the solution of the preceding prob- 
lem). We also have the identity 


(x — a1)*(x — G2)? +++ (x — an)? + 1 = p(x)g(x) 
= [(@ — ay) +++ — aa) + Ie — a1) +> @ — a) +1) 
= (x — ay)*(% — an)? +++ — aa)? 
+ 2x — aiXx— a2)-++(x— an) +1, 


from which we must conclude that 
S=aye=— a) @=a@,) = 0. 


This is impossible; hence we must conclude that neither p(x) nor 
q(x) can take on the value 1 for all the x =a,;. It can be shown in 
exactly the same way that neither p(x) nor g(x) can assume the value 
—1 at the pointsx=a,, x =a, -:-, x =a, (if they could, we would 
obtain p(x) = g(x) = (x — ai)(x — az) «++ (4 — an) —1). 

Therefore, the proposed factorization of 


(x — a,)*(x — ae)? -+-(x— an? 4+1 


320 The Algebra of Polynomials 


as the product of two polynomials with integral coefficients is im- 
possible. 


212. Let the polynomial P(x) be equal to 7 for x =a, x =b, x =c, 
and x=d, where a,b,c, and d are integers. Then the equation 
P(x) — 7 has four integral roots a,b,c, and d. This means that the 
polynomial P(x) —7 is divisible by x—a, x—b, x—c, and x —d,! 
that is, 


P(x) —7 = (x — a(x — bx — ex — d)p(a) , 


where p(x) is the remaining factor (it may be constant). 

Now let us suppose that the polynomial P(x) takes the value 14 
for the integral value x= A. Upon substituting x= A into the 
preceding identity, we obtain, since P(A) = 14, 


7=(A—ayA—db\(A—c)(A— a)p(A), 


which is impossible, since the integers A—a, A—b, A-—c, and 
A —d are all distinct, and 7 cannot be expressed as a product of 
five factors of which at least four are distinct. 


213. If a polynomial of seventh degree is factorable as the product 
of two polynomials p(x) and g(x) with integral coefficients, then the 
degree of one of these factors does not exceed 3. Let us assume 
that p(x) is such a factor. If P(x) has the value +1 or else —1 for 
seven integral values of x, then p(x) has the value +1 or —1, for 
those same values of x [since all coefficients are assumed to be 
integers, and since p(x)q(x) = P(*x)]. Among the seven integral values 
of x for which p(x) has the value +1 or —1, there must be at least 
four for which p(x) will have the value 1 or else four for which p(x) 
will have the value —1. Inthe first instance the third-degree equa- 
tion p(x) —1=0 has four roots, and in the second instance the 
equation p(x) +1=0 has four roots. No such polynomial p(x) of 
third degree can exist, since neither p(x) —1=0 nor p(x) +1=0 
can have four roots [They would have to be divisible by a polynomial 
of fourth degree. Compare with the solution of problem 210 (a).] 


214. Let p and g be two integers which are either both even or 
both odd. Then the difference P(p) — P(g) is even, since the value 
t Assume that P(2) — 7 has a remainder r when divided by +» —a. Then 

P(x)-7=(e@-a)Q(a)+r. 


If we set + = a in this equality, we obtain 7 — 7 =0+r (that is, r = 0), and 
this means that P(x) — 7 = (4 — a)Q(a) is divisible by x — a. 
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P(p) — Pq) = aol b" — 9) + ai pr! — qr) 
Hees + no P? — @?) + an-i(P — Q) 
is divisible by the even number p — gq. 

In particular, for even p the difference P(p) — P(O) is even. But 
by hypothesis P(0) is odd; consequently, P(p) must also be odd, 
and therefore P(p)+0. Analogously, for odd p the difference 
P(p) — P(1) is even. Since by hypothesis P(1) is odd, it must follow, 
by the same reasoning used above, that P(p) # 0. 

Consequently, P(x) cannot become zero for any integral value of 
x (either even or odd); that is, the polynomial P(x) does not have 
integral roots. 


215. Let us assume that the equation P(x) =0 has the rational 


root «= 4. that is, P(*) = 0. Let us write the polynomial P(x) 


in powers of x — p; we shall express it as 
P(x) = cox — p)* + ex(x — p)™" 
+ O(t— pyr? + o> + Cee — Pp) Hees 

where Co, (1, C2, -°-*,€n are certain integers which are readily found 
in terms of a; [co is equal to the leading coefficient a, of the poly- 
nomial P(x), c,; is equal to the leading coefficient of the polynomial 
P(x) — cox — p)" of degree x — 1, c2 is equal to the leading coefficient 
of the polynomial P(x) — co(x — p)"—c(x — p)*"' of degree n— 2, 
and so on.] If in the last expression for P(x) we set x =p, we 
obtain c, = P(p) = +1. 


If in the same expression we set x = & and multiply the result 


by /", we obtain 
np(4) = ck — pl) + elk — ply 
+ ck — ply be Pek = pl) +e)" =0, 
from which it follows that if P(*) = 0, then 


c.f" +/]" 


k—pl k-—pl 
— —¢,(k — ply? — elle — ply? — 
ss Cn-2l"-2( = pl) _ Cn—,l7-! 


is an integer. But since pl is divisible by J, and is relatively 


322 The Algebra of Polynomials 


prime to / (we assume, of course, that the fraction = is in lowest 


terms), then k — pl is relatively prime to /, and, consequently, k — pl 
can be an 





ay 

re 
integer only if k— pl=-+1. We may show, in exactly the same 
manner, that k — g/ = +1. 

Subtracting the equality k — p/ = +1 from the equality k—q/= 
+1, we obtain (p — gl =0 or (b—g)l = +2. But (p— ql > 0, since 
p>q and />0, and, consequently, (po -—qg/=2, k— pl = —1, and 
k—q=1. 

Hence, if )—q> 2, then the equation P(x) =0 cannot have any 
rational root. If, however, p—q=2 or p—q=1, then a rational 


is also relatively prime to /*. It follows that 


root f may exist. 


Upon adding the equations 


k—pl=-l1, 
k= gl=1, 

we obtain 
2k-—(p+ql=0, 
k_pt+a@ 
an oe 


which is what we sought to prove. 


216. (a) Let us assume that the polynomial can be expressed as 
a product of two polynomial factors having integral coefficients: 


P2224 Dy?220 4 Ay 2218 4... 4 2200x? + 2222 
= (Anx" + An-1X"! + nox? +++ + Ay) 
x (Bmx”™ + bmx"! + bm-2x™~? Se oa bo) , 
where m+” = 2222. Here, @obo = 2222, and therefore one of the 
two integers a and & will be even and the other will be odd. Let 
us assume that a is the even integer and d) is odd. We shall show 
that all the coefficients of the polynomial @nx" + @y-\x""1 + +++ +a 
must be even. Indeed, suppose that a, is the first odd coefficient of 
this polynomial to appear, reading from right to left. Then the 
coefficient of x* in the product 
GnX™ + dpa X*! + eb Ay )Omx™ + On ix' + +++ + do) 
will be equal to 
Audo + Ax—1d, + Ae-2b2 + +++ + Gedy (1) 
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(for k > m, this sum ends with the term a-n7b,). This coefficient 
is equal to the corresponding coefficient of x* in the initial poly- 
nomial, That is, it is equal to zero if k is odd, and even if & is 
even (since all the coefficients of the polynomial, except the first, 
by hypothesis, are even, and k S » < 2222). But since, by assumption, 
all the numbers ax-:, @x-2, @x-3, ***, @o are even, then in sum (2) all 
the terms other than the first must be even, and, therefore, the 
product a,b, must also be even, which cannot be since a, and & are 
both odd. 
Therefore, all the coefficients of the polynomial 


gx Gaya k Oe ao 


must be even, which contradicts the fact that @,b, must be equal 
to 1. Our assumption that it is possible to write the given poly- 
nomial as the product of two polynomial with integral coefficients is 
therefore untenable. 


(b) Let us set x=y+1. We then have 


P50 4 249 4 P48 wwe tee td 
=(yt D+ (yt DH + (Vt DH 


= GEV ot yy tne —y 


(ytI-1 °° y 
= y250 4 95) y249 4 C351 y24? + Chery? eee + Cre E251 


Further, since all the coefficients of the last-written polynomial, 
except the first, are divisible by the prime number 251 | inasmuch as 


Cf, = 251-250-249 --- (251 — k +1) 
toe ee 

the polynomial is 251, which is not divisible by 2512, we can, by 
using reasoning almost identical to that used in problem (a) and 
merely replacing eveness and oddness of coefficients with divisibility 
by 251, conclude that a necessary condition for the given polyomial 
to be expressed as the product of two factors is that all the coef- 
ficients of one of the factors be divisible by 251. However, this is 
impossible, since the first coefficient of the given polynomial is 1. 


| and since the constant term of 


217. Let us write the polynomials in the forms 


A =A + yx + Aox®? +++ bax", 
B=b+bx+ box? +--+ +5,x7". 


Since by hypothesis not all the coefficients in the product are divisi- 
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ble by 4, not all the coefficients in both polynomials can be even. 
Consequently, in one of them (say, polynomial #8) not all the coef- 
ficients will be even. Now assume that polynomial A also contains 
some odd coefficient. Let us examine the first of these to appear 
(that with the smallest subscript), and let us assume that this is the 
coefficient a,. Further, let the first odd coefficient of polynomial B 
be b,, and consider the coefficient of x*+* in the product of the poly- 
nomials A and B. The term x*+* in this product can be obtained 
only from those powers of x the sum of whose exponents is equal 
to k + s; consequently, this coefficient is equal to 


Aders + ADers—1 + 0 + Gs-1Ons1 + Aede + As+1be-1 + +++ +Qs+ndo . 


In this sum all the products appearing before a,b, are even, since 
all the numbers @, a, ---,@s-, are even. All the products appearing 
after a,b, are also even, since all the numbers ),-1, by-2, ---, bo are 
even. But the product a,b, is odd, since both a, and 5 are odd 
numbers. Consequently, the sum is also odd, and this contradicts 
the requirement that all the product coefficients be even. Therefore, 
the assumption that polynomial A has odd coefficients is untenable. 
Therefore, all the coefficients of A must be even, as was to be proved. 


218. We shall prove that for an arbitrary rational, but not inte- 
gral, value of x, the polynomial P(x) cannot be an integer, (nor zero, 
which we consider an integer). 


Let x= ae where f and gq are relatively prime (that is, this frac- 
tion is in lowest terms). Then 


P(x) = x 4+ x7 4 yx *® + ee + dn 1X + An 











n n-t n-2 
p a, 2 +a? Feta tay 


q” gq: qr? 
opt aps et agp ge tt ae pg and" 
poe St ee 
— pt t+qapr' + apr +++: + Gn fg"? + ang™) 
q” 


The number f”, as well as f, is relatively prime to 4g; consequently, 
p™ + gia.p*™"! + --- + a,g"~') is also relatively prime to gq, hence also 
to gq". Therefore P(x) becomes an irreducible fraction which cannot 
be an integer.‘ 


+ It is as easy to prove the more general theorem that if Pp (in lowest terms) 


is a zero of P(x), then p divides a, and qg divides the leading coefficient [Editor]. 
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219. Let Nbea certain integer and let P(N)= M. For any inte- 
ger k, 


P(N + kM) — P(N) = al(N + RM)" — N) 
+ al(N + kRMy! — N+ +) + anul(N + RM) — N] 


is divisible by kM—since (N+ kM)! — N' is divisible by [(N + kM) — 
N=kM)|—and hence also by M. Therefore, for any integer k, 
P(N + kM) is divisible by M. 

Thus, if we prove that among the values P(N + kM) (k = 0,1, 2,---) 
there are integers distinct from +M, then this will prove that not 
all of them can be prime. But the polynomial P(x) of mth degree 
assumes a given value A for at most # distinct values of x (since 
otherwise the mth degree equation P(x) — A =0 would have more 
than 2 roots). Hence, among the first 27 +1 values of P(N+ kM) 
(k = 0,1, 2, ---, 222) there must be at least one which is distinct from 
M or —M. 


220. First we show that every polynomial P(x) of degree » can 
be expressed in terms of (as “a linear combination” of) polynomials 
of the form 


P(x) =1, 
Pi(x)=x, 
x(x — 1) 
Pix) = 1-2 , 
POs x(x — 1)\(x — 2)--- (x -—n +1) 


ee tee ? 
each supplied with suitable numerical coefficients 5;, namely, 

P(x) = baPnlx) + Bn-Pn-i(x) + +++ + bPix) + bo Pol(x) . 
To prove this, we note that if b, is chosen such that the number 
a is equal to the leading coefficient of the polynomial P(x), then 
P(x) and b,Pa(x) + ba-1Pa-1(x) + +++ + boPo(x) have identical coefficients 


n-1 
n— 1)! 
coefficient of the new polynomial P(x) — b, P(x), then P(x) and 
bn Pa(x) + bn-1 Pa-s(x) + +++ + boPo(x) have identical coefficients for 

n-2 
(n — 2)! 
coefficient of the polynomial P(x) — baPa(x) — b,-1Pr-i(x), then P(x) 


for x. If b,-1 1s chosen such that is equal to the leading 


both x* and x*!. If, in addition, is equal to the leading 
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and 6, Pi(x) + ba-1 Pr (x) + ba-2Pn-2(x) + +--+ + boPo(x) have identical 
coefficients for x", x"-',x*-2, and so on. Thus, we can determine 
bay On-1, +++, 61, 65 In such a way that the polynomials P(x) and 
bnPn(x) + ba-1Pa-i(x) + +++ + b,P,\(x) + boPo(x) completely coincide. 

Express the given polynomial P(x) of degree m, which has the 
property that P(0), P(1),---, P(~) are integers, in the form (as out- 
lined above) 


P(x) = boPo(x) + biPi(x) + bePo(x) + +++ + OnPrlx) . 
We see that 


P,(0) = P,(0) = ++ = P,(0) 
= P,(1) = P,(1) =::: = P,(1) = P(2) = +++ = P,(2) 
=---=P,(n— 2)= P,(n —2)=P,(n—1)=0, 
P00) = P,Q) = PA2)=--+ = Pam —-1)=P,(n)=1. 
Therefore, 


PO) = bo. P.(0) , 
whence b) = P(0); 
P(1) = boPo(1) + bP.) , 
whence 6; = P(1) — &Po(1); 
P(2) = boPo(2) + 6,P\(2) + b2P2(2) , 
from which it follows that 
bz, = P(2) — boPo(2) — b:P,(2) , 


P(n) = boPo(m) + b:Pi(st) + +++ + bn-1Pa-s(t) + baPrit) , 
and so 
bn = P(n) — boPo(m) — biPiln) — +++ — Bat Prn-1(3t) . 


Thus, all the coefficients bo, 5;, b2, :--,b, are integers. 


221. (a) It was shown in the solution of problem 220 that a 
polynomial of degree m can be expressed as a linear combination 
of polynomials of form Po(x), Pi(x), --:, Pa(x) (see problem 220), where 
the coefficients of P; in the linear combination (series) are integers, 
and provided that P(%) is an integer for all integers k. The proof 
needed only the fact that P(x) had integral values for k=0,1,2,---, 2. 
Hence the polynomial of the present problem can, under the given 
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conditions, be so represented. It is clear that the linear combination 
b,Pr(x) + +++ boPo(x) must have integral value for all integers, hence, 
so must P(x). 

(b) If the polynomial P(x) = @nx* + Gn-ix"7! + An-2x™* + ++ 
+a.x +a) has integral values for «=k, R+1, k+2,--:,k+n, 
then the polynomial 


Q(x) = P(x — Rk) = an(x — Rk) + an-s(x — RY +--+ + a(x — k) + ao 


has integral values for x = 0,1,2,3,---,m. It follows from problem 
(a) that Q(x) has integral values for every integer x. Therefore we 
must conclude that the polynomial P(x) = Q(*« — k) also has integral 
values for every integer x. 

(c) Let the polynomial P(x) = @nx"™ + Qnisx™"=! + +++ + a,x + ad 


have integral values for x = 0,1, i 2 --+,n*. Then the polynomial 
Q(x) = P(x?) = an(x?)® + Gnai(x?)*! -+ +a,x* + a) of degree 2 has 
integral values for 22+ 1 Te) values of x, that is, for 
x= —-n, —(Gt— 1), —(1 — 2), ---, —1,0,1, ---, #—1, n. In fact, it 
is obvious that 

Q(0) = P(O) , Q(3) = Q(-3) = PQ), 


OU SOE Pe. °<ssiieesettavores ; 

Q(2) = Q(—-2) = P(4), Q(n) = Q(—n) = P(n’), 
and all these numbers, by hypothesis, are integers. Consequently, 
basing our reasoning on problem (b), we may say that the poly- 


nomial Q(x) has integral values for every integral value of x. This 
also means that P(k?) = Q(k) is, for any integer k, an integer. 


As an example, we may use P(x) = a , for which 
Zs > RT). RS Dae) 
0) = PG?) = Tag = a 
9 (x + 2) + Ixte—-1) (e+ Ixie- D 
]- 3-4 1-2-3 : 


222. (a) Using De Moivre’s formula and the binomial theorem, 
we have 


cos Sa + 1sin5a = (cosa +isinay 
= cosa + 5cos'a-isina + 10 cosa - (2 sin a)? 
+ 10cos?a- (sina)? + 5cosa- (isina)* + @sina)s 
= (cos*a — 10cos'a@ - sin?a + 5cosa - sin‘ a) 
+ 1(5 cos‘a - sina — 10 cos’a- sin’a + sin*a@). 
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Equating the real and imaginary parts of the left and right sides, 
we obtain the required formulas. 
(b) As in the solution of problem (a), we have 
cos na + isin na = (cosa + isina)" 
= cos*a + Ci.cos*"'a-isina + C, cos** a: (isin ay 
+ Cicos**a-(isina)® + Cicos***a- (sina)! +-:: 
= (cos* a — Ci, cos*-? a- sin? a + Ci. cos*-‘a-+sin‘a — ---) 
+ i(Ci, cos*"!a- sina — Cr.cos**a-sin'a+--:). 
Verification of the desired identities is immediate. 
223. Using the formulas of problem 222 (b) we have 


sin6a@ _ _6cos’asina — 20 cos*asin*a + 6cosasin‘*a 


tan 6¢ = = ; : : 
cos 6a cos§a — 15cos‘asin?a + 15cos* asin‘ a — sinta 


Dividing the numerator and denominator of the last fraction by 
cos* aw, we obtain the desired formula: 


6 tana — 20tan’a + 6tan'a 


6a = —— —_.. 
anne 1—15tan?a@ + 15 tan‘ a — tan®a 


224. We may rewrite the equation x + + = 2cosq@ in the form 


xv+1=2xcosa 
or 
x?—2xcosat+1l=0. 
Thus, 


x= cosatU/cos?a—1=cosaxtisina. 
It follows from De Moivre’s theorem that 
x" =cosnatisinna; 


1 1 bod eit 
= ————. _ = cosva Fisinia. 
x” cos va tisinua 





By addition we obtain 
x” + a =2cosna. 
x” 
225. Let us consider the sum 


[cos ¢ +zsing] + [cos (¢ + a) +2sin(¢ + a)] 
+ [cos (g + 2e) + 2sin(g + 2a)] +--- 
+ [cos (¢ + ma) +2sin)g + na)]. 
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We have now only to compute the coefficients for the imaginary 
and real parts of this sum. By designating cosy +2zsing as a and 
cos@+isina as x, and applying the formula for the multiplication 
of complex numbers, and De Moivre’s formula, we find that the 


sum under consideration is equal to 


ataxtax?+-+---+ax*= i 
oes 


= (cosg + isin ¢) 


Oe 


cosa +isina—1 


=(cos¢g +7sing) 


nm+1 





—2 sin? 
=(cos¢+isin g 


@+ 2isin 





cos(z7 + lha+isin(z2 + law—-1 


[(cosa@—1)+7sina] 


n+1 


acos "a 


., a .. a a 
—2 sin? 2 + 22 sin — cos — 





= (cos ¢ +2 sing) 2 








.. atti [ 
21 sin a| cos 


n+1 





2 


2 2 





a +isin™ She 


2 


cos = sin — 
+1 = | 


—isin 5) 
2 


2 ack, 
isin S| 
- ati 
sin 5 a 
= (cos gy +7sin ¢) 
- a 
sin > 
(cos ##* a + isin 24 a) (cos $ 
x 
a 
Cc 2 a& n?— 
os 9 + si 9 
_ nat) 
sin 5 a ‘i i 
= —2__| os (» + Fa) + isin(o+ Fa). 
. a 2 2 
sin — 


2 


[ Here we have again used the formula for the multiplication of 


complex numbers and also the fact that cos — isin > = cos (- =) + 


2 sin (- 5) | The required identities follow immediately. 


226. Employing the identity cos’ x = 


the preceding problem, we obtain 


1 + cos 2x 


2 


and the result of 
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cos? a + cos* 2a 4+ ---+ cos? na 


ae 2a + cos4da +---+cos2na +n] 


I 


II 


1 [= (n + l)acos na | n 
= | ——_ - 1] + 
2 sin @ 
sin (#2 + lla cos na n-1 
a 
2sina@ 2 
But since sin? x = 1 — cos? x, we have 
sin? a + sin? 2@ + ---+ sin? na 
_ sin@a+Dacosna  n—-1 


2sina 2 
eT sin (x + l)a cos na 
= =-2 2sina 


227. We must compute the real part and the coefficient for the 
imaginary part of the sum 
(cosa +isin a) + Ci(cos 2a + isin 2a) 
+ Ci(cos 3a + isin 3a) + --- + [cos(z + la +7sin(m + la]. 
Designating cosa@+i sina as x, and using De Moivre’s formula 
and the binomial formula, we can transform the sum into the follow- 
ing form: 
K+ Cy? + 8 tee Fett = x(x + 1)" 
= (cosa +zsina)(cosa+1+7sina)" 


= (cosa +isin a(2 cos? s + 2i cos o sin Ss) 


= 2" cos” > (cosa +2 sin a)(cos oe +2sin “) 





= 2 cos" F- (cos *F +i sin ae a) . 


It follows that 
cosa + Chicos 2a + Ci cos3a + +++ + cos(z + la 
= 2" cos" = cos use a 
2 2 , 
sina + Cisin2a + Cisin3a +--+4+sin(z+ Da 


n+2 
2 





a. 
= 2" cos” > sin a. 
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228. We use the trigonometric identity 


sin Asin B= ~ [cos (A — B)—cos(A + B)] 


for the terms of the sum, obtaining 


a [cos HO + cos 20 — n)x ree 30n — nj) 
2 p 
it dd gos Ba Din | 
atk [cos (m + nye aks epg ele EE. eee 3(m + n)x 
2 p aoe ee 
+ +++ + cos Oa iNn ee | 
The sum 


cos “E a cos = FO oe Re EY es L 


is equal to p—1 if & is divisible by 2p (here, every summand of 
the sum is equal to 1). In the event & is not divisible by 2p, how- 
ever, this sum, according to problem 225, is equal to 


.. pkr (p — lkx (05 - $) 
sin = ORF cos —— ge he dug@ . cos 9 2p) ; 
sin am : sin Lis 
2p 2p 


_ {0 if k is odd , 
~ \—1, if & is even. 


Both of the numbers m +» and m — n will be simultaneously even 
or odd; in particular, if either of m+n or m—~n is divisible by 2p, 
then both m+n and m—n»n are even. The equation sought follows 











immediately. 
229. Consider the equation x?"'! — 1 =0, which has roots 
l, 
2x ! 
cos m+ SUES +1? 
4x : 
a ar a RE 
ee 4nx are 4nz 
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Since the coefficient of the absent term x?" in this equation may 
be taken as 0, the sum of all these roots is equal to zero: 




















2n Ar 4nx 
1 tec 
(1 + cos gE + cos SE + + cos S¥= 
“fs 2a : 4x ._  4na a 
s4(sitt ee ain ge +n) = 


Consequently, the expression inside each set of parenthesis is equal 
to zero; in particular, 


2n An ; Ani 
































cos mal OSS 4 COS aa =-1l. 
However, 
cos oP aod cos za 
2n+1 an+1’ 
eas 4x (4n — 2)x 
2n+1 an+1 ’ 
and so on, which implies that 
2 (cos a 7 t cos m/e 7 ti77 + cos ase) = 
That is, 
cos — i + cos = 7 a a + cos =o = -+ . 


Remark: It is also possible to prove this result by using the results of 
problem 225. 


230. (a) From the result of problem 222 (b) we have 
sin (2n + Da = Crati(l — sin? a)" sina 
— Cyati(l — sin’a)""! sin?a +--+» + (—1)"sin?*™"12 , 


whence it follows that the numbers 





0, 
. T 
sin 
an+1’ 
sin an 
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in ZZ 
antl’ 
sin (— £ ) = sin us 
an +1 2n+1’ 
sin (— on ) =~ sin on 
2n+1 2u+1’ 


Ce 2? 


s (- as ) 2 Lg me 
an+1 an +1 
are the roots of the following equation of degree (2m + 1): 


Cone(l — x®)"x — Conai(l — x?)8 x3 +e 4 (1) = 0, 





Consequently, the numbers 











are roots of an equation of degree v, such as 
Chel — x)" — Conti — xe + + (18x? = 0. 
(b) Let us replace 2 with 272 +1 in the formula of problem 
222 (b) and write it in the following form: 
sin (2n + Da = sin?"*a(Cins, Cot?"a — Cin41 Cot?*—2a 


+ Cin+1 Cot?*™“4q@ — +--+), 
Whence it follows that for 


a= 








ere ence 
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the following equation holds: 
Chis; cot?"a — Ci,+, cot?” *a + Ci1, cot?*™“a@ —--- =0. 


Therefore, the numbers 











4 
cot? 
an+1’ 
on 
cot? 
2n+1’ 
nr 
cot? 
2n+1 
are roots of the following equation of degree x: 
Cin+i1x" => Cone t®! + Cine"? a 0 . 
231. (a) The sum of the roots of the mth degree equation 
Cin 1 Cont = 
Sioa 2 ee ed 
Cra Coats 


[see the solution of problem 230 (6)] is equal to the coefficient of x"-' taken 
with the opposite sign (see the remarks preceding problem 222); that is, 























3x 
2 t? t? ita sacis re ewe: Sars 
2n4+] ve an+1 ae an+1 ~ 
Chee n(2n — 1) 
t? ils SS SS eee < 
oO Onl) Olen 3 
(b) Since csc? a = cot? a +1, the formula of part (a) implies 
2 2 7 4: 2 7 
se aa 2n+1 c an+1 
nr n(2n — 1) 2n(n_+ 1) +) 
ae eb 2 A 
oe, Dy | 3 a 
232. (a) First Solution. The numbers 
a) “a 
ae an+1’ 
sin? aE 
an-+1’ 
sin? —“ 
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are the roots of the mth degree equation obtained in the solution of 
problem 230 (a). The coefficient of the highest-degree term x", of 
this equation is equal to 


(-1)(Cint1 + Cia; +- + Can + 1) . 
But the sum in the parentheses is half the sum of the binomial 


coefficients 
l + Che + Ck +: s+ Cri + 1 ’ 


which is equal to (1 + 1)?"*! = 22"+!, Consequently, the coefficient of 
x" in the equation is equal to (—1)"2?". Furthermore, the constant 
term of this equation is 


Chey Oe 


Now, the product of the roots of a polynomial equation of degree x 
with leading coefficient 1 is equal to (—1)" times the constant term 
[if the polynomial has leading coefficient @ #1, then the constant 
term a, is equal to (—1)" times the product divided by a]. There- 
fore, we have 























20 : nT an+1 
—1)* sin? ee te 2 fp 
a On a et ee Oe 
and, consequently, 
3 ‘ an : nr V2n+1 
+++ Si a EE 
Tope On "on +1 2 
It can be proved, in an analogous manner, that 
r Qn _ (n-l)r Yn 
sin A sin a sin ar een Tar 
Second Solution. The roots of the equation x**—1=0 are l, 


t we) AE Qn Pee 4 3x ... 3x 
—l, cos—+isin—, cos — +2sin——, cos— +2zsin——, °"", 
n n n n n n 


- (2n - l)x 47Sn (Qn - x 


Therefore, we can write 
er —La=(x-— Viet 1)( — cos = — isin =) 
n n 
( Qn yaa =.) [ (n — 1)x 
x (x — cos—— — isin —)---] x — cos ———— 
n n n 
—7sin A DE: De | — cos fn+l)m _ isin Mier TV, | x 
n n n 


(2n —1)xr eee Ga | 
Sa aera casera ames! Fe 


7sin 
nH 
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However, 


whence it follows that 
( 4 ae =) (2n —1)x ga Gn = | 
x — cos — — isin — )| x — cos —————. — 7 sin ~————_ 
n n n n 
= x2—2xcos— +1, 
n 


( an ... 20 YI (2n — 2)x .... (2n — a | 
x — cos — —27SInN — KOS oo ESI 
n n n n 


dar gek lineage el, 
n 


Therefore, the decomposition of the polynomial x?" — 1 into factors 
can be written: 


i — 1 = (xt — (x8 — 2x cos = +:1)(2* — 2x cos “= +1) Kose 
x (2 — 2x cos B= 41). 


It follows that 


xr — | 


; se en? 4 gems ed. 4 yr? 4 1 
Ae ea 


= (# — 2x cos © + 1)(x* — 2x cos SE +1) Mee: 
n n 


x | # — 2x cos ADE 1, 
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If here we set x =1 and use the identity 


Pree 
2—2cosa=4sin?— , 











we obtain 
aa ., Qr _, na—l)xr 
n= 47-1 2_ 7 2 6t . aed Se? CL 
sin oer sin om sin on : 
from which it follows that 
Qn _ (n—1)z Vn 
sins sim ss ee ed = a= 
It is proved in the same manner that 
1 ; Qn ed, nr _ V2n+1- +1] 
"Ont 1 tel "On+1l 2 


(b) We can obtain the required result by reference to either 
the first or the second solution of problem (a). We shall not repeat 
those solutions here, but we shall derive the formulas we need from 
the formulas of problem (a). 























Since 
in x = sin ant 
2n+1 2n+1’ 
3x (2n — 2)x 
2n+1 2n+1 ’ 
: Sr (2n — 4)x 
Sp aeia 2n+1 ’ 
it follows that 
: 2x ‘ An . 6x ; 2nr 
—— eee S nN pene 
= 2n+1 Si 2n+1 eo 2an+1 ; 2an+1 
= sin5—* =a SF ay) Bigs OS a Wn 
- ak DAL OA 2 on +1 2" 


[see problem (a)]. If we divide this formula by 








Fe > sew DE 2 “iat Ven +1 
-*- SIN —_”- = 
SSA Ded n+l. oe 


and use the identities 
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sin an = 2sin = cos —-- 
an+1 an+1 2n+1’ 
sin an = 2sin an cos an 
2n +1 2n +1 2n+1’ 
2nn nn nr 
=2s cos 
Die 1 7 on + n+1' 
we obtain 
cos ——-— cos an cos OF Sis (os i 
2n +1 2n +1 2n +1 2n+1  2"° 
Similarly, we have 
[cos SI se OI ain GE |[sin Ee See OS ok ts ao | 
an 2n an 2n 2n an 
Ly Ee ae ae in = lyr 
= — sin — sin ——--: sin ~—————_ , 
ont n 
But 
sin = sin wee : 
n n 


Therefore, for odd » (n = 2k + 1): 














dn in ees sin {n= Vn 
n n 
_ : nt : Qn Loe nie kr ae V2k+1- oS. n 
= (sin pL pea Tae i itt) = Qn=t 
For even n (n = 2k): 
sin = sin 2@ ..- sin — D2 
n n n 
| gin sin ie DT a7 BY 
= | sin op INS sin J-@)- Seal 


[see solution (a)]. Whence we obtain 
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wT 
Oy On 2n Qnty /qy [Qn-2 Dnt 


Remark: If we divide the formulas of problem (a) by the corresponding 
formulas of problem (b), we arrive at 


a aE 2n+1 2n+1 vin +1; 
tan on tan =. (n 1 1 
Moreover, the second of these equalities is obvious, since 
tan>— tan ete = tan>— eet =1, 
tan tan 2 See = tan BoE tan 4 =l1, 
tan =1 


From this equality and from the second formula of problem 232 (a) we may 


readily derive the formula 
T on (n — 1)n aa 
cos——— cos —— X --- X cos —>-—— = ———.. 
2n “°° On 2n Qe-i 
These solutions can also be obtained in a manner analogous to that used in 
the first solution of problem 232 (a). 


233. We first show that if @ (in radians) is an acute angle, then 


gC 





Figure 22 
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sina<a<tanea. 
We have (see Figure 22; S is area and the circle has radius 1) 


1. 
Sisson = — Sina, 


2 

1 
Ssector 408 = i as ’ 

1 
S4aoc = oa 


But since 
Ssaon < Ssector 408 < Saoc , 


We have 
sna<a<tana. 


This double inequality implies that 
cota < i <csca. 


Therefore, it follows from the formulas of problems 231 (a) and (b) 


that 








nen — 1) cot? —~— + cot? 

















3 2n+1 2n+1 
370 nT 
t? ————_ wine 25 t? 
HOY Open. Yo ey 
2 2 2 2: 
< (A *) + (ty + (A) oe 
1 2r 37 nn 
7 
< 2 2 
ee mt 2n+1 
3x nr 2n(n + 1) 
2 ois Sto, CUNT E: 
+ csc m+ + csc m+ 3 . 


If we divide all the terms of the last double inequality by 
(2n + 1)? ; 
-———~,, we obtain 
qc? 
2n Sempra 1 )a- 2 \.% 
2n+1 2+1 6 2n +1 2n +2 6 
1 1 1 


<ltatrgato tte 
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an 22+2 7 


2n+1 2n4+1 £6 


1 1 rc? 
SY Clk rere y) Clantrere: pt 6’ 


234. (a) Assume that the point M is on the arc A,A, of the circle 
(Figure 23). Designate arc MA, as a; then the arcs MA:2, MAs, -:-, 
MA, are equal, respectively, to 








as was to be proved. 


But the length of a chord AB of a circle with radius R is equal to 
2R sin a. (This is readily discerned from the equilateral triangle 
AOB, where O is the center of the circle.) It is clear, then, that 
the sum which interests us is equal to 


4Re{ sin’ 4 4 sin? (+ ~ =) + sin? (F + =) Deer 
2 n 2 n 


2 
tint (4 4 =U) 


We shall now evaluate the expression in the brackets. Using the 


half-angle formula, sin’ x = AS, we find that the bracketed 


expression is equal to 


S= 5 — {cosa + cos (a+) + cos (a+ 42) + . 


+ cos (2 ie Sei iL )} ; 
n 
But, by the identity in problem 225, we have 


cos a + cos (a + ==) sie +cos| a + | 
n 
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sin 7 cos E + eae | 
et a I ey, 


. Tv 
sin — 
n 


consequently, S = > The assertion of the problem follows. 





Figure 23 Figure 24 


Remark: For even n = 2m (Figure 24) the assertion of the problem is obvi- 
ous, since, by the Pythagorean theorem, 


MA} + MAnws = MA} + MAnss = +--+ = MA, + MA}, = 4R?. 


(b) Let A,B,, A,B:,---, A,B, be perpendiculars drawn from 
points A;, A:,:+-, A, to the line OM [Figure 25 (a)]. Then it is 
readily found (from the law of cosines and consideration of the tri- 
angle OA;B,) that 

MA; = MO? + OA — 2MO-OB, = I? + R? — 21-OB, 
(k= Ty2; syn), 
where the segments OB, are taken with the plus or minus sign de- 
pending upon whether the point B, is located on the segment OM 


or on its extension. 
Consequently, 


MA; + MA; + --: + MA, = nl + R?) — 2U0B, + OB, + --- + OB,). 
But if <MOA, = a, then 
OB, = OA, cos <A:OM = Recosa, 


Solutions (234) 343 


OB, = Ros (a + =) ; 
’ 


OB, = Reos (a + ==), 
) 


OB, = R cos E + ae . 


However, it was shown in the solution of problem (a) that 
cos a + cos (« +) oes + cos| a + aa Bel =0, 


and so OB, + OB, + --- + OB, =0. 
The assertion of the problem follows. 
Remark: For even n = 2m the assertion of the problem is obvious from 


Figure 25 (b). In this case 


OB, + OBm+1 = OB: + OBn+2 Stes SS OBn + OBon = 0 . 





Figure 25 


(c) Let M, be the projection of point M onto the plane of 
an m-sided polygon (Figure 26). We have 


MA; = M, Ai + MM? (R=1,2,-+++,”), 


and, consequently, 
MA? + MA}4+ +--+ MAL = MAI + MAZ+---+ MA, +n2-MM . 
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But 
M,Ai + M.A? +--+: + MA= n(R? + OM) 
[see problem (b)], and 
2? = OM? =O0OM;4+ M.M?, 


whence follows the assertion of the problem. 





Figure 26 


235. (a) The solution of this problem follows directly from the 
theorem of problem 234 (a), if we take into account that for an even n, 
the even (and odd) vertices of the m-sided polygon are also the vertices 


of those regular eons (abbreviation for polygons with oa sides 
inscribed in the circle. 

(b) Let x = 2m-+1. We deduce from the solution of problem 
234 (a) that it is sufficient to prove equality of the following two 
sums: 


$= sin $ +sin($ +52) + sin($ + oA) 


2 2 2m+1 2m +1 
. a 2m 
= +sin(S + 5"), 


and 


S: =sin($ + 5 2) +sin($ + 727) 
2 2m+1 2 2m +1 


. - (a ee) 
a +sin ($+ rrr 
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But, by problem 225, we have 


- (n+1)z .. ($ mI ) 
g= am FL NZ Bm eT) 


Set a Fe : 
or 2m+1 
mre. f @ us Gm — 1)x 
_ sin St sin] + a + ae] 
S. = - ='S 


OY Gal 


236. In problem 234 (a) we found that the sum of the squares of 
the distances from a point on a circle circumscribed about a regular 
n-sided polygon to all of its vertices is equal to 27R?. If we assume 
that M coincides with A,, then the sum of all sides and diagonals 
of the 2-gon emanating from one vertex is equal to 2”R?. If we 
multiply this sum by » (the number of vertices of the -gon) then 
we obtain double the sum of all the sides and diagonals of the -gon 
(since every side or diagonal has two ends, it counts twice in the 


sum). The sum we seek is therefore equal to © .onR? = n°R?, 


(b) For a regular polygon, the sum of all the sides and 
diagonals which emanate from one vertex A, is equal to 


2r| sin = + sin = + ae + sin @— DV) 


n 
_ a. (n—-l)xr 
sin — sin ——— 
oe 2n 
sin —— 
2n 


[compare with the solution of problem 235 (b)]. When we multiply 
this sum by 2 and halve it we obtain the required result: Rn cot — : 

(c) The product of all the sides and all the diagonals of the 
n-gon emanating from one vertex is equal to 


. mu... 2x - (n—1)a n 
2? kK" “sin — sin ——*+'sin Bee E 2 
n n n 271 


[see the solution of problem 232 (a)]. By raising this product to the 
nth power and extracting the square root, we obtain the required 
result. 


237. Let us compute the sum of the 50th powers of the sides and 
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diagonals emanating from one of the vertices, say A:. This problem 
reduces to finding the sum 


5 60 Vara 50 : 997 50 
~ (2R in) + (2k x) A (2R ) 
( sin 100 sin 100 + + sin 100 
{compare with the solution of problem 234 (a)]. Thus we must make 
a summation of the 50th powers of the sines of several angles. But 





sin” a = 


[ss +isina) — 
2i 


(cos a — 7 sina) Ir 





where we write cosa +isina =x; in this case, cosa —zsina=—. 
x 
Therefore, 


1 


: =] 
sin’ a = Cait Ser xo SO igre 
2*° a 





1 1 1 
+ C558 a Coot os + Cy — 
484-2 — 49 1 a. 
+ Cex? — Ci0* oe + Fo 


1 1 1 1 
= — 5 (= + =) - Cio( 2 + - ae + =) SS Aus 
1 
ie Cal + *) + cx 


= — sa cos 50a — 2C}, cos 48a’ 


+ 2C?, cos 46a — --- + 2C}} cos 2a + C3 


[ here we make use of the fact that x* + += = (cos ka +1 sin ka) + 


(cos ka — isin ka) = 2 cos ka 


Hence the sum S may be expressed in the following way. 





2a 99x 
Set P80 Ths, sO 50 
R | 2 ( cos 5035, 50 100 + cos 50-— +--+ + cos 100 ) 





1 an 99x ) 
a eee Se, 48 
2Clo( cos 4855 48 100 + cos 48-~— +--+ + cos 100 
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+ 2C3 ( cose an... 6a) 
50 100 + cos 40 + + cos 4 100 





2ci( 9 =. re a — 9928 
+ 2C%50( cos 100 + COs 27 + + cos 2 100 99C33 
= — R* (2s, — 2Crose + 2Cioss — --- + 2Ciises — 99CH] , 
where $i, Sz, °**,S25 replace the sums in the parentheses. But from 
the formula in problem 225 it follows that s, =s.=--: =S3 = —1l. 
Therefore we have 
ZS = RQ — 2Cho + 2C5 — ++ + 2C5 + 99CR 
= R*1 — Cyo + Coo — Co + --) +CH - a 
+ Co — +++ +CH— Ce +1 - 100CH 


= R®((1 — 1)30 + 100C%3 = 100Ci2R*° : 


From this we immediately obtain the result that the sum of the 
50th powers of all the sides and diagonals of a 100-sided polygon is 
equal to 


1002 


-50! 
OF — s900cHR™ — 5000-50! 155, 


(25!)? 

238. We make use of the fact that in a triangle with integral 
Pane ~ 2" ; 
a a (law of cosines, 


where A is the angle between b and c) is rational. Further, if A= 


sides a,b, and c the number 2 cos A = 


7 +180", where m and m are integers, then cos”A = cos (m-180°) = 
(=D), 

We shall now show that 2cosmA for an arbitrary integer 2 can 
be expressed as a polynomial of degree ” in terms of 2cos A with 
integral coefficients and having leading coefficient 1; that is, that 


2cosnA = (2cos A)" + a,(2 cos A)"~*? + a,(2cos A)*"*+---, 


where @,, @,-°-: are integers. This assertion may by deduced from 
the first formula of problem 222 (a), or else proven by mathematical 
induction. Indeed, it is true for m =1 and m = 2, since 


2cosA =2cosA, 
2cos2A = (2cos A)? — 2. 


But from the known product-to-sum identity we have 


cos(n + 2)A +cosnA =2cosAcos(n+1)A, 
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and so 
cos (n + 2)A =2cos Acos(n + 1)A —cosnA , 


from which it immediately follows that if the assertion is true for 
the values #2 and 2+1, then it is also true for » +2. Since the 
assertion is valid for n= 1 and n = 2, it follows that it is true for 
all values of n. 

By setting 2cos A = x and cosmA = (—1)" in the resulting formula 
we obtain the following equation with respect to the unknown x: 


BP a gaa haps 2 1 0s 


Thus x is a rational root (since, here, x =2cosA is rational) of 
an equation with integral coefficients whose highest-degree term has 
coefficient unity. But all the rational roots of such an equation must 
be integers (see problem 218); therefore, x = 2cos A must be an inte- 
ger. Since 0<cosA <1, the only possibilities are cos A = 0 or else 


cos A = 2 that is, A may be 60°, 90°, or 120° (these are the only 


angles greater than zero but less than z = 180° for which 2cosA is 
an integer). 

The existence of 60°, 90°, and 120° angles in triangles with integral 
sides may be shown by simple examples. A triangle with sides 
(3, 4,5) is a right triangle—it has a 90° angle. In a triangle with 
sides (1,1, 1) all the angles are 60°. Finally, we cen verify (by the 
law of cosines, for example) that a triangle with sides (3, 8, 7) will 
have a 60° angle (between side 3 and side 8) and a (3,5, 7) triangle 
will have a 120° angle (see also problem 128). 


239. (a) Let us assume that the ratio of 6 =arc go to 180° is 


m 


a rational number, that is, that @ = 180°, where m and ” are 


integers (which will be considered relatively prime). From the second 
formula of problem 222 (b) we have 


sin v6 = C),cos"-'6 sin 6 — C2 cos*-? 6 sin? 6 + Ci cos*™-> @sin'@— -:-. 


In the case of interest to us we have 


eee 
Dp 


’ 


sin 6 = V1 — cos? 6 = a 1 


and sin m@ = sin 180°m =0. Substituting these values into the last 
equality, we obtain 
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n(n — 1m — 2)(n — 3) — 4),,, ae 
cm 5! eae | 





Since p #1, we have Vibe = 1 +0, and therefore the sum within 


brackets must be equal to zero. Since all the terms of this sum, 
except the first, are even integers (p*? — 1 is even, since p is odd), 
the first term must also be even. Hence 2 is even, 7 = 2k, and there- 
fore m is odd. 

Since is odd, it follows that 


cos k0 = cos ™7 = cos Ba = 0. 


From the first formula of problem 222 (b) we have 


cos k6 = cos* 6 — Ci.cos*-? 6 sin? 6 + Cicos*-*@ sin? @— +--+. 
By setting cos@ = oe sin @ -ve, and cos k@é = 0 we obtain 


0 = fl — Cie — 1) + CK pt — 1) 2a, 


Here all the summands in the brackets, except the first, are even 
integers, and the first is equal to unity, that is, is odd. Therefore, 
the resulting equality is impossible. This contradiction proves that 
the ratio of 6 =arccos — to 180° cannot be a rational number. 

(b) Let us assume that @ =arc tan 2. contains a rational 
number of degrees, that is, that 6 can be expressed as 0 = = 180°, 


where m and » are integers. We shall consider p and q relatively 
prime, which is permissible, since we are interested only in the 


ratio - We shall use the DeMoivre formulas 


(cos 6 + 7sin 8)" = cosné + 7sin n6 
and 
(cos @ — 2 sin 6)” =cosn@ —zisinné. 


Since @ = = 180°, we have sin 2@ = sin 180°m = 0, and, consequently, 


(cos @ +72sin 8)" = (cos@ —7sin@)". 
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Dividing both sides of this equality by cos" 8 (cos 6 +0, since tan @ = 
sind pp 





, where g # 0), we obtain 


(1 + 72tan 0)" = (1 —i7tan@)", 


(egy = Gag), 


or, after multiplying by q”’, 
(q + ip)” = (q — tp)". 
We shall now show that this equality is impossible when p and gq 


are integers, relatively prime, P +0, g #0, and p and g are not 
simultaneously equal to +1. To this end we express the equality as 


(q — ip)” = [(q — tp) + 2ip)" 
= (q — ip + Crlg —ip)*2ip + Ca(q — ip)"-*(2ip)? + +++ 
+ Ci'(q — ip)(2ip)y + (2ip)” . 
Eliminating the term (g—7p)" from the left and the right sides, 
dividing by 2zp, and transposing (2zp)""' to the left side, we obtain 
— (ip)! = q — ip)[Cag — ip)? + 
Cig — ip) *2ip + +--+ Cr '(2ip)-?] . 
Each side of this equality is a complex number; by equating the 
moduli of these complex numbers and taking into account the fact 


that the modulus of the product equals the product of the moduli of 
the factors, we find 


that is, 


(2p)?r* = (q? + p*)B, 


where B is the modulus of the expression within the brackets on the 
right side of the preceding equality. Thus B is equal to the sum of 
the squares of the real and imaginary parts of the number, 


Clq — ip)? + Clq — ip)?22ip + ++» + CRM 2ip) , 


and is therefore an integer. Thus (2p)**-? is divisible by p* + q?. 
But since p and q are relatively prime, p? + g* does not have common 
factors with p and gq; that is, 2?"-? must be divisible by p* + q?. The 
numbers p and g are either both odd, or one is even and the other 
odd. If one is even and the other odd, then p? + gq? will be odd, but 
if p=2r+1 and g= 2s +1 (both odd), then 
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p? +g = 2(2r? + 2r + 2s? + 2s + 1) 


will be even, but it will contain the odd factor 277? +r + s?+s)+ 1. 
This odd factor becomes unity only for p==+1, g=2+1. Therefore 
for all remaining cases 22-2 cannot be divisible by p? + g?. That is, 


Pp 


= arctan cannot contain a rational number of degrees. 


240. First. Solution. Assume that a is not divisible by p. Then 
the integers a, 2a, 3a, ---,(p— l)a will also fail to be divisible by 9, 
and they will yield different remainders when divided by p [if ka 
and la (p—12k> 2) produced identical remainders when divided 
by p, then the difference ka — la = (k — l)a would be divisible by p, 
which is impossible, since p is prime, a is not divisible by p, and 
k—I1 is less than p.] But since, upon division by p, all possible 
remainders are exhausted by the » — 1 numbers 1, 2,3, ---,p—1, it 
necessarily follows that 


a=qnpr+a, 
2a=Qapt+a, 
3a = Q3:pt+4s, 


(p—-—lDa=Q-ip + a1, 


where di, @2, °**, @p-1 are the positive integers 1,2,---,p—1, taken 
in some order. Multiplying together all these equalities, we obtain 
[1-2---(p — ja’! = Np t+ aia2---+ap-1, 
[1-2-++(p — (ar! — 1) = Np. 
Therefore it follows that a?-!—1 is divisible by p, and a? —a is 
also divisible by p. (If a is initially divisible by p, then the asser- 
tion of Fermat’s theorem is obvious.) 

Second Solution. The theorem is obvious for a = 1, since in that 
case a? —a=1—1=0. We shall now apply mathematical induction 
to the positive integer a, and show that if a’ —a is divisible by p, 
then it will follow that (2 + 1)? — (a + 1) is divisible by p. 

By use of the binomial theorem we find that 


(a + 1)? — (a+ 1) =a? 4+ par + Char? + Cpa? 2 +++ + pat1l—a-1 
= (a? — a) + par + CaP? + +++ + Ca + pa. 
But all the binomial coefficients 


ch. Db - Wp — 2) Po k+Y 
: 1-9-3-22k 
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are divisible by the prime number f, since C* is an integer and since 
the numerator of the above expression for C* contains the factor p 
whereas the denominator does not contain this factor. But since, by 
the induction hypothesis, a? — a is also divisible by p, it follows that 
(a + 1)? — (a + 1) is divisible by p. 
We shall detail a more elegant variation of the same proof. Be- 
cause all the binomial coefficients C} are divisible by p, the difference 
(A + B)? — A? — B? 
= pA?"'B + CpAP-*B? + +--+ CAB? + pABr-? 
where A and B are any integers, is always divisible by p. If we 
apply this result, we find that 
(A+ B+C)?— A? — Br—C 
= {{((A + B) + Cl? —(A + B)?— C?} + (A + B) — A? — BP 


is always divisible by p; that 
(A+ B+C+ D)?— A? — Br?—C?— Dp 
={{(A+B+C)+D})—-(A+B+4+C)-— D?} 
+(A+B+C)— A? — BP—C 
is always divisible by p; and that, in general, 


CAE BC ast hp At Se BPS Cee os = Ke 


is always divisible by p. 

If in the last expression we now set A= B=C=-:.-=K=l1, 
and if we let the number of these terms be equal to a, we arrive at 
Fermat’s theorem: a?—a is divisible by p. 


241. The proof of Euler’s theorem is completely analogous to the 


first proof of Fermat’s theorem. Let ki, k:,---,k, be the set of natural 
numbers which are less than, and relatively prime to, the integer N. 
We consider the ry numbers &,a, k.a,---,k,a. All of these are rela- 


tively prime to N (since a is by hypothesis also relatively prime to 
N), and all of them, when divided by WN, will yield different re- 
mainders (this is proven exactly as in problem 240). We may write 
kia = gN + a, 
kia = q.N + Qo, 


ee 


ka=q,N+4a,, 
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where @;, G2, --:,@, must be the same numbers as &,, fo, ---, k, though 
in different order (since clearly the a; are distinct, all less than WN, 
and if a; were not relatively prime to N, then neither would be k,). 
If we multiply together all the equalities, we obtain 
Riky:+-k,a’ = NM + ayas--+a, , 
kiko +-k,(a7— 1) = NM, 


whence it follows that the integer a’ — 1 is divisible by N. 


242. We shall prove this by mathematical induction. First, it is 
evident that for = 1 the proposition of the problem is correct: 


22—-1=1, 
2—1=3, 
2—1=7 


are not divisible by 5. We shall show that the proposition holds also 
for 7=2. Let 2* be the smallest power of the number 2 which will 
produce a remainder of 1 when divided by 5%= 25. (That is, & is 
least such that 2*— 1 is divisible by 25.) Now, assume that Rk < 
o—53=25—5= 20. If 20 is not divisible by & (that is, 20 = gk +7, 
where 0 <7 <k), then we obtain 


Be LS 2 eS 200 eo) 2 21) 


But 27°—1 is divisible by 25 (by Euler’s theorem), and 2% —1= 
(2*)7 — 19 is divisible by 2 — 1, which, by assumption, is also divisible 
by 25; therefore 2” — 1 must be divisible by 25, which is a contra- 
diction of the assumption that & is the smallest number for which 
2* — 1 is divisible by 25. Therefore, R must be a divisor of the 
number 20; that is, & can be equal to only 2, 4, 5, or 10. But 2? —1 =3, 
2°>—1=31, and 2'°—1= 1023 are not divisible by 5, whereas 
2‘'—1= 15 is divisible by 5, but is not divisible by 25. Thus, the 
proposition of the problem holds also for ” = 2. 

Let us now assume that the proposition of the problem holds for 
some 7, but is invalid for 2+ 1, that is, that the least k such that 
2* — 1 is divisible by 5"t! is less than 5"*! — 5° = 4-5". We can show, 
exactly as above (for m = 2), that & must be a divisor of the number 
4-5", But, moreover, we can show analogously that the number 
5" — 5*-1 = 4-5"-! must be the divisor of the number &. If it were 
true that k= q-4-5""'+y7, where 0< 7 < 4-5""', then 57 —1 would 
be divisible by 5", which contradicts the hypothesis that the propo- 
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sition of the problem is valid for the number x. Thus & has only 
one possible value: k = 4-5"-!. 
Since the number 


gsm-l_sn—2 = 1] = Darsn-2 k - 1 


is divisible by 5*-' (from Euler’s theorem) and is not divisible by 57 
(otherwise the hypothesis would not be true for 2), then 


ger? = g-5et 41, 
where gq is not divisible by 5. From the expansion 
(a + b)’ = a + 5atb + 10a*b? + 10a?b? + 5ab* + B® 
we obtain 
Qesn-t — J = (24°5"-7)8 — J = (9-57! + 138 — 1 
= OMtHGh Stars + gt Sees + 2g? Seat + 2g?-5"-9) + q-5", 


whence it is clear that 2*®"~'—1 is not divisible by 5"*'. Hence, 
the truth of the proposition for implies that it is also true for 
n +1, whence the statement holds for all integers. 


243. According to Euler’s theorem (see problem 241), the number 
gst0-s9 _ yy = acs? _. ] — 9 7.812,500 _ ] 
is divisible by 5'°; therefore, for 2 = 10 the difference 
27 .812,500+2 — Qn = 27(27-812,500 pm 1) 


is divisible by 10. That is, the last ten digits of the number 
27:812,500t2 coincide with 2". This means that the last ten digits of 
the numbers of the sequence 2', 2?, 23,---,2",--- will repeat after 
every 7,812,500 numbers. Moreover, this periodicity begins with the 
tenth number of this sequence, that is, with 2?°. 

It follows from the result of problem 242 that the period is, actual- 
ly not less than 7,812,500. 


Remark: It can be proven analogously that the last n digits of the numbers 
in the sequence under consideration will repeat every 4-5%-! numbers, begin- 
ning with the nth number of this sequence (for example, the last two digits 
would repeat, beginning with the second number, every 20 numbers). 


244. We shall prove an even more general theorem, namely, that 
for any integer N there is always a power of 2 whose last N digits 
will always be ones and twos. Since 2° = 32 and 2° = 512, the propo- 
sition is valid for N=1 and N=2. We shall carry out the proof 
by mathematical induction. 
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Assume that for some natural number WN the final N digits of the 
number 2” are ones and twos. We are to show that there is a power 
of 2 whose last N+ 1 digits will be ones and twos. 

According to the induction hypothesis, 2" = @-10” + 6, where b is 
an N-digit integer whose digits are all ones or twos. Let us designate 
the number 5” — 5*-! = 4-5*%-' by the letter 7; then by Euler’s theo- 
rem (problem 241), the difference 2” — 1 will be divisible by 5%”. It 
follows that if the integer & is divisible by 2”%*!, then the difference 
2"k — k = k(27 — 1) will be divisible by 2-10%. That is, the final N 
digits of 2'k and k will coincide, and the (N+ l)st digit from the 
end of each will be both odd or both even. 

Let us now consider the following five powers of 2: 


2% 

Qrtr — Or.gn 
Qnt+2r — Or.Qner 
Qnt3r — Or.Qnter 


Qntar = or. Qntsr 


From what we have shown, the final N digits of all of these numbers 
will coincide (each of the numbers, as well as 2”, will terminate in 
the same number, b, which consists entirely of one and twos), but 
the digits in the (N+ 1)st place from the end of all of them will be 
simultaneously even or odd. We shall now prove that the digits in 
the (N + 1)st place from the end cannot be identical for any two of the 
five numbers. In fact, the difference of any two of the numbers 
can be expressed as 2"*™7” (2™27— 1), where m, =0,1,2, or 3, but 
m,=1,2,3, or 4. If this difference is divisible by 10**', then 
227 — 1] must be divisible by 5%+!; but since 


Mor = mz+(5% a 54-1) < 5-(5%” = 54-1) = 5N4t1 a 5N : 


this contradicts the result of problem 242. 

Therefore, the digits standing in the (NV + 1)st place from the end 
of the above five integers must be either 1,3,5,7, and 9 (all ap- 
pearing) or else 0, 2, 4,6, and 8 (in what order, we do not know). In 
either event, in one of these integers the (N+ 1)st digit from the 
end must be 1 or else 2. This means that, in any event, there exists 
a power of 2 whose final N+ 1 digits can comprise only the digits 
l and 2. This induction proves the proposition of the problem. 


245. Let @ be one of the numbers of the,sequence 2, 3, ---,p— 2. 
Consider the integers 
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a,2a,---,(p—Dea. 


Clearly, no two of these integers can yield the same remainder 
upon division by p; therefore those remainders will be the positive 


integers 1, 2,3, ---, # — 1 (all appearing, but in what order is unknown 
and not important). (Compare with the solution of problem 240.) In 
particular, there will be an integer 5 in the sequence 1,2,---,p—1 


such that ba, when divided by p, will have a remainder of 1. Now, 
b#1 and b#p-—1, since 25a p—2, and were }=1 then the 
number ba = a when divided by p would yield remainder @ # 1; and 
were b= p—1 the number ba = (p — 1)a = pa — a when divided by 
p would yield the remainder P—a#41. Moreover, 6 #4, since if a 
yielded a remainder of 1 when divided by p, then a4? —1=(a@+1)(a—1) 
would be divisible by », which is possible only for @=1 and @= 
p-—l. Therefore, 2565 p—2, and b)#a, which means that each 
of the numbers 2,3,---,f— 2 can be paired with one other distinct 
integer of this set such that the product of this pair yields a remainder 
of 1 upon division by p. Accordingly, the product 2-3-4---p — 2 it- 
self yields a remainder of 1 when divided by ?. 

Now the number p — 1 may be thought of as yielding the remainder 
—1 upon division by p. It follows that 


a Dbaj 28s p= 2p — De [2-8 = 2) pT) 
has the remainder —1 when divided by p. That is, 


(2=DE= kp = 15 
(p—l!+1l=é£p, 


which says that (p— 1)! +1 is divisible by p. 

If p is not prime, it must have a prime divisor g <p. Then 
(p — 1)! is divisible by g, since g is one of the factors in (p—1)!. 
But then g cannot divide (p — 1)! + 1; hence neither can p. 


246. Let p=4n+1 be a prime number. By Wilson’s theorem 
(problem 245), the number (p — 1)! + 1 = (1-2-3---4n) +1 is divisible 
by p. Now in (42)! we shall replace each factor exceeding 2” by the 
identical number expressed in terms of pand zn. For example, since 
p=4n+1, we may write 2n+1=p-—2n, 2n+2=p-—(2n—1), 
and so on, until, finally, 42 =p—1. Then (p— 1)! = (4n)! = 1-2-3. 
-++(2n — 1)2n(p — 2n)[p — (2n — 1)}---(p — 1). 

It is readily seen that if the right side is expanded, then every 
term will have p asa factor, except a final term which will be equal 
to [(2)!]?. Therefore, (p — 1)§' + 1 = Ap + [(2n)!]? + 1, where A repre- 
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sents an expression unimportant to us. Since this number is divi- 
sible by p, and the term Ap is divisible by p, it follows that 
{(2n)!}2? + 1 is also divisible by p. Therefore, the number x = (2n)! = 


pet) satisfies the conditions of the problem. 


Remark. We note that if the integer x has the remainder x, when divided 
by p, then since 
et +1=(kpt+a)?+1= (kp + 2ka)pta+1, 
it follows that 2% +1 is divisible by p. Therefore we might stipulate, as an 
additional condition of the problem, that x < p, since such an & = 2 does exist. 


247. (a) The assertion of the problem follows immediately from 
the identity 
(a? + B*)(ay + bi) = (aa, + 5b,)? + (aby — bai)? . 


(b) First, it is easily shown that no number of the form 
4n +3 can be expressed as the sum of two squares. In fact, the 
square of every even number may be expressed as 4k, and the square 
of an odd number may be expressed as 4k + 1, since 


(Qa+1P?=4@+a)+1. 


Accordingly, the sum of the squares of two even numbers may have 
the form 47; the sum of the squares of two odd numbers may have 
the form 42 + 2; and finally, the sum of the squares of an even and 
an odd number may have the form 42 +1. Thus, an integer which 
can be written as 4m + 3 cannot be the sum of two squares. 

It is a more involved matter to show that every prime number of 
the form 4m + 1 may be expressed as the sum of the squares of two 
integers. Let p bea prime of form 4x +1. We know from problem 
246 that some multiple of » can be expressed as the sum of two 
squares; in fact, since there exists an integer x such that p divides 
x? +1, there is an m such that 


mp=x22+1. (1) 


From the remark following problem 246 we may find x < p, whence 
x? +1 < p?, and so in (1) we may assume that, because of the suitable 
choice of x, m<p. If m=1, the proof is completed. Hence we 
shall assume that m #1. 

Now, if m is even, then x? +1 is even, whence x must be odd. 
Then we can write 


Wipes eV 9 (Zea 
2? (AS1Y + (AY. 
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That is, there exists an m! = a such that 


mip=xnity. 
If mm! is again even, then either x, and y, are both even, or else both 
are odd. In either event, we can easily determine (reasoning as 


1 
above) that there exists an integer m''(= *) such that 


2 
m'p=xs+y2. 


Now, if m is a power of 2, then the proof concludes in an obvious 
way. Hence we need consider only the case in which m is odd (to 
which the problem reduces if m fails to be a power of 2) and that 
we have 


mp =x + y 


(whether y? = 1 or not is not important in the sequel). 
Let x, and y, be the least remainders in absolute value which can 
result when x and y, respectively, are divided by m: 


xXx=mrt+%, 
y=ms+y 


(either of x, or yi, or both, may be negative integers). Then |x,| and 
|y,| are both less than oe (equality cannot hold, since m is odd), 


and we can write 
mp = x? + y? = (mr? + 2mrx, + xh) + (mis? + 2msy, + yi). 
It is clear that x{ + yj} is divisible by m: 


2 
a+ y= mn 





Git is readily found that » = p — mr? — 2rx, — ms, — 2sy,). 
We note that 2 < oe indeed, since x, < a and y, < or it follows 


that 
2 2 2 
mn= x+y < (3) + (3) = oe . 


In addition, 2 #0, since otherwise x and y would both be divisible 
by m and mp = x? + y? would be divisible by m?, which is impossible 
since p is prime and m is distinct from 1 and less than p. 


We shall now show that 2p may be expressed as the sum of the 
squares of two integers. From the identity in problem (a) we have 
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mn-mp = m'np = (x? + y)(at + vi) = (ea, + yy)? + Crm — yar)? . 
But since x = mr+ x, and y= ms + ¥»,, the numbers 


xx, + yy, = mrx, + xt + msy, t+ yi 
mrx, + msv, + (xt + vi) = mire, + sy, +n), 


II 


VX; = mry, + XV, — sx, — 1M. = M(ry, — SX.) 


XV, — 


are divisible by m. Thus we obtain 


xx, + vv, \? xvi — XV\? 
np = (tu) a (Ce ereCCaamne (aT 
m m 


which displays zp as the sum of squares. 

If, now, » = 1, we are finished. If ~ #1, wecan, by using exactly 
the same method, decrease this number, that is, find an, < ” such 
that 2, ) can be expressed as the sum of the squares of two integers. 
If », fails to be 1, we can find an m. < m, such that »,.p may be ex- 
pressed as the sum of the squares of two integers. Continuation of 
this process produces a strictly decreasing sequence of positive inte- 
gers for »:;, which must terminate with 1. Therefore, the number 
1-p can be expressed as the sum of the squares of two integers: 


p=X*+¥?, 
as was to be shown. 

(c) First, it follows almost immediately from the theorems 
in problems (a) and (5) that if a composite number AN contains prime 
factors of the form 4” + 3, but only even powers of them, then NV 
can be expressed as the sum of the squares of two integers. Indeed, 
in that case the number N can be expressed as a product P?-Q, 
where all the prime factors of P are of form 4m +3, whereas all 
the odd prime factors of Q are of form 4n4+ 1. Since 2=1?4 1?, 
then, from the theorems of problem (b), all the prime factors of Q 
can be expressed as the sum of the squares of two integers. In that 
event, it follows from the theorem in problem (a) that even Q may 
be expressed as Q = x? + y?. But since this is so, 


N = p-Q = (px) + (py? 


may also be expressed as the sum of the squares of two integers. 
This proves one part of problem (c). 

Let the composite number WN, now, contain a prime factor p of the 
form 4n + 3 to an odd power: N= p**+!-m (where m is not now 
divisible by p). We shall prove that N cannot be expressed as the 
sum of the squares of two integers. Indeed, assume that 
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N=x'?+y, 
where x and y are integers. Then upon dividing x’, y?, and N by the 
square of the greatest common factor of x and v, we must arrive at 
the equality 
M= xy + bee ’ 
where M is still divisible by p: M=M,p. By substituting for X, 
and Y, their remainders x, and y, upon division by p, we obtain the 
equality mp = xi + yi, where m < p [compare with the remarks after 
problem (246)]. But here, as in solution (b), p can be written as 


the sum of the squares of two integers, which is impossible [see the 
beginning of the solution of part (b)]. This completes the proof. 


248. For p=2 we have, trivially, 2=1%+0?+1. For an odd 
prime fp we shall give a constructive method for finding two numbers 
x and y, both less than oo which satisfy the condition of the prob- 
lem. 


Consider the 


integers 0, 1,2, ---, aa oa The squares of 





ria ee 
Z 

any two of these numbers, when divided by p, will yield different 
remainders. In fact, the equations 

m=kiptr, 

x = kip +r 
would imply that 

Xi ~ x2 = (%1 — X2)(X1 + 2) = (Ri — Be) 
That is, 
(x1 — X2)(x, + X2) 

would be divisible by p, which is impossible since x, < 2 and x, < 


£. and so 


x, + Xo < Dp ’ 
[x1 — x%2| < p 
(remember that ~ is a prime number). Hence the numbers of the set 
— 2 
02,12,22,-..,(2 ; 1\" yiela 21 
when divided by p. This implies that the (negative) numbers 
= 2 
es em eee me eee = 1\* _ 1 when divided by p also 
p+1 2 
d ee 
2 








distinct (nonnegative) remainders 
pt+l 
2 








yiel different (nonnegative) remainders (if —x}— 1 and —x2—1 
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yield identical remainders, then x; and x} also yield identical re- 
mainders'). But since there are only p distinct (nonnegative) re- 
mainders possible after division by p (namely, 0,1,2,---,p— 1), it 


2 
is clear that of the p + 1 numbers 02, 1?, 2?, ---, jae ,-1,-l-1, 
—_— 2 
on eer es pe ! 
remainder when divided by ~. From what has been shown above 


for pairs of this kind, one number must be of the form x? and the 
other of the form —y?—1. But if 





2 
— 1 at least two of them must yield the same 


xe=kpt+r, 
—yv—l=ps+r, 
then 
e+ty=(k—-l)p-—-l=mp-1; 
that is, x? + y? +1 = mp is divisible by p. 


Remark: The problem could have required that neither of the integers x or 
y is to exceed p/2, that is, that the sum x? + y?+ 1 be less than p? and the 
quotient m resulting from the division of x2 + y2+ 1 by p be less than p. 


249. (a) The assertion of the problem follows from the following 
identity: 
(xt +p + ast xXDOT + + 5 + yD 
= (411 + XeV2 + X39 Va + Xa V0)? + (KLV2 — X21 + Xa V4 — Xa ya)? 
+ (Xia — XaV1 + X42 — HM)? + (MMs — Ka + X23 — Xa yr)’, 
the validity of which can readily be verified. 


Remark: Since the identity just displayed is rather involved, let us note its 
relationship to the simpler identity in problem 247 (a). The identity in problem 
247 (a) may be generalized in the following manner: 

(aa’ + bb’)(aia{ + b1b}) = (aaj + bb{)(a1a’ + bib’) + (abi — bai)(a’bi — b’aj). 
If in the last identity we now set 


a=2,+ iz, a=ytrwy, 
a’=2%,— 122, a=yi— ty, 
b= x43 + 144, bi = ys + 1y4, 
b’ = 43 — 144, bi = yz — ys, 


where i =)/—1, then we arrive at the identity of the present problem. 


t The quotient g and the (nonnegative) remainder r resulting upon the di- 
vision of a positive or a negative integer a by p are determined by the formula 
a=qp+t+r, where 0<r< p, and the quotient qg is negative for negative a. 
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(b) Since each integer may be expressed as a product of 
prime numbers, the result of problem (a) reduces this problem to 
showing that every prime number p may be expressed as the sum 
of the squares of four integers. 

The proof of this proposition is completely analogous to the solu- 
tion of problem 247 (b). We know, from the result of problem 248, 
that there exists a number m such that mp may be expressed as the 
sum of the squares of at most four integers: 


2 2 2 2 
mp = xX) + xX. + X%3 + X% 


(we can consider x;=1 and x,=0, although we do not need that 
information). We can further consider m < p (see the remarks on 
the solution of problem 248). We shall show that if m > 1, then m 
can be reduced; that is, we can always find some number z < m such 
that mp can also be expressed as the sum of at most four squares. 
This proof is straightforward if m is even, since in that case 


2 2 2 2 
Mp =X + X2 + X39 + Xs 


is even, and either all x, (k =1,2,3,4) are even, or two of them are 
odd and the other two even, or they are all odd. In every case the 
four numbers %, *2,%3, and x, can be grouped into two pairs (say, 
X14; X_ and x3, x,), each pair consisting of two even or two odd num- 
bers. Then the numbers 


HX, + Xe X3 + X4 
2 , 2 : 

xX, — Xo Xx HX 
2 : 2 


will be integers, and we will have 
ME ten PAY ae ee? dee, aad) (25%) 
2? ( 2 ) a 2 ) +( ae aa a ae 


That is, the number se can also be expressed as the sum of the 


squares of at most four integers. 
The case where m is odd is more involved. Let us substitute y, 
(k = 1, 2,3, 4) for the remainder, smallest in absolute value, which 


can appear when x, is divided by m (if when x, is divided by m 


there is a positive remainder greater than a then we increase the 
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quotient by 1 and show a negative remainder, whose magnitude is 
then < 2): 
2 


X= mtv (kR=1,2,3,4), 


where ¥, iS a positive or negative integer and || < or (none of the 


r ‘ wn ‘ . 
integers ¥, can have magnitude ae since 1 iS odd ). 


We now have 
xe = magn + 2mgeve + ve = Qu + Yk (k = 1,2, 3,4), 
where Q, = gi + 2q,¥% is an integer. Therefore, 
mp=Mit+uetit+miaemgatytyty+N 
(here g = Q, + Q: + Q3 + Q,) and 
yits+yst y= mn 


(here » = p—q). In this connection » < m, since 
2 2 2 2 m\? 5 
Hus ya Oa eS a =m, 


moreover, # #0, since otherwise all x, would be divisible by m and 
xi + og 4+x3+xi= mp would necessarily be divisible by #m?, which 
is impossible, since p is prime and m is different from 1 and less 
than p. 

We now show that the number zp also can be expressed as the 
sum of not more than four squares. We shall see that each of the 
numbers mp and mn can be expressed as the sum of not more than 
four squares. From the identity proven in problem (a), it follows 
that the product 


mp:mn = m'np 
may also be expressed as the sum of the squares of four numbers: 


mnp = (X11 + X2 V2 + Xa Va + Hays)? 
+ (X12 — X21 + Xa Ya — X43)? 
+ (X41¥3 — X3V1 + X24 — Xa Yo)? 
+ (x1 Ye — X4¥i + L232 — Xa V2)? 
We shall show that both sides of the last equality may be divided 


by m?. Let us substitute on the right side of the equality mq, + yz 
for all x, We see that all the expressions in parentheses on the 
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right side of the equality are divisible by mm: the expression in the 
first set of parentheses is divisible by m, since yi + y3 + y3 + yj = mn 
is divisible by m, and the expressions in the remaining three sets 
of parentheses are divisible by # because after the substitution 
X, = mq. + y, all the products of the form y,¥2, and so on, cancel. 
Now if we divide the last equality by m?, we obtain 


mp=atatatz, 
as was to be shown. 
Thus, if the number m in the equation 
mp=m+tetagtx 


is not equal to 1, it can always be decreased; that is, there will al- 
ways be a positive ” < m for which a similar equality exists. If 
n #1, we can still decrease the number 2. In this way we obtain 
a strictly decreasing sequence of positive integers m>n>m,> > 
until in at most a finite number of steps we obtain 


pHX4+X4+X7+X. 


250. Let us assume that 4*(82 —1)= X?+ Y?+ Z?, where X, Y, 
and Z are integers (one or even two of which may be zero). For 
n> 0, the numbers xX, Y, and Z must all be even, for if precisely 
one is odd (and the other two even), then the sum X?+ Y?4 Z? will 
be odd, and if two are odd (for example, X = 2k + land Y = 2/ + 1) 
and the other (for example, Z = 2m) is even, then the sum 

X?+ Y?4 Z? = (2k + 1)? + (27 +1)? + (21)? 
=4hR4+k4+P+l4+m)+2 


is not divisible by 4. Now if we set 


we arrive at the equation 
4-\(8k —l)=X7+ Y7+Z;). 


If x >1(Mm-—1 > 0), it can be shown, exactly as before, that all three 
of the numbers X%, Y, and Z, also must be even, from which we 
obtain the equation 


47-2*(8h —1)= XP + ¥2 4+ Z, 
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where X2, Yo, Z, are integers. Continuing to reason in exactly the 
same way, we are finally led to the conclusion that the number 
8k — 1 also must be expressible as the sum of three integers: 
8BkR-l=xe4+y? +22. (1) 
Either one, or else all three, of the numbers x,y,z must be odd; 
in any other case the sum x? + y? + z? would be even. But the square 
of an odd number 2» + 1, 
(Qn +1)? =4n? +4n +1 =4nv4+1)4+1, 


always has a remainder of 1 when divided by 8 [since one of the 
consecutive numbers # and #2 +1 must be even, which means that 
4n(n +1) is divisible by 8]. The square of an even number has a 
remainder of 0 when divided by 8 (if the number itself is divisible 
by 4) or else a remainder of 4 (if the number itself is not divisible 
by 4). This implies that if all the numbers «x, y, z are odd, then the 
sum x? + vy? + z? has a remainder of 3 when divided by 8, and if two 
of them are even, and one is odd, then when x? + y? + z? is divided 
by 8 there must be a remainder of 1 or 5. Thus, the sum of the 
squares of three integers can never yield a remainder of 7 when it 
is divided by 8. This contradiction of (1) proves the theorem. 


251. We employ the identity 
(a + b)* + (a — b)* = 2a* + 12a°b? + 251 , 
which follows from the expansions 
(a + b)* = at + 4a*b + 6a*b? + 4ab> + dt, 
(a — b)§ = at — 4a°b + 6a°b? — 4ab> + BS. 
It follows from this identity that 
[(a + by + (a — by) + [Ca + 0) + @— )'] 
+ [(a+d)'+ (a— aj] + [6 + 6) + © — o)] 
+ [(6 + d)' + (b— dy‘) + e+ dt + (ce — d)‘] 
= 6a! + 6b + 6c! + 6d* + 12ab? + 12a2c? + 12 ad? 
+ 12b%c? + 12b?d? + 12c*d? = 6a? + b? + c+ 2), 
Thus 
6(a? + b? + c? + d®)? 
=(a+bit(a—bt+@tott@—cf+@+d) + @—ay 
+(btort+(— 0 + (b+ d)s + (6—d)t + (¢ + d)'+(c— ay 
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or, expressed in words: if a number can be expressed as the sum of 
four squares, then six times its square can be expressed as the sum of 
twelve integers, each raised to the fourth power. But, from the result 
of problem 250, each integer can be expressed as the sum of four 
squared integers (some of which may be zero); this implies that six 
times the square of each integer can be expressed as the sum of 
twelve integers, each raised to the fourth power (some of these may 
be zeros). 

An arbitrary integer N divided by 6 has a remainder of 0,1, 2, 3, 
4, or 5; that is, 


N=6n"+r, 
where r= 0,1, 2,3,4, or 5. Further, from the theorem of problem 


249 (b), the number ” may be expressed as the sum of four squares 
of integers (some of which may be zeros): 


n=xePt+yPrete. 


By what has been shown above, each of the numbers 62’, 6y?, 62, 
and 6/2 (which are expressed as six times the squares of integers) 
can be expressed as the sum of twelve integers each raised to the 
fourth power (some of which may be zeros). Thus the number 


6n = 6x? + 6y? + 62? +62? 


can be expressed as the sum of 4-12 = 48 integers, each raised to 
the fourth power. But since r = 0,1, 2,3,4, or 5, that is, 


r=0'+0'+0'4+ 014+ 0', 
or r=14*+0'+0'+0'4+0', 
or r=1'+1'+ 04+ 04 4+ 0 
or r=1*+14+14+0*+08 
or r=l]l44+14+1441'4+0', 
or r= ]#4+]14+H4+1t4+1, 


~ 


the integer N= 6+, can be expressed in the form of the sum of 
48 + 5 = 53 fourth powers of integers (zeros allowed). 


252. Set 
a=xi+ yi +23, 


From the identity in the solution of problem 162 (b) we have 
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(xtyt2!-a=@+yt+z)—-—x-— yi — 2 
= 3x + v(x + 2)(y + 2) 
or 
a=(x+y+z) — 3x + yx + 2)(y + 2) 
(see the hint for the present problem). This brings us to the new 
unknowns, x + y+z2=2Z,x+ y= Y,andx. Wehave y= Y —x and 
z= Z-—/Y, and, therefore, 
a= OE VbZP 3A tHe Fay +2) 
=Z>-3Y(*x+Z-—Y\Y—-—x+2Z-Y) 
= Z3—3Y(Z+«—-— Y\Z— x) 
= 23-3Y(Z?-— #2) +3Y"(Z— x). 


We can now simplify the equation considerably by supposing that 
the unknowns x, Y, Z are related by 


oo Soe 2e—2)5 


z-of\-(8)] 


(see the hint for this problem). In this case our equation will take 
the form 


or the equivalent 


a=3Y(Z—-x)= s¥7z(1 ~ 5) 


or, since 
the form 


Let us introduce, together with the unknown x, a new unknown, 
x= = We then obtain 


a=9YX1— X)(1+ X); 
Z=3Y(1 — XX"). 
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Finally, let us introduce, together with the unknown Y, a new 
unknown, Y=3Y(1—X). Then the relation concerning the unknowns 
will take the form 


Z=Y(1+X), 
and the equation will be in the form 
1>,1+X 
ays 
soak ae EE cle 


We are now at the end of the solution. Indeed, from the last 
equation X is expressed rationally in @ (and Y): 


Bes! Toot 

3a + Y3° 

. 3a — Y3 = 
Thus if ears and Z= Y(1+ X), then 


a=x+y4 23, 


where x,y, and z are as in the following formulas: 


x= ZX, 
ae 
y=Y *=3q x) ZX , 
Sn Y 
z=Z-Y=Z 30 —-X)° 


From these formulas it follows, in particular, that x, y, and z are 
rational, if only the unknown Y is rational, We may choose any 
desired Y in the formulas. (This circumstance is analogous to that 
where we simplify the equation x*+ y+ z3=a using the relation 
y = —z; then the unknown z may be chosen arbitrarily. See the 
hints for this problem). 

We have thus found the solution to the equation 


e+y+2=a 


in rational numbers (and even as many solutions as are desired which 
are related to the chosen distinct rational values of Y). We have 
only to show that Y may be so chosen that x, y, and z will be positive 
(here we may employ the positive number a, which we have not 
used as yet). Let us express Z=x+y+2z, Y=x+y,andZ—-—x*= 


y +z in terms of X and Y, 


Solutions (252) 369 


xtyt+z2=Z=YV(14+X), 
ee) 
3(1 — X) ’ 
ytz=Z—-x=(1-X)Z= YO — X), 
and in these formulas let us set 
_ 3a- ¥3 2Y3 


x+y=Y 


eee OS a ea Te 
3a — Y3 6a 
Estates te aa Y° 3a+ Y3° 
We obtain 
6a Y 
Rd ee apy 
3a + Y? 
x+y 6yY? , 
_ 12a¥* 
UNE Cg Pah 
In these formulas let us set Y = 4/3z, that is 
3a = Y3 


(this value of Y may, of course, be irrational). We obtain 


xt+y+2z=/Y, 
ls 
=-—Y, 

x+y 3 

ytz=Y; 

that is, 
x=0, 

Lis 1) 42 
=—YyY= — 
yagV=z Vea, 

Des. “Qe 
=—Yy= — 3 
Z 3 3 Va 


Let us choose a Y such that it will be rational and sufficiently 
close to */3a (it is possible to find a rational Y as close as we wish 
to #/3a). In that case y and z remain close to 4 *¥/3a and to % ¥/3a, 
respectively (they remain positive). Further, from the formulas we 
find 
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xt+ty+2z 3a + ¥3 
yee: ~~ “2¥s 





Therefore, if it is still necessary that the chosen value of Y be less 
than %/3a (so that 3a > Y? and 3a + Y > 2Y), then we have 


xty+z  3at Y3 


= = > 
yz 2Y3 Mi 


and therefore x will also be positive. This cancludes the proof of 
the theorem. 


For example, consider the case a=. By setting Y=1 in the 
formulas we can easily obtain 


fa, 
g ’ 
oy Skt: 
¥ = 18° 
Be Oia 
6’ 


in fact, 


DM of La (Oy 2 
(3) + (as) 4) 3° 

253. It follows from the result of problem 159 that there must be 
an infinite number of prime numbers. (That problem implies that 
prime numbers occur in the sequence of integers sufficiently “often”; 
for example, they occur “more often than” squares. See the remark 
to that problem). Also, from problem 65 we see that there must be 
an infinite number of prime numbers: if there existed only 2 prime 
numbers, then there would be no more than # number-pairs relatively 
prime to each other. 

A much simpler and more direct proof of the theorem of the in- 
finitude of prime numbers, ascribed to Euclid, is the following one. 

Let us suppose that in all there are prime numbers 2, 3, 5, 7, 11, 
-++,p,. Let us form the number N= 2-3-5-7-11---p, +1. The 


number WN is greater than all the prime numbers 2,3,5,---, p, and 
must therefore be composite. But since N— 1 is divisible by 2, 3, 
5,7, +°*, Pn, it follows that N is relatively prime to all prime numbers. 


This contradiction proves the theorem. 


254. (a) The proof given here will be quite similar to Euclid’s 
proof of the existence of an infinite number of primes. The integers 


Solutions (253-254) 371 


comprising the first sequence given in the problem are all those of 
form 4k — 1. Assume that only a finite number of primes appear in 
the sequence, that is, 3,7, 11,19, 23, ---,p,. Consider the number 


N = 4(3-7-11-19-23---p,) — 1. 


This integer exceeds every prime which appears in the given pro- 
gression, and so, being a number of form 4k — 1 (hence belonging 
to the progression), it must be composite. Factor N into its prime 
factors. none of these factors can be of form 4k — 1, since N+1= 
4(3-7-11-15-19---p,) is divisible by all primes of form 4% — 1, and, 
consequently, N is relatively prime to all these numbers. Since N 
is odd, it must then be representable as the product of primes of 
form 4k+ 1. This is impossible, since the product of numbers of 
form 4k + 1 is again a number of this same form, 


(4k, + 1)(4k, + 1) = 162, Rk, + 4k, + Ak, + 1 
= 4(Aki Re + ky + kz) +1= Ak, +1 , 


and N is of form 4k — 1. 

Thus the assumption that there is a finite number of integers of 
form 4k — 1 produces a contradiction. Hence the number of primes 
in the given sequence must be infinite. 

The proof for the second sequence, which contains all the integers 
of form 6k — 1, is quite analogous. 

(b) The proof of this problem is based on the same idea as 
that just presented in part (a). Assume that the sequence 5, 9, 13, 
17, 21, 25, --- contains only a finite number of primes: 5, 13,17, ---, 
pn. Consider the number 


N= (65-13-17---p,? +1. 


The number JN is clearly not a perfect square (it is one more than 
a square). However, N is the sum of two squares; from problem 
247 (b) it follows that N can only be of form 42+ 1 (no number of 
form 4k — 1 can be expressed as the sum of two squares). From 
this point the method of proof is analogous to that used in problem 
253 or 254 (a). 

(c) The proof is somewhat more complicated than the proofs 

of parts (a) and (b), although it is still based on the same’ idea. 

Assume that in the sequence 11, 21, 31, 41, 51,61, --- there exists 
only a finite number of primes: 


11,31, 41,61,---,p,. 
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Consider the integer N = (11-31-41-61---p,)» —1. This number is 
relatively prime to all the integers 11,31, 41,---,~,, since N+ 1 is 
divisible by all these integers. We shall designate the product 
11-31-41---p, by @. Then 


N=a@—-l=(ea-liatt+at+at+atl). 


Let us investigate what factorization of N can produce a factor of 
a+a@+a*+a+1. Clearly, at + a*+a’?+a-+41 isnot divisible by 
2 (it is the sum of five odd numbers). Further, a+ a@°>+a?+a+41 
is divisible by 5, inasmuch as a itself terminates in the digit 1 (@ is 
a product of numbers all ending with 1; a’, a’, and a‘ each end with 
the digit 1, and so the sum a‘ + a*+ a? +a-+1 ends with the digit 
5). Now let p bea prime divisor of a‘ + a3 + a? +a+41 differing from 
5. Here, @—1 cannot be divisible by p, since otherwise a would be 
of form kp +1, and so a?, a’, and a‘ (which are equal, respectively, 
to (kp + 1)?, (kb + 1)°, and (kp + 1)*) would be of the same form, and 
the number 


a+@+a@+at+1l=kpt+ 1st po +1%+ P+ 1° 4+ &p+1)4+1 


would yield a remainder of 5 upon division by p. It follows that 
p—1 must be divisible by 5; in fact, suppose that p—1 yields the 
remainder 4 when divided by 5: 


pb-1=5k+4. 


We note (Fermat’s theorem, problem 240) that a?-! — 1 is divisible 
by p. But in this case 


at — J =a*+4#—-JLaat(a*—lh+@—), 


and since a** — 1 = (a5)* — 1* is divisible by a5 — 1, which means that 
it is divisible also by p, it follows that at—1 is divisible by p. 
However, 

a@—l=a(a'—1)+(-1)); 


consequently, if a} — 1 and a‘ —1 are divisible by p, then a — 1 also 
must be divisible by ~. This, as shown above, is impossible. It 
may be shown, in analogous fashion, that p—1 cannot yield the 
remainders 1,2, or 3 upon division by 5. 

Thus, p—1 is divisible by 5 and is an even number (?/ being odd). 
Consequently, p — 1 is divisible by 10, which means that p is of form 
10k + 1; that is, it belongs to the given progression. Therefore, it is 
established that the prime divisors of the number a‘ + a@8+a?+a+1 
can be only 5 and prime numbers of form 10% + 1. 
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However, the number a‘ + a3 + a? + a+ 1 is obviously larger than 
5, and it is not divisible by 5? = 25. In fact, the integer a ends with 
the digit 1 and is consequently of form 5£+4+ 1. Further, by the 
binomial theorem, we have 


@a@+@+@+atl 
= (5k + 1)6+ 6k + 1384+ (5k + 1)?4+54+141 
= 625k* + 4-125k8 + 6-25k? + 4-52 + 1 
+ 125k? + 3-25k? + 3:54 + 1 
+ 25k? + 2-5k+1+5k+1+4+1 
= 625k! + 5-125k3 + 10-25k? + 10-52 + 5 
= 5-[5(25k4 + 25k* + 10k? + 2k) +1). 


It follows that this number, and, consequently, N= a> — 1, must 
have at least one prime divisor of form 10+ 1. But, as noted above, 
N is relatively prime to all prime numbers of form 10k+1. This 
contradiction proves the theorem. 


Remark: We note that this proof, almost as it stands, will allow us to 
prove that any infinite arithmetic progression consisting of integers of form 
2pk + 1, where p is an odd prime, contains an infinite number of primes. 


255. (a) Let @ and & be adjacent sides of a rectangle; then its 
perimeter is P= 2(a+ 0) and its areaisS =ab. From the so-called 
2 


theorem of the geometric and arithmetic means [that is, ab S (-) 


see the discussion of Section 11 (Problems)], we have 


_ G0 fry 
S = ab s( 2 y=(4)- 


It is obvious that the area S will be maximal when < in this ex- 
pression represents equality; this happens only for a=. Therefore, 
of all rectangles having the given perimeter P, the rectangle of 
greatest area will be a square. 

(b) The solution is analogous to that of part (a), except here 


S is fixed and P becomes least when a = Bb. 


256. Let a and b be the lengths of the legs of our right triangle, and 
let c be its hypotenuse. Then 


CHVW+eh. 


Let d=a+b5 be the sum of the legs. From equation (1') of the 
discussion of Section 11 (Problems), we have 
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Inequalities 
at+b 1 
SOs TaVETF 
that is, 
d C 
— < —— 
aa ae ae 
or, 
2C 
< —_——— 
d = V 9 


257. In view of equation (1) of the discussion of Section 11 (Pro- 
blems), we may write 


tana +cota=2Vtana-cota=2. 
The equality holds only when tan a = cota, that is, for a = 45°. 


258. We shall rewrite the inequality 


2 to, (zte) 
2 7 2 ' 


using x=a+—and y= +=. Then 
a 
2 2 
(0+ 7) +(6+3) : 
eed) 
a b 
ae ae ee a+bVN*_ 1 =o 
-$0+54+4)- (1+ Bo) a a) 


The fraction oe is least when ad is greatest; hence by inequality 


a 1 
4 
ae 
4 





. ab 
(1) of the discussion in Section 11 (Problems), we have 
a+b6b\? 1 
< ens) 
ab  ( 9 ) 1° 


Piies === wand PRS 5. Te followethat 
ab ab 


Ee Te ele i os 
(a+) + (6+ a = a ne or oe 
which was to be shown. The equality is attained only for pps 


259. In view of inequality (1) of the discussion of Section 11 (Pro- 
blems), we have 
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a+b 





Va . 
b+e eee 
2 =>Vobe , 


c+a 








— 
=Vea. 


If these three inequalities are multiplied together, we obtain 


(a+ b)(64+ c\(e+a) 
8 


Equality takes place only if all three inequalities are equalities, 
that is, for a=b=c. 


>Vaebvc =abe. 


260. By inequality (1) of the discussion of Section 11 (Problems), 
we have 





4 —— 
ele =f 4 bee 2/2 oe =2Vab. 
x x x 


Equality holds only if 


261. Let the lengths of the two beams of the scale be a and 3, 
respectively. Then in order to balance a weight of 1 pound placed 
in one of the pans—say on the pan hung from the beam of length 
a—the butcher must place in the other pan an amount of meat 


weighing actually « = r: pounds (since the moments a-1 and 0-x 


must be equal in order to produce equilibrium). Similarly, if a one- 
pound weight is placed on the other pan, it will be balanced by 


2 pounds of meat. Therefore, the butcher gives out = + 7 pounds 
of meat, and this is weighed out as 2 pounds. However, + = >2 


a —2ab+b? (a—b) 


> 0, and equality can 
ab ab 


since ig Peat 
b a 


hold only if @=6|. This means that the butcher gives out more 


meat than he charges for. 
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On the other hand, suppose the butcher sells his meat in the following way: 
A given piece is divided into two equal parts, and each part is weighed on a 
different pan. Let us assume (since other cases can be easily handled by si- 
milar reasoning) that the true weight of the whole is exactly 2 pounds; thus, 
each piece has true weight, by assumption, of 1 pound. When one piece of 
meat is placed on one of the pans, the total of the weights needed to balance 
a 

: b 
the total of the weights needed to balance that piece comes to ie pounds. 


it comes to pounds, and when the other piece is placed on the other pan, 


Thus in this case, the sum of the markings on the weights exceeds the total 
weight of the meat—that is the butcher is short-weighing his customers. 

Thus, whether the customer gains or the butcher gains depends upon the 
procedure used. The reader is invited to answer the equestion: Is a paradox 
involved here? | Editor.) 


262. (a) The harmonic mean H of two numbers a and 0 is defined 








by 
1 1 
te ao 8. Ae aeb. 
H 2 ~ Qab ’ 
thus fp Ne see that 
atb 
a+.6  2ab p= 
(252 7 ava. 


(b) The result called for follows from part (a) and from in- 
equality (1) of the discussion in Section 11 (Problems). 


263. It is to be shown that 
at+b+c—3WVabe 
If we refer to problem 162 (a), we find 
a+b+c—3¥abe =(Va + Vb 4+Vc) 
x (Ya + YR + Yee — Yab — Voce — Vac) 
=SVT HUT + VO ME 2 Yad + UF 
+ YR —2¥bc + Vee + Va — 2 Vac + Ve?) 
=S(Vat ¥b+¥c) 
x(¥a — Yor+(VS — Vert (Ve — Vayj20. 


IV 
o>) 
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The equality sign is obtained only if all three differences 


Ya —-¥Vb, 
YE - Ve, 
Yo -Va 


are zero, which happens only when a=b=c. 


264. By Heron’s formula, the area of a triangle having sides a, b,c, 
is equal to 


S=V pp —a)(p— b)(p— 0) 
=V Pp -Vip—a(p—dy(p—o), 
atbd+c. 
2 


where p = is the semi-perimeter. In view of problem 263, 


(p — a)(p — b)(p — ¢) <(2-st Pabst poe 


~(258)-(40). 


Since the sides of an equilateral triangle having perimeter 2p are 
2 
each equal to a?) we have 


(p—a(p-H(b- 0) =(b- Fb) =(40), 


which yields the greatest possible area for the triangle. 


265. The volume of the pyramid is 


However, from problem 263 we see that 


ee ed @ 


< 
xyz $( 3 27° 


3 
Since the number mr is independent of x, y, and z, the condition for 


maximal volume is 
L= y =Zz= ie 
3° 
266. It suffices to prove that 
(a, + b,((a2 + 52) (ag + 03) = ( Vaia,a3 + Vbibabs 8 
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We have 
(a, + bi) (a2 + b2) (a3 + bs) 
= 4,203 + bibeby + (@i@2b3 + Aaah. + a2Q3b,) 
+ (Qibeb3 + A2b\b3 + aabib2) . 
However, 


( V/@,4,03+ ¥/b,b.b3) 
= G,0:03 + bibobs + 3 V@aaibibibs + 3 Va,a,ab bbe . 
In view of the inequality of problem 263, we obtain 


Q,a.b, + Q,03b, + G2asb, 
3 

abob; + Arbsb, + A3D,b» 
3 


A comparison of the last three formulas yields the result sought. 


8/P 
V@aabibebs » 


IV 


IV 


a 
¥/ G,42Q,0;0305, - 


267. The inequality of the problem may be written in the form 


as ie a a tary" 


aids ++ ax 5S ( Om 


From inequality (1) of the discussion on of Section 11 (Problems), it 


follows that 
2 
Qa, 5 (A2*) ’ CL) 


and we also have 
a3 +a. 
A304 s( 2 ) > 


from which we obtain 


ata, ata’! 
Z ee 2 2 
@,Q2Q3;48, = 2 2 > Sage 


(* + dz + G3 + ay 
age : 


We find, in an analogous manner, that 


as + dg + G1 + as\* 
a;A,QA748 Ss at Sis , 


and from this we obtain 
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Goes g [Ste et tel 
12 5 = 4 r 


(coer aa ‘ 
oN tee A 
= 2 


- (storey 
é: = 


Repetition of this process finally yields 


a, + a mee a 
2 , 


which is what we wished to show. We note that in (1) the equality 
is obtained for a; = a2. If this fact is employed repeatedly, we find 
that the equality holds for (2) only for 


(2) 


Q;Q2°**Q2™ S ( 


Q, = G4, ='::=Ay™, 


268. There exist many proofs of this theorem, some of them not 
elementary. In view of the importance of this theorem, three different 
elementary proofs will be given. The first will be based on the re- 
sult of problem 267, and the second and third will use mathematical 
induction. 

First Proof. We show first that if the statement of the theorem 
concerning arithmetic and geometric means holds for + 1 positive 
numbers, then it holds for ” positive numbers. Assume that for 
any set of # +1 positive numbers dj, @2,---, Qn, Qn+1 


Q, + G2 +:+++ An + Anti : ———— 
> n+l 
= Q\Q2'*°A,a 
n+1 V aiar nAnt+l » 
or, 
(Ate teat tae 


nil 
= A;Q2°**QAna . 
n+) ) = 142 nGen+] 


If we substitute into this inequality 
Ci Gee ea 


Qnti = n , 


then we obtain 


Q,+ Q2 +--+, 
eee eee aes a n 


n+1 ~ n+1 
n+l 


ee ee ee oe 


n+1 nN 
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Consequently, we have 


(Gta tetas te tae) 


= acs -an( FA 


n 


Q, + Qo +-+++4n 


If we cancel on both sides and take the zth root, 


n 
we arrive at the desired result, 


ai t+ a2+':-+a —_—_—— 
A = > "VY aia2** “On 


But in view of the result of the preceding problem we know that 
the theorem of arithmetic and geometric means holds for arbitrarily 
large integers, in particular, for integers of form 2”. Therefore, the 
theorem holds for arbitrary 7, since given any ” it is dominated by 
some number 2”, and, by what has just been shown, the theorem 
holds for 2" — 1,2" — 2, and so on, and thus for zn. 

Also, if for » +1 numbers equality holds only if all the numbers 
are equal, then the same condition must clearly hold for ~ numbers. 
Since this condition for equality was shown necessary in problem 
267 for n = 2”, it also applies in this problem. 


Remark: This method of proof, which somewhat resembles that of mathe- 
matical induction, is sometimes called transfinite induction. It may be stated 
as follows: if the truth of the theorem for n = k +1 implies that it holds for 
n =k, and if, no matter what positive integer n is chosen, the theorem can 
always be demonstrated for some integer exceeding n, then the theorem holds 
for all natural numbers n. 


Second Proof (mathematical induction). For n = 2, we have 


a+a 
a 2 Vasa 


Assume that the inequality of the problem has been proved for some 
number 7 of positive numbers; we shall show that it must hold for 
n-+1 positive numbers. Let @, @2,--+,@n,@n+1 be +1 positive 
numbers, arranged such that d,s, is the largest. Since 


V 


Qn1 Zan, 


Anti 2 A2,°°*, Anti Zan, 


it follows that 
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We shall write 
Qt @ tess tan 





=A, , 
n 
a, t+ Qote+++@n + Anti =. 
n+1 = Soiree a 
Then 
nAn + Gast 
Aas. = 
+1 n +1 
But since @n4: 2 An, We can write Qa:; = An + b, where b 20, then 
_ wA,tAa,tdb _ b 
Anti = n+l =Astoad: 


If both members of the last equation are raised to the (z+ 1)st 
power we have 


(A yet _ (4 a b ‘i 
n+l —— n n ae 1 


— (A,)"*! + CaxitAs)* 





tO 
ml 
2 (A,)™ + (A,)"b = (A,)"(An = b) = (An)"Qn+t : 


Since, by the induction assumption, the inequality holds for m num- 
bers, that is, 


(An)” 2 Q1Q2°**An, 
it follows that 


(Ansi)"*! 2 (An)"Gat1 2 Gi@2'**GnGnis , 
and, consequently, 
1 ee 
Anti = " Vaar: **Anti. 


Now, if not all the numbers are equal, then b> 0, and the strict 
inequality holds. 

Third Solution (mathematical induction). Designate a, by by, and so 
on; then the inequality whose proof we seek takes on the form 


bt + by +-+++b2 = nbibz-- +b, . 


Suppose that this inequality is assumed to hold for any m positive 
numbers; we shall show that it holds for » + 1 numbers: 


BT + bat tee + bNT + Oat S (a + Ldibe- + batt « 
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Dividing both members of this inequality by 6771, and designating 
b 


by ci, and so on, yields 
Basi 





a tet tee tet +12 at Ieee, 
or, 
crt cht tee) tet BS (n+ Deicee--+en — 1. 
But by the induction hypothesis, 
CP ce ee ben! & merce Cnr 
Hence it suffices to show that 
(m + lero: ++Cn — 1 S M(CyCo+ + Cn) , 
or, designating "1cic.---c, by R, that 
(n+1)k"—lsnk™™., 
The last inequality follows from the following computation: 
(n + 1k" — 1 — nk™*! = —nk"(k — 1) + (k™ — 1) 
SS nk ak a Ree aD) 
— (k — 1)[(R* — k*) + (Re — ke) +--+ RX 1) 
= (kD RE ee) ee 
+ RRP? Rene ene tk 1) + (Rt + RO Ee FR +1) SO 


(for k > 0, the expression in brackets is clearly positive). 

The final inequality shown reduces to equality for k=1. Mathe- 
matical induction may be employed to show that equality will hold 
only if 

OQ== =e, =1; 
that is, if 
by = bp =+++= bn = Dat . 


Remark: Other proofs may be found in the volumes referred to at the be- 
ginning of Section 11 (Problems); see, for examples, the volume by Hardy, 
Littlewood, and Polya. Moreover, the inequality of this problem is easily es- 
tablished from the results of problem 269 (a) and (b) and problem 270, provided 
problem 268 is not used to establish it. (See, for example, the second proof 
of problem 269 (a) and (b). 


269. (a) First Solution. Designate the » positive numbers by 
X1,%2,+++,X,. By the imposed conditions, the sum x; + x2 t+-:++ Xn 
is given, and hence so is the arithmetic mean 
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Ane ee Pe en 
n 


=A. 


By the theorem of arithmetic and geometric means 
XiXe++ Xn SA”, 
for which the equality is obtained only for 
MEMS HM aHA. 
Therefore, this product assumes its maximal value A” for 
(Ss. Ss 
Second Solution. Arrange the » positive numbers in increasing 
(non-decreasing) order: 
MSHm SMB BH. 
If all the numbers are equal, we have 


(* + 2 feet =) 
XX2° °° Xn = a ae ‘ 


Assume that not all these numbers are equal. We shall show, under 
this assumption, that there exists another set of ~ numbers having 
the same sum but whose product exceeds %;x2: ++ xn. 
Let A be the arithmetic mean of the numbers x, x2, ---, tn. We 

have, from our assumptions, 

XK, < Xn} 

xn<A; 

Xu > A’. 


Replace the numbers x, and x,, respectively, by new numbers x; and 
x} which preserve the arithmetic mean: 


Ki + xe + Hp ++ thn + Fn 
n 


=A. 
To do this, we can set 

coe. ee 

x, =X, + (Xn — Xn) - 


In the product x,x,---x, all the factors except the first and last are 
left unchanged; we shall show that the product xjx, exceeds x: 4p: 


XX, > HyXn . 
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We designate x, — x, by ?¢; then x’, =x, —tandxj=x,+t. We 
have 


th, = (tn —O(n tO = mtn —xt—-—. 


But since x, = A > x,, we have 


Nn —% > %, —xh=t, 


from which we obtain 
(%—%)—-t>0, 
(4%, -x)t—-t?>0, 
and, consequently, 
xx) = nt + (tn — mt — tl > Xam. 


If the new set x1, %2, Xs, °°*, %n-1, A is now not yet composed of 
equal numbers, then, arranging them again in increasing order, we 
may repeat the previous procedure to find a new set whose sum is 
the same but whose product is greater: In this new sequence at 
least two of the numbers will be equal to A. Repetition of this 
reasoning must finally produce a set all of whose elements are the 
number A. 

(b) First Solution. Set 


ay 
ce ee eT ; 
Q2 
Qe Qn-1 
—_=%*, = Xn-1 
Qs an 
ay an 
— = Xs oy —_ = Xn 
ay, a, 
The geometric mean of the ~ numbers ©, x2, X2---, X iS equal to 1. 


Hence, by problem 268, we have 


My + Xp $e ttn 
n 


IV 


1, 


that is, 


Xtm te tam 2n, 


Second Solution. The given inequality is readily proved by mathe- 
matical induction, without recourse to the theorem of arithmetic and 
geometric means. Assume the inequality valid for ~—1 positive 
numbers, that is, 
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Lk eo a pe Oe (1) 
a2 ay Qn-\ QQ, 


We shall show that the inequality is then implied for » positive 
numbers. 
Let a, be the least of the 2 numbers a, @2,---,@n. Then 


a4—-a,20, 
Gn-1 2 An. 
Hence, @n-1(@1 — Gn) 2 an(Q, — an), and then 
Q1An-1 + Gn — Andn~1 2 And, . 
Division by ana, yields 


Canty On Su >], (2) 
an ay aq, 


If inequalities (1) and (2) are added, we obtain 


a2 a3 Qn-1 Qa an, a ay 
a a On Qn 
So Baa Deis 3 
ae 3 an aq 
the inequality holds for the » numbers aq, a2, ---,@n. Therefore, the 


inequality holds for all natural numbers x. 


270. By the theorem of the arithmetic and geometric means (pro- 
blem 268), we have 


The equality holds only if a, = a, =---=4n. 


Remark: The inequality here can be proven in many other ways, indepen- 
dently of problem 268 (it is recommended that the reader try to find such a 
proof). Then this result may be used to ffnd a new proof for problem 268. 


271. By problem 268, we can write 
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Va =" Vad 
—— 


atb+d+-:-+b a+tnb 


< 
n+1 n+1 


The equals sign holds only if @=b. 


272. Since the arithmetic mean of x” positive numbers exceeds 
the geometric mean, and the harmonic mean is less than the geo- 
metric mean, we have 


A(a) 2 H@), 
or 
GQ + Gr t+ tan, n 
n ae 1 i ae 
a a An 


which yields the required result. 
Equality is attained only if a; = a, =--:=4n. 


273. Use the theorem of the arithmetic and geometric means, 
making the following substitutions: 


aq=l1, 

a =2, 

Qn—n 

We obtain 
a ——— 142+. 

M/A ="/Toon <— . tn 
nn+1) n+1 
~ nN ~— 2 


If the first and last members shown are raised to the power 7, the 
statement of the problem follows. 


274. By the theorem of the arithmetic and geometric means, we 
have 


2,3 ~4 
GA, Q20304 = A,4202030304304A4A 4a, 
SS 10 
= 10 


(4: + 2a, + 3a3 + col 
10 : 
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Equality holds only for a. = a, =a; =a. 


275. (a2) We first note that the left side of the given inequality 


contains two factors > three factors + and so on, and finally n 
a na + 2D) such fac- 


factors i. in all, there are 1+2+3+4--- + 
: n(n + 1) 
2 


tors. The geometric mean of these factors is equal to the 


root of this product; the arithmetic mean is 


ee eee es 
2 3 a eo 2. 2 
n(n +1) ~ n+1° 


2 


The validity of the given inequality follows immediately from the 
theorem of the arithmetic and geometric means (problem 268). 

(b) The solution here is analogous to that of part (a). The 
arithmetic mean of the factors of the left member is equal to 


1-14 2-24+3-34-- ay 124 224+ 32 +.---+ 7? 
n(n + 1) nin + D 
2 2 
_ nn t+ lj(an + al) nin + 1)_ 2n+1 
6 2 3 


{see the solution of problem 134 (a)]. 
276. By the theorem of the arithmetic and geometric means we 
have 


(1 + a)(1 + @)-+-(1 + an) S (feecee ey 


n 


=(1+5)'=14+n()+ +m U(sy ted (4Zy, 


where the last equality is an application of the binomial theorem. 
We note that the coefficient of s” will be 


care meen 
m\(n—m)! n™* 


However, (x — m)!n™ 2 n!, whence 


n! 1 n! 1 
mi(n — m)! n™ min! m! 
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from which the assertion of the problem follows directly. 
The inequality reduces to equality only for = 1. 


277. Rewrite the left member of the inequality in the form 
12/2"21/2(22)1/2?, ‘ -(2m)i/2" : 


where a@ is an arbitrary integer. 

Now the solution of this problem is analogous to that of problem 
275 (a) and (b). It follows from the theorem of the arithmetic and 
geometric means that 


12/2"91/2(22) 1/27, : -(2n)1/2" [1222""'(22)2"-2. i (22) ]/2)m 
2 l(* + 2-27-12 + 92.9n-24... a fae 
= ds A as ac cae 2 
=( at n-2Q i 
~\a+2*-1 ; 


If a =1, the last exponent shown above is 1, and the expression on 
the right becomes 


= + Nn. 
The statement of the problem immediately follows. 


278. The expression (1 — x*(1 + x)(1 + 2x))? is negative for |x|>1, 
and is positive for |x|< 1. In fact, 


dQ — x '(1+ x) 4+ 2x)? = (1 — x) — x?)(1 4+ 2x)? . 


The first and third factors on the right are always positive for 
x #1, and the second factor is positive or negative, respectively, 
depending upon whether |x|< lor |x{>1. Accordingly, we shall 
consider only values of x such that |x|< 1. We now use the theo- 
rem of arithmetic and geometric means on the five factors 1 — x, the 
single factor 1+ x, and the two factors 1 + 2x: 


(1 — x)°(1 + x)(1 + 2x)? 
Sao t+ a) +20 De 
= 54+1+4+2 
5 +1 4+2\5t42 
Comes), = 


The right side of this inequality is independent of the value assigned 
to x. Hence, the left side will be maximal for that value of x which 
makes all the factors equal. The only value of x which will accom- 
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plish this is x=0. Then for this value of x the given product 
reaches its maximal value 1. 


279. Let r be the radius of the circle; designate the known length 
OM by a, and the unknown length ON by x (Figure 27). Then we 
can write: 


MN=x-a, 
NQ=Vr— x, 
and, consequently, the squared area of the rectangle is equal to 


4(x — a)(r? — x*). 





Figure 27 


We must determine for which value of x this expression is maxi- 
mal. We rewrite our product in the form 


4 ; 
wa =—a)(4—4)-ar — xy Br +2)], 
where @ and § are chosen such that the sum of the factors in the 
brackets, that is, 


(x-—a)t+(x-—a)t+ar—-x«)+ Birt) 
=(2-—-a+8)x+ (a+ B)r-—-2a, 


will be independent of x (such that a — B = 2). 
The product (1) attains its maximal value if 


aly —x)=Brt+x=x-a 


[see the solution of problem 269 (a)]. But the equation a(r — x) = 
B(r + x) implies that 


a+ B= = 


1) 
From this, and from the condition a — 8 = 2, it is readily found that 
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Substituting this value of @ in the equation a(y — x) = x — a, we ob- 
tain 
rv? = x? 
x 





=x-a; 
2x27 —ax—-r?=0, 
from which we have 


_atVa + 8r? 
Sa 


{the positive sign is taken for the root, since x > 0). 
The segment of length x, and hence the rectangle sought, can be 
constructed using ruler and compass. ° 


280. The volume of the box is equal to 
(2a — 2b)?-b = 4b(a — bY. 


We can write the right member of this equality in the form 
4 [b-a(a — b)-a(a — dy), 
a 


and we shall select a such that the sum of the factors within the 
brackets, that is, 


b + 2a(a — b) = 2aa + (1 — 2a)d, 
does not depend upon b( we take a =5) . 


The maximal value of the product (1) [see the solution of problem 
269 (a)] is obtained when 
=a(a— db). 
Thus, we find 
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281. (a) The inequality of this problem has the same relationship 
to inequality (1’) in the discussion of §11 (problems) as does the theo- 
rem of arithmetic and geometric means (problem 268) to inequality 
(1) of that discussion. A proof of this is possible in any one of 
several ways, all of them analogous to the proofs given for problem 
268. 

The solution here will be analogous to the first solution of problem 
268. Inasmuch as 


G fa) «ait 


2 oe 2 : 
and 
(* ee a3+ a, 
2 ~ 2 é 
we have 


Ze ae) 


(nt mtasay( 2 2 
4 — 2 


(ate) +(s$4y ata, a+a 
Nes Ooh PN = Ig I = eS 
2 im 2 


2 2 2 2 
Q,+@,+434+ @& 
4 


Also, since 
(“ + d.2+ as ta) < GQ+atrata 
4 = 4 
and 
(tt ete) gaa tete 
4 = 4 : 
we can conclude that 
(“ + as al ay + a +++ +45 
8 8 ; 


IA 


Continuation of this process enables us to prove the theorem for 2” 
numbers, where m™ is any arbitrary natural number. 

We now shall show that if the theorem is valid for x + 1 positive 
numbers, that is, if 


(Steet) oa atte tee (1) 
n+1 = a | : 
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then it holds for » numbers. Substituting in (1) 


Q, + Gg +++++4n 


Qnti = , 
n 
we obtain 
2 2 a, + dp +--+ +an\? 
hatte ) 
n S n+] 


(compare with the first solution of problem 268), from which we 
conclude that 


(Atet te)’ a t+a,t+---+an 
n “7 n : 


The remainder of the proof does not differ significantly from that 
of the first solution of problem 268. 
It is easily established that equality holds only if a, = a, =--+:= dn. 
(b) The validity of the inequality will first be established 
for two numbers; that is, we shall establish that 


k k 
(# roves + a, 


2 2 ced 


For & = 2 this inequality has already been proved [see (1/) of the 
discussion of Section 11 (Problems)]._ Assume now that the inequality 
holds for some given k. We have 


(“ fay" (2 fas)’ a +a ata a Ang 


2 2 2 2 2 
k k+ 
_ at tay af") + ai"! — aia, — aay 
2 4 
k+1 k+1 at 
—~u tas" _ (ai — a’) (a, — a2) Ze +a 


from which it follows that the inequality holds for k+1. By the 
principle of mathematical induction, the proposition holds for all 
natural numbers. The remainder of the proof follows as in (a). 


282. Let a>0. Using the theorem of arithmetic and geometric 
means, we have’ 


ar taz +e +an 


*Vatat---a® ay: an mS 
n 
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Taking the BS > 0 power of both sides produces the desired result. 
a 


The case in which a <0 is proved in a similar manner (see the 
solution to problem 270). 


283. If a and @ are of different sign, the theorem of power means 
follows from the result of problem 282. Hence we shall investigate 
only the case in which a and @ have the same sign. Assume now 
that 0<a< 8. Designate Ss(a) by K, and divide both sides of the 
investigated inequality by K; designate (4) by 5; and soon. The 
inequality assumes the form 

(a ppt. a a 
n 
Here we have 
bi tbet-:-t+b, 1 aP+oaft+---+ah_ 1 
n K8 n ~ KB 
b, + b, +---+b,=n : 

Assume now that 6, =1+ 2%, b2 =1+ %,--:,b2 =1+ xn; then the 

equality 5, + b, +---+b, =n becomes 


Xt Xp te +xn = 0. 


Suppose that (a rational number). Then we have 


es 
B 
b/8@ = W/O + ee ='VO0 + mi) + 1) A + mL 
SSE —— — 
k times (1 — k) times 
gta t CO) Fy aiden, 
1 l B 
for which the equality holds only if 1+ *,=1 and 6=1. Using a 
a 


B 


limiting process we find that for an irrational ratio 


ov <14+3m. 
Equality holds only if x, =0 and 3, =1.' 


t Let 2, #0, and let 7 be rational, so that 7 <r<l. 


be! = (1 + m)e/P = (1 + myer [1 + atl <ltr- Bs, 


=1 4 ees, 


B 
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Similarly, we have 


a 


bP s1 + B 


a 
ta 707, OR SL + oe. 


As a result, we find 


(OEP debe doesent Os OE 


n 
a a a ue 
eis + B x he B Xe oF ae 
= n 
=(1 Pape + Xe pote 1, 
B n 
which concludes the proof. 
Equality holds only if 6,=)b.=---=ba=1, that is, if a:=a@,.=+-++=@n. 


Proof of the case in which a < 8 < 0 is quite analogous. 
284. (a) Since S, = 2, we have 


2 2 2 
meer ites = (S2)? 2 (Si)? = 4; 


at+at+a3212. 


Equality holds only for a, = a, = a3 = 2. 
Similarly, 


3 3 3 
BGI GH (S;)? = (S)3 = 8; 


Wb Oe ase 24. 
(b) Proceeding as in part (a), we obtain S, = ee =V6 
from which we obtain 
3 3 3 
BEETS = (Sy 2 (Sa) =6V6; 
a+a;+a;218Y6 
and 


a4,+4@,+43 
3 


a+a+a583V6. 


=. 35,=V6; 


Equality in both cases is obtained only a; =a,=a,=V 6. 
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285. A proof by induction will be given. It will be convenient to 
introduce a special designation for (™{,)* (the arithmetic mean of all 
possible products of the » numbers @, @, ---,@n. taken k at a time); 
this summation will be designated as P,. The inequality we wish 
to prove may then be written 


2 
P= Perit Pror. 


For convenience we also introduce the notation P,(a), which will be 
taken equal to 1. 

The inequality is obviously true if there are only two numbers, a, 
and a,. In fact, in this case there are only three expressions P,(a): 


P,(a) = 1 ’ 
P,(a) = oe 
P,(a) = aia2 , 


and the inequality assumes the form 
P,(ay > P,(a)Po(a) = P2(a) , 


2 
(* s “) > Q1Q2 


or 


(which we have already encountered). 

Assume now that the inequality has been established for » —1 
positive numbers qa, @2, --+, @n-1; we Shall show that the inequality 
must also be valid for ” positive numbers di, @2,---,@n. Designate 
the sum of all the possible products of the numbers, taken & at a 
time, by S,(a), and the sum of the products of the » — 1 numbers 
@;,2°**,@n-1, taken & at a time, by S,(a). If we factor a, out of 
each term of S;,(a) which contains this number, we derive the iden- 
tity 

Sila) = Sx(@) + AnSk—s(a) « 


Further, let us write P, to designate the P,-expressions for the 











nm —1 numbers dQ, @2, °**,@n-1. We have 
Si(a) _ Sila Ses (a 
na BOS +o SEB 
S(a) Sx-1(a) _ 2 = k 
= - + Qn we = n P, + n AnPr-1 
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We now consider the difference 




















Pit — PrstPr-1 
n—-k-— k —f- —k-1 k+1] — 
=( . Py +2aFo| -[2-s* Py + 7 a,P. | 
n—k+1 k-1 
x [t-te + a,Pr| 


=< {ln — WYPE- @@— kn — kh + DFP 


+ an[2k(n — k)P.Pr- — (k — (mn — Rk — 1) Prev Pr-a 
—(k+1)(n—k + I)P.Pr-) + aa[k? Py? 


— (k + I)(k — P,P} ==(A Laie eC); 


where A, B, and C designate, respectively, the expressions enclosed 
by brackets. 
The induction hypothesis implies that 
Pi > Pea, ber > Pies: 
from which, by multiplying these two inequalities, we obtain 
P,P iy > PesPes. 
Therefore, in the expression for Pi — Pys:P,-1 we have 
A = (n — RY PE — [(n — &)? — Pe Pe 
= Pi + [(n — 2) — [Pi — Peni Pil > Pi, 
B = 2k(n — k)P.Pi-1 — (k — 1) (n — k —1) Pest Pra 
—(k+)@—k+DP PA = — 2P,Pi-1 
+ (k-— 1) —k —1)(PrPint — PraiPr-2] > 2PuPi- , 
C = RP,’ -- (k* — 1) P.Pi- 
= Py’ +(e — 1)[PiAa” — PePi-] > Pea’ . 
As a result, 
Pi — PrriPe-r > Pi — 2a,P,P,. + aP,-? 
= (P, —a,Py1% = 0, 
which proves the theorem. 
286. Excluding as obvious the case in which a, = a, =::-=a,, we 


shall show that 3. < Xi. First, since P)(a) = 1, it follows from pro- 
blem 285 that 
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2 
Pi> BPs =P; 
SSS cor SS ey 
is - = ole 7 aT ww 
Further, by multiplying the inequalities 5, > ¥,, 5; > 23-21, we ob- 
tain 3; > 53,5, > 2;. Similarly, taking the products of the ine- 
oe a _ 2 +0 6 oo 7 
qualities 3, > 32, Si > 33-3,, 23> 2°..53, wearrive at Si> 3%, 2y> 3). 
Similar procedures show, finally, that 


Oy Pay ae DO > Las 


287. We have, 5; = a = 2 Further, by the theorem of the 


symmetric mean, we have 


*(@) 2 £:(a) =2, 
a+@,+a4;+a,24:2=8 
and 


4,(a) S 3a) =2, 
Q1Q0Q10, S 2*= 16 5 
In both cases, equality holds only if @, = a. =a; = a, = 2. 


288. Since the sum of the angles a+ 847 =7, tan ee = cot 





Z 
a or 
tan = + tan & og ak : 
1 —tan © tan tan 
from which we obtain, after simplification, 
tan tan 5 4S tan > + tan-& tan + = F 


We write 
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Then we see that_the symmetric mean 2; of the numbers ai, a, and 
a3; 1s equal to re eeues It follows, by reasoning analogous to 
that used for problem 287, that 


a B Y VY 3 —_ 
— > é = . 
(a) tan-> + tan->-+ tan 23 —— VY 3; 
a B Y V3 YY 4738 
—, —-, — < — 
(b) tan 5 tan 9 tan5 <(%3 ) aia ee 


In both cases, equality holds only if a= 8B =y = 60°. 


289. The Cauchy-Buniakowski inequality is of sufficient importance 
to justify the giving of four proofs of its validity. 
First Proof. We can write 
(xa, + by)? + (xa, + 02)? +-+++ (xa, + 5,)° 
= (xtaj + 2xa,b, + bi) 
+ (xa} + 2xaeb, + OD +---+(x2ak + Q2xanb, + b2) 
= Ax?+2Bx4+C, 
where 
A=at+ar+---t+an, 
B= a,b, + aob, +--+ +nba , 
C=b+02+---+b:. 
The left member of this equation is, as a sum of Squares, non- 


negative for all x; in particular, it is non-negative for x= eg 


Substitution of this value for x in the equation yields 


B? B AC — B? 
A ai 2B A +C= 7A 
Since A>0, AC— B*?=0, or B?S AC. 
We obtain the inequality sought by substituting for A, B, and C 
their expressions in terms of a; and b;. 
The equality sign is possible only if 


IV 
a) 


xa, + b, = xa, + bp = Xa3 + by =+-- = Xan +O, = 0, 
from which we find 
bi 2 ee. = — x) 
aq, a2 a3 an 


Second Proof. Given two numbers a and b, we have (a — bP 20, 
or a? +) 2 2ab, and so 
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1 1 
Sa OF 
abs 5 a + 9 
Now let 
A=Vait---+a3 , 
B=Vbi +--+ 8, 
Piet 
is A ’ 
i bd; 
b= @ = 1,2, > , 2); 
then, 
q+-:-t+au 
Ce a eee eam 
= s be +---+b? 
B+--+h= + =1, 
We can write the » inequalities 
ae 12 1 _c ee 1 
Gb Satz bt, + Gabe San + yh 
If we add these together, we arrive at 
_-> _o 1 1 
Qib, + +++ +4nba Sag a. =1. 
Substitution of the appropriate quantities for @; and b; yields 
aiby And 
AB +: xe + AB s 1 ’ 


ab, +--++anbrn S AB, 


(aid, +--+ + anda)? S (ai +++ + au) (bi +--+ +n) , 


which is what we wished to prove. 
Equality holds only if 


a, — bd, = &@ — by =--- =a, —b6, = 0, 
which implies 
72 Se =a) 
a. te. An A 


Third Proof. The inequality holds, trivially, for 2 = 1; that is, 


(a,b, S arbi . 
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We shall show that if the inequality is assumed to hold for ” pairs 
of numbers, that is, 


C*<5 AB, 
where 
A=a@tat-:-+an, 
B= bi + by +--+ +b, 
C = ayhi + arb +++++ Grd , 
then it must hold also for ~ + 1 pairs of numbers: 
(C + Gneibnsi)® S (A + aher)(B + bays). 
In fact, we can write 
(A + ansi)(B + Bnet) — (C + dns idnti)? 
= AB + Abnsi + Bans: + Gnsibasi: — C? — 2Cansidasi 
— (Ga+10n+1) 
= (AB—C) + (Abas + Bans: — 2Can+ibn41) 
= (AB—C)+ (VA bai — VB Gast? 
+ 2(VAB-VC?)ansibar: 2 0 


(since each of the three terms is equal to or greater than zero). 
Therefore, by the principle of mathematical induction, the inequality 
is valid for all natural numbers z. 
The equality sign holds only if 


Fourth Proof. Yt can be proved by mathematical induction that 
n 2 n n 
(S at)(S ob) — ey aibe) = oo, > ( (aub, — aib;)? . 
k=1 kai k=1Ll=1 


The right member of this inequality is nonnegative and vanishes 
only in the event of equality of the ratios a,:5,. If this expression 
is not zero, we have 


(3 ai)(S, bi) a(S aibs) > 0, 


which proves the theorem. 


290. By the Cauchy-Buniakowski inequality we have 
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(a, + a2 +: + a,)(— + +- 47) 
Q, n 


= [(Va,)? + (Var)? +--+ (Vary) 
x ((V 1a)? + (Van)? +--+» +0/ Tan)? 
(Va Vila +V a Via, +++ +V a, Van)? = 1? , 


which yields the result sought. The equality sign holds only if a, = 
ay = +++ An. 





291. By the Cauchy-Buniakowski inequality we have 
(Ql. are fe page) 
<(@itapts--+a)(1+14+---+1), 
from which we obtain 


(tet tay’ < Qi t+ ate tan 
n a n ; 


The equality holds only for a, = a, =--:-=a,. 
292. In the solution of problem 288 it was shown that 


tan (5) tan($)+ tan ( +) tan(+ 5 )+ tan( )tan(+) =. 
By the Cauchy-Buniakowski inequality, we can write 
| tant (+ 5 ) + tan? ( +) + tan? (4)|[ e=($)+ tant(T) + tan'(+) | 
2[ tan($) tan($)+ tan (+) tan (4) + tan( +) tan($)] 


from which the desired result follows. 
Equality can hold only for a= 8 = y = 60°. 


1, 


293. We can write the following expansion: 
(x, + yi)? Ss ie (Xn + Yn)? = (x1 + Vix 
Se +(Xn + Yn)Xn + (x, + yoy snd +(Xn + Yn)Yn . 


Let us make the following substitutions in the Cauchy-Buniakowski 
inequality: 
Hy +1 = 41, °°+, Xn +t ¥n =n, 
Li Sy he = xe 


The following inequality is then valid: 
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(x; + V1) x +: abs + (Xn + Vn)Xn 
S [Car + yr)? toot Gee + yn) ORT Ho + aa] 
Analogously, we have 
(a1 +eydyr Hee + (tn + Yn)Yn 
S [Ce ty +--+ Gen + yn)" P LT He ty]? 
If we combine these two inequalities, we obtain 
(x. + ys)? +-+°+ (tn + yn)? 
SIG + a) + Gate) 
x1Gr beet e)YE OT Feet). 
If both members of this last inequality are divided by 
(Cer + yr)? +e--+ Cen + yn)?)? , 
we obtain 
Ve + yy? +++ + Cn + Yn)? 
2V GE EV 
which is what we set out to prove. 
Xe Xn 


The equality can hold only if 42. Sree : 
ya UY Yn 


294. The Cauchy-Buniakowski inequality yields 
4Q2 = (aide + God, + Gyd3 + G3Q) +++* +An-1n + GnGn-;)? 
S(@itatat+---+a)@+ajt+ait+---+az-1) 
=(n—1)P-n—-1)P, 
from which the result immediately follows. 
We have equality only if a, = a, =---@n. 
295. From the Cauchy-Buniakowski inequality, we can write 
(Pi V Bits $V par V pote +0 +V Pn VP Bn)? 
SVR +V GR + TVR pt 
+V pixi te + V pian). 
The equality sign can be used only if x) = *%2 = +++ = Xn. 


296. We make the following substitutions in the inequality 
problem 295: 


of 
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1 
ae 

1 
neg 

1 
Ps=— - 


We then have 
te riod sey ot ea F4St gy Gi teat es) 
(sat 3 et =) s(5 + 3 + a att 3 eT 63 . 
The equality can hold only for equality of the ratios 


Gite 6 eect 
2 ey So 
297. This inequality is merely a restatement, in another notation, 
of the Cauchy-Buniakowski inequality. In fact, if we substitute in 
the latter aj = x, and bj = yz, and take the square root of both sides, 
we obtain the inequality of the problem. 


298. By two applications of the Cauchy-Buniakowski inequality, 


first to the pairs aid), d2b2, +--+, @nbn and C:d,, C2d2, ++, Cadn, and then 
to the squares of the numbers di, dz, +++, Gn, Oi, D2, +++, On; C1, C2, °° *, 
Cn; d,, dz, Ses d,, we obtain 


(ayb,C,d, + GzbxC2dz +++++ AnbnCndn)* 
S (ajdt + axbt +--+ tanba)* (cid; + cd: +--+ tend)? 
S (Gi + a) +--+ +a) (bi + b: +--+ + 5) 
x (cl + ates t+ cad + dz +--+ +dy). 
Equality holds only if 
Q1 by: Cy: dy = Gat bg: Cot dy = +++ = Ant Dnt Cnt dn . 


299. We shall rearrange the a; in nondecreasing order, assuming 
(renumbering if necessary) that 


Q4,54a,854;8:::Sa,. 


Now we may consider the 6; to be in nonincreasing order; that is, 
we assume that 
b26262--:-256,. 


[Once we have rearranged the a; and written the given fraction 
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(ai + a2 +--+ +an) (Oi + 2 +--+ + bn) 
(a,b, + a2b, +e: +€nb,)? / 


if 6; < 6;, for i<j, for any 7, an interchange of these two 6 within 
the fraction can only increase its value, inasmuch as the value of the 
numerator will remain unaltered, but the denominator will become 
less (we will have supplied a greater a; with a lesser b; factor; con- 
sider the difference 


(aibj + a;b;) — (aid; + asb;) = (ai — a5)(b; — Bb) < 0). 


Now, in the event that all a; are equal and all 6; are equal, the 
fraction has a value of 1. Hence we may assume that either not 
all the a; are equal or else not all the 5; are the same (or both). 
Let us write the system: 


a; = aja, + Ba? , 
bi = abt + B;b? @=2,3,---,n—1). 
This system may be solved for a; and 8;: 
2372 2,2 
an; — a:b; 


a= Te 2,2 
anh, — aib;, 


2,2 272 

aiby — ayb; 
22 2: 

andy —_ aib; 


The denominators of these fractions are positive, 


Bi = 


242 2,2 
a,b} — ab, >0, 


or 


and for the numerators we have 


272 2,2 
a,b; — aib, = 0 , 


or 
2 2 
an by 
“4327; 
a; b; 
and also 
272 
aid; cr. aib; 2 0 . 
or 
2 2 
ai D5 
Se oy 
ay by 
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Accordingly, a; 20, and 8; 20. Now, a; =0 only if 


QAi=4n, 

be=— be; 

B=1, 
and, analogously, 

8; =0 


if a;= ai, b; = by, a;= 1. 
We introduce the terminology 
lta,tast:--+ai=A, 
B. + Bs +e-+ Bei t1l=B. 


Then the numerator of the fraction of the problem can be rewritten 
in the form 


(Aa; + Baz)(Ab; + Bb:) . 


As for the denominator of the given fraction, we shall use the 
Cauchy-Buniakowski inequality (a:b, + a2bs)? S (ai + a2) (bi; + b:) (see 
the discussion immediately following problem 288) to obtain 


aibi = V (7a; a,)? + Bi an)? V ce; by)? + Bi bn)? 
= a,a,b, + BiQrdn . (1) 


If the inequalities of (1) are added, for 7 = 1, 2,3,---,m—1, m (here 
we assume a, = 1, 8, = 0 and a, = 0, 8, = 1), we obtain 


Q1b; + dobg +++-+ Anon = Aaibs + Banbn . 
Thus, the given fraction does not exceed 


(Aai + Ba’,)(Ab; + Bb) 
(Aa,b, + Banbny 


However, 


(Aaj + Bax)(Abi + Bos) _ 1+ AB (anb1 — a1bp)? 
(Aa,b, + Bazbn)? 7 (Aa,b, + Banbz) ° 


In view of the theorem of arithmetic and geometric means, we have 


Aa,b, + Ba,bn = 2V Aaib,- Band, ‘i (2) 


Finally, we obtain 
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(ai + a ++ +++ an) (bi + br +--+ + bn) 
(a,b, + Arby + mini +anb,)* 


(arb; = a,b,)? (a,0, _ a,b,)* 
< ne ss 
= 1+ ABCC b, + Bab =! + 480\/ABa.b.cd.) 


=] + (Veblen es ) 


which is what we wished to show. 

Inequality (1) cannot become an equality for positive numbers, 
since fi Hence this possibility exists only if all a; are zero or 
1 (in the latter case, 8; = 0), that is, if 

GQ, = Ap = ++ =Ag S Anti = Ak+zg = = An, 
by = bg =++ += Oe > Oess = Deri = + - =n. 
Then for (2) to become an equality it is necessary that 


Aa,b; = Ba,bn > 


that is, 
ka,b, = (n — R)a,b, , 
or, 
Gs, by _ Nak 
Ge? Dy - OR 


This determines a condition for the equality 
(ai + az +++ +an) (Oi + by +++ +n) 
(aid, + a2b2 +++++ Gnbn)?® 


24 + (Vii imum, — V mI 
2 


300. We can write 
n(a,b, + A2b2 i and) 
— (Ay + 2 ++°-+ Gn) (by + bp +--+ +02) 
=F Ula, — a1)(b, — bs) + (as — a) (6, — by) 


+---4+ (An-1 as An) (On-1 _ b,)] = 0 ’ 


from which the required inequality immediately follows. 


301. The condition Stas 1 implies that » + q = pq, and so 
q 
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pcs Pe es PES 
q an 
Pye as eee ious 
Dp rp, ’ 


where ~, and q, may be any positive integers proportional to p and 


q (if Dp a andq =. where a,8,y and 6 are integers, then we 


may use, for example, ~, = ad and q, = 78). 
Accordingly, the inequality we seek to prove may be rewritten in 
the form 


(pita /@ (pita /P 
gels 1+ pyri 1 
p+q 
We now set 
x, = x Pitavd/an 
vy, = yPiten/rr , 
Then, using the theorem of arithmetic and geometric means (pro- 
blem 268), we obtain 
y= Se (pita) yPil pita) = (x,X,°° ‘OMe yi)! (py ten) 
gq, times p, times 


< | (= + a | - qx, + py 
ath qt+p 





p+a.. p i 1 
= S— x ito/ar 4 (pitgi)/p, = — xP 4 — yo | 
q pt+q° p q” 


We have equality only if x®= y?. 
302. We shall use the designations 


a+ @,+°:'+a,=4, 
bi tbete-+b.=b 


and divide the given inequality by a%b8. This yields the following 
inequality, which is equivalent to that of the problem: 


a) a) a) a) 
et = pais — —= See techs 
( a ) ( b ) = a b ee a b}] ~ ; 
From the theorem of arithmetic and geometric means (problem 
268) it is possible to derive the result that, for every k =1,2,---,m, 
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Ck by a+p 
(2) (af «(tes Bie Oe 
as pais < =a— + B — 
a b at fB a b 
(compare with the solution of problem 301). 
If these inequalities are added for k = 1,2, ---,”, we have 


a a a) 





eeu , Bb, aay, Boe, |, adn , Abs 
a b a 5 a b 
a 8 

= la + a treet dn) +a + bates + bn) 
a b 


which is what we set out to prove. 
Equality holds only if ai: 6; = a,: bz =: ++ =@n: bn. 


Remark: This result can be derived from the inequality of Cauchy-Bunia- 
kowski, but the proof is more complicated. 


303. Two proofs will be given for this inequality, which has frequent 
application in analysis. 
First Proof. If we substitute into the inequality of problem 302 


az 


ay, 
Dp > 
1 

b= 


and, further, 
Q, = Xf, 2 = x2, +++, An = xR; 


by =, b, = yi, IES b, =n ’ 
we obtain Holder’s inequality. 
We arrive at equality only if x::.y) = Xe! yp =-++ = Xn Vn. 
Second Proof. We write 
(Ma ae bese tbe ve = Xx, 
(vit ye +---+ y2Ze= Y, 


and divide both members of the inequality by XY. If we use the 
terminology, 


Solutions (303-304) 409 


wa, 
ae oe 
“top, (k=1,2,---,n) 
Y k » &) ’ , 
then the inequality we are considering becomes equivalent to 
Bibi 2eler rs ata Sl (1) 


where the following conditions are to hold: 
zit2a+-e--+2,=1, 
Ot+H+---+h=1. (2) 
By using the inequality of problem 301, we can write the 2 inequa- 
lities: 


1 1 
ahs pe + ae ; 


1 1 
Zale S52 +k : 


The sum of all these inequalities yields 
Zit, + Zale +--+ + 2atn 


< GE + ab tet 28) + bt tee) 


i 
p 
Now, using condition (2), and the fact that / ++ =1, we obtain 


q 
inequality (1), which is equivalent to that of the problem. 
The equality holds only if 


X21 = Xe. Vo St HX Yn. 
304. The proof is analogous to that of problem 302. We write 


Q+@,+°::+a4,=4, 
b,+b.+-'-+b,=56, 


Z,+i,+---+1, = 


If the inequality of the problem is divided by a%b8---/’, an equivalent 
inequality is found: 


Inequalities 


410 
ae (bP (LY a\*(b.\? (In) 
Gh) a eG) Ge 
we obtain 


From the theorem of arithmetic and geometric means 
(compare with the solutions of problems 301 and 302) 
ly — 


ey abe ke 

(2 (2 (4) ef 2 + By TAS 
b I oF) a+ B+---+A 

iP 


a 


Ge ode 
a +45 


The sum of these inequalitites for k = 1,2, ---,” yields 
ia). 








as\* BY (BY mek (2) (¢ 
@) ee Phen NG Xb i 
< ee Cn cet a) 
a b l a b I 


=a, tar tet ay) +E + da too + by) 
4 sf Si BOO BOs, pAb 
a aie aa sn) ae Page t= 1s 


which is what we wished to show. 


Equality results only if 
Qi byt eee thy = det bet te th ee = ant Ont ee th. 
Remark: lf we write 
ee een aes 
Pp q t 
and 
a=2,b=y,,u=u G=1,2,---,n), 
: P ht : 1 I 1 

we derive a new form of Hélder’s inequality: If Paar 4+...-+—= 1, then 
for arbitrary sets of positive numbers %, °°, %n}; Yi, -°°+, Yni °°°} Uts ***, Un; We 


++ Un + Xan + °* Un 


have 
V/q 


MY °° ° U1 + X2V2 - 
S (at + oP +--+ 402)? (yf t+ yf t+ ty) 
1/t 


Kee X (Ut + ue bees bun) 
305. Use, in the inequality of problem 304, the » (two-number) 


sequences 
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1, qq, 1, a2, °° 7 1, Qn; 


and in that problem let a=f=--: ae We then have 


ad + a,)/"(1 +. a,)'/™. 7 Te + Gy)!" = 1+ ata. oe ql 


, 


which proves the inequality of this problem. 
We have equality only for a, = dz =-+-@n. 


41] 


306. The inequality here is a special case of problem 304, with 


ae ee 
n 


Equality holds only if 


WSB Seedy Hrs = Oe bei os ks 
307. In the inequality of problem 304 set 
a=B=r=5, 
a,=b=cq=1, 
1 
a,=-—, 
x 
bet, 
¥ 
1 
C2 =>. 
Zz 


Then we have 


3 
(a, + d2)/(b, + b2)/3(cy + C2)'/8 2 aba + az*h3/*¢}! , 


oN ar I ime 1 
VO+s)0+5)0+z)et+ Vive 


or 





By the theorem of arithmetic and geometric means (see problem 


263), we have 


3s ape bas. See o 
Vxyz SQ 3: 


from which we obtain 
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Therefore, 


3 1 i] 1 
1+Z)(1+tV( S)zlt3q4. 
QQ+5 * a+ 


If both sides of this inequality are cubed, the required inequality 
ensues. 


308. Designate by S the right member of the inequality. We then 
have 
Sta tht + hy + @ +b +++ +h? 
tees +n + bn +:++4+ by)? = [ai(a, +b, +--+ + A) 
+ Gaz + be +--+ +h) +-+++ anlan + bn +:°°+ tn) 
+ (bifay + Oy +--+ h:) + boa, + be +°°+4+ b) 
tees Balan + On +--+ + 2,)) +-+°4+ (Ala, +b: ++°-4+ A) 
+ Lao + bp ++++ +h) +--+ 4+ Lan + bn +++ 4n)]. 


Application of Hélder’s inequality (problem 303) for p=q=2 to 
each of the expressions in brackets produces the inequality 


SSVG+taGt+--+aS+VERt+b + +S 
te: +VP+ER4-°-4ES, +: 
The required result follows immediately. 


We have equality only if a:b): +++ 2d; = oi bet +++ tly S++ = Gat ba: 
cotdu. 


309. (a) We have uny,;—uUn=ao[(n + 1) — n*] + a, [(n+1)*! — nF] + 
-+++ ays [(2 + 1)— n]. However, for arbitrary a and } the following 
identity holds: 


a* — bt = (a — b)(a*"! + ak) +--+ +abt? + BE). 
If this identity is applied to the difference (m + 1)* — n*, we have 
(m + 1)* — n* = (nm + 1)! + (n + 1k? 
spas ese Cn Inks? a PO Beg’ sens, 


where the dots designate only terms of less than (k — 1) st degree in 
n. These terms can not increase the order of the sequence; it fol- 


lows that the order of the sequence wh = un+; — un is equal to k—1: 


1 = 
ul = agkenbte ens, 
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(b) Upon transition from the sequence w;” to the sequence 
us*» the order of the sequence is decreased by 1. Therefore ui” is a 
sequence of zero order; that is, all the elements of the sequence x" 
are the same number. This means that ws‘'” =0 for all ”, which is 
what we wished to show. 

Remark: It also follows from the solution of this problem that a sequence 
of order k has sequences of first-order, second-order, and so on, differences, 
up to the kth order, which do not include a sequence all of whose terms vanish 
[that is, u*? is the first difference sequence comprising all zeros]. In fact, 
a sequence of differences of s-order of the sequence, where s < k, is a sequence 
of order k — s whose terms cannot all reduce to 0 (a polynomial of degree k—s 
can have value 0 for not more than k — gs values of its variable). See problem 
310 for the sequence of differences of order k. 


310. First Solution. In the solution of problem 309 (a) we saw 
that if #, = aon* + an*-"+---+a, 18a sequence of order k, then uy” 
is a sequence of Order k —1 of form ux? = aoknt-! +--+. It follows 
that the sequence wu” has the form 


Un = aok(k — 1)nk-? + - 
the sequence w, has the form 
ue = ak(k — 1)\(k — 2)n*-3 4+---; 
and so on. Finally, the sequence w,"" has the form 
GRRE DAO es, 


where the final dots indicate only a constant. The assertion of the 
problem follows at once. 

Second Solution. By problem 309 (a), the sequence of differences of 
kth order of the sequence of degree & is of zero order, that is, all 
terms are the same, independent of x. Hence it suffices to determine 
us. 

For uw, we have the formula 


Un = Uy + Chus? +---+ Chui? 
(see problem 313). Equating this with the given polynomial, we have 
aon* + ayn*-! + +--+ ay = uo + Chud? +---4+Chug” 


The two members of this equation represent the same polynomial 
in m; but it is necessary to expand the C’s on the right to enable 
comparison of the coefficients of like-degree terms. The term aon*, 
however, can be obtained from the term Crus” alone: 
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Cy) = nin — 1)(n — = --(n—-k+ Dw 


The coefficient of n* is equal to ui” /k!. Equating the coefficients for 
m, On both sides, we obtain 


_ uo 
ne S 
from which we obtain 
us”) = ay-k!. 


311. (a) We shall write the sum-sequence in the triangular form 
explained in the introduction preceding problem 309; each # will be 
the sum of the two elements flanking it in the previous line: 


Uo Uy Us Us st Un Un+1 
= (1) — (1) = (1) —(1) — (1) = (1) 
Uo uy Ue u3 ott Un Un+i 
— (2) = (2) — (2) — (2) —(2) — (2) 
Uo uy Uo uz so uz Uni 
—(k) —(k) —(k) =(k) —(k) —(k) 
Uo uy U2 U3 ee ey Uu Uni 
—(k 
Note that a,” depends only upon w,, ua+i, ***, Marz and not upon any 


other numbers of the initial sequence comprising the first row. We 
shall now show by mathematical induction that 


—(k) 0 1 2 k 
Un = Ciyttn + Citas: + Cittnte +--+ Chttate . 


The formula is valid for k = 1, since here it assumes the form 


—(1) 0 1 
un = Citth + Ciunsi = Unt Unt, 


which, by definition, is obvious. Now, assume the formula is valid 
for k — 1; we shall show that validity for k is implied: 


ui” = ue) te a 
= (Chita + Ch-attnss + Ci-itnse +2°°+ Chliunse-1) 
+ (Chaattns: + Ch-itnse + Ch-itnss to++ + Citta se) 
= Chain + (Cha + Cé-a)ttnta + (Cia + Ci-s)ttnse 
feet (CEE + Cert) nse + Ciitnse « 
From the definition of the symbol C7, it follows that 
Cea = Cr; 
Cir + Cir = Ck, 
Cai tCia=C, 
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and so on. Therefore, 


—(k) 0 I k~-1 k 
Un = Critn + Cults treet Cr Untk—-1 + Ciltatk ’ 


which is what we set out to prove. 
(b) The proof here is entirely analogous to that of problem 
(a) and is left for the reader. 


312. The proof will be given by mathematical induction. (Refer 
to the terminology of the Pascal Triangle in the introduction to this 
series of problems.). The proposition holds for & = 1; that is, C} = 
+ in the first row of the triangular array. 

Assume validity for the (2 — 1)st row; we must show that this 
holds for the mth row. From the definition of the Pascal triangle, 
we have 


cr = Cs + Cs . 
Therefore, for & > 1, we have 


oS ne DO 2 eee 


k 
Cn —D! Rl 


We can write this in the form 


k 
Cr (k—D! 


_ n(n — l(a — 2)---n—-—k +1) 
~ k! : 


a a—*) 


which is the desired result. 
If k=1, then we have 


C=aC.,4¢Cii.=l+tm—-De=n. 


Remark: It follows from this formula that the numbers standing in the 
(k + 1) st row of Pascal's triangle, are of degree k in nm. In fact, if we take 
ke fixed and let » vary, then 


n(n —1)---(n-k4+1) 


k 
Cre k! 


is a polynomial in n of degree k. 


313. It suffices here to note that the number triangle 
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* Uo Uo 


> Uy 


Un 
is an arithmetic triangle. That is, it can be written in the form 


Vo vy Vo * + * Un-1 Vn 
= =) =( e 
pp pM LL gm 


> (2) 5 (2) = (2) 
Vo Di + 5 + Unie 


on which we can now use the result of problem 311 (a). 


314. If all the numbers of the Ath (and higher) sequence of dif- 
ferences are zeros, then the members of the (k — 1)st row of succes- 
sive differences are all the same number (which is not zero, according 
to the conditions of the problem). Further, since 


(k4-1) (k+2) 
0 0 , 


u =U Ss 


k 
uv #0, 
we have 
1 1 2. (2 k (k) (1) 
Un = Uo + Chus? + Claus? +---+ Chui = uy + n-us 


nin —)) 4 Maa Mr-kt) iw 
0 


(2) 
4 tee 
2 ' k! 


(see problem 313). But this formula expresses u, as a polynomial in 
n of degree k, and this proves the assertion of the problem. 


315. We consider the series 
Un = 14 + 244 344 444 56 +--+ mt 


and compute the first five difference sequences: 
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7) ae 
We note that «{” = (2+ 1) is a fourth-degree polynomial; therefore, 
ui =0, if only k >5{see problem 309 (b)]: 
uo) = 1: us” = 60; 
ue 215; aig 24 
ue = 50. 
Therefore, in view of problem 313, we have 


n(n — 1) n(n — 1)(n — 2) 
] 6 


tn =O+N24+15 + 50 


0 n(n — 1)(m — 2)(n — 3) n(n — 1)(n— 2)(n — 3)(n — 4) 
+ 6 Sones gg ee Ir + ne (na : 
This is the formula we seek. Simplification yields 


nn + 1)(2n + 1) Bn? + 32 — 1) 
30 ; 


Tee 20 Sh a epee nt = 
Remark: Analogous reasoning enables computation of the sum 
TE 4+ 2k 4+ 3k 4---+ nk, 
where k is any positive integer. 
316. (a) The first row of differences of the sequence 
U, = 1 + 2 + 3*4---+n', 


such that all members of the (& + 1)st row vanish, is the sequence 
of kth degree polynomials (x + 1)*. This means that u*t” =0. If 
the initial sequence provides k + 1 sequences of differences before 
the zero row is reached, then it must have been of (+ 1)st order, 
that is, of (k + 1)st degree in m(see problem 314). 

(b) Set 


Un = Ye + 2k 4+ 3K +--- + n* = Agnkt! + Aum +... 
Then ui**? = Ak +1)!. (See problem 310.) But w,‘*” is the eth 
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row of differences of the sequence uw!” of kth degree: ui? = (n+1)'¥= 
nk +--+. It follows from problem 310 that ui**? =k!. Hence, we 
have k! = A,(k + 1)!; Ay == is the coefficient of m*+! in the 


summation of 
Uy = Ve + 2k + BR Hee t nk, 
Determining the coefficient of * is more involved. We refer to 
the formula derived in problem 313: 


Un = Aon* + ant! +--+ + ay 


= uy, + Gag . Ey Beda 77) ies 1) 42 Cru (k) : 
Equating the coefficients of n*-! from both sides, we obtain 
as Bees ee ted) k) 1 k-1) 
Beat a aga ae peer 
-1) 








Se 
2k ai” tei 
(compare with the second solution of problem 310). Now, applying 
this formula to (7 + 1) = m* + Cin*1 +---+ 1, we obtain 


‘ 1 


ch=—- Ri+ (k-1) . 


1 
ak — 2)! G=ie- = 


7 — 1) kR(k+1) (k+ 1)! 
ust?) = (k- pia + #85 me lac —1)!~-— in aa ak 





Going over to the series 

Mn = 1* + 2k + 3k 4--- +n! = Agut*) + Ayu! +---Ane, 
of which the sequence of (7 + 1) is the first difference sequence, we 
obtain 


1 1 
A, =— xe pie” 57 uy” 
ws lca dhs Spy ay DAD fo sR eA oe K, 
Ea go oe ee 
{Here, u$**? and ui" designate the quantities described above by uj” 
and u,~”, respectively.] 


Therefore, the coefficient A, of n* is >: 


Remark: In the solution of problems 134 (a, b), we now have, in agreement 
with the above problem, 
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n(n + 1)(2n + 1) 1 1 1 
2 22 aez 2— — ltd —y2 = 
2+ 22+ +n 6 3 Vt pM + En 
n(n + 1)? 


es i ye eas as 
aa a 47°? 


194 234.-.-473 = ; 


4 


= n(n + 1)(2n + 1)(3n? 4+ 3n — 1) 


J44 244... 4 
+ 24+---+%7 30 


For k = 1, we obtain 


1+24---+n= 


In the same manner we obtain, for example, 


1 1 
1100 100 eb 100 — ——— 101 — 100 ee 
+ 2100 4 +n 100” + 2 mio + , 
1 1 
J 1000 2.1000 S2d8e 1000 — ——— 1001 —nio004 ... | 
+ Spee ot i001” + a” si 


317. If @=1, the problem has a simple solution. It was shown 
in problem 310 that in this case the integers of the Ath row of dif- 
ferences were equal to &!. If all the numbers of a given row are 
divisible by d, then the numbers of all successive rows are divisible 
by d. Therefore, k! is divisible by d. 

Consider now the more general case, @ #1. We have, from pro- 
blem 313, 


Oe ee ee | 
tin = uo + nas! $e RAED ESD 


Since the integers u, are all divisible by d, all the numbers wm”, ué”,---, 
ui” are also divisible by d. If d is factored out and placed as a 
multiplier, we have 


Un = |», ERT eer See ie es Dw i 


k! 
where vp, vo, --:, vs” designate the quotients obtained upon dividing 
Uo, Us, «++, us” respectively, by d. These v’s are integers. 


2 ’ ? 


When we give these a common denominator 


We have above, in the brackets, only Pascal numbers: 


n(n — 1)---(n—k +1) 


k! 
and add, we arrive at the following form: 
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Ce tit Oe) 
Se 7 


k! 
The numbers 65, b,,---,5, are integers, and we have 
by _ db ae 
per as, Boe 


We divide d and k! by their greatest common divisor and write 


d 
=-—, where d, and m have no common factor: 
m 








dbo d,b, db; 
a: ao ’ = = ay ’ eee ; Sa haat ay, 7 
m m m 
or, 
dom aym aym 
b — ’ b = a cee » b pronecas 
dy od en dy 
It follows that the integers da, @, +--+, @, are all divisible by d,. Now, 
assume that the integers a, 4@,, ---,a@, do not have a nontrivial com- 
; ! . 
mon divisor. This means that d,; = La ere or = =m; that is, 


k! is divisible by d. This completes the proof. 
318. We construct the sum triangle for the sequence C3, Cu, Ci, 
ee Bit 
Cc GC; GCG Mes Cy 
Crs) ahi el oes nti 


C2 3 n 
n+2 nt+2 sate n+2 


i Cee 
Cin 
We have at the apex Cz,, inasmuch as we are dealing with Pascal 
triangles as elements. 

On the other hand, using the general addition formula for these 
elements [see problem 311 (a)], we arrive at the following expression 
for the apex element: 

(Cry? + (Ch)? + (CD? +--+ + (CR). 
Thus, we have 


(Ce)? + (Ch)? + (CRP +--- + (CRP =Car. 
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2 3 2 
319. Consider the sequence Le 7 — --+, for which we con- 
struct the sum triangle 
a a a 
: b 6 B 
a a a a 
ea ote Bt Bs 
a a’ a a a 
1+ a + Be ry +2 ro + rx) 
a a a 
1+3p +3 ta ms 
Let «, designate the mth terms of the given sequence: u, = = We 


then have 


By induction, we can conclude that 


k 
a) = (1 + +) Un. 


k 
This means that #” = (1 + +) . However, 


is’ = Chuo + Ch, + Chto +++ + Chur 


= a, kk-l)a@ k(k — 1)-++2-1 a 
SAE eg 


Hence, we have 


MN es 4, Me-Val | Meal) 21 at 
(+4) s14+ep+ i pe ee A ro 


If both members of the above equality are multiplied by b*, we ob- 
tain 


(a + b)* 
= pf + kabk-' + BEAL apis abe se a es 
=a' + kat + BEAD ghrp eee BET 2 yy 


which proves the formula. 
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320. Consider the following triangle: 














i 1. aide 
Co 2C} 3Ci 405 
_ _l oe 
2C} acs 4C} 
1 os 
3C3 4C3 
ae een 
4C3 
(The minus sign appears in the second, fourth, sixth, --- rows.) 
We shall prove that this is the difference triangle for the sequence 
ie --+, It suffices to show that for any k Sn -— 1 the fol- 
lowing equation holds: 
Ds a ee 
nCh.. (n+1)CK*" (wn +1)Ck° 
We have 
os 2, ae 
nCk,  (n+1)Ck" 

as I cee 

~ n(n —1)\(n—2)---n—k) (n+ 1)n(n —1)---(n— Rk) 

_ k! (a _ kt 7) 

~ n(n — 1)(n — 2):--(n — R) n+] 

k! n—k 1 


“nin —D(n—2)---n—k) n+1— (n+ DCE’ 
Now, having shown that the triangle is the difference triangle of the 


sequence l, oh see +++, we may carry out on it all the operations 


n 
indicated by the conditions of the problem. The result is a Pascal 
triangle. 


ANSWERS AND HINTS 


1. First show that the total of all handshakes made up to any 
time is an even number. 


2. Calculate the number of moves which the knight must make in 
order to arrive at every square exactly once (this number is odd.) 


3. (a) Use mathematical induction. 
Answer: k= 2"—1. 
(b) Designate by A(z) the number of moves needed to remove 
n rings from the loop, and express A(m) in terms of k(n — 2). 


en ENO ity 1S Byers 
Answer: k(n) = 


Ca eeah Spas pdd: 


4. (a) For a first weighing, put 27 coins on each pan. 
(b) The number 2, which we seek, can be determined from the 
inequality 3}'<ns 3. 


5. First, place one block on each pan of the balance. Then put 
both of these blocks on one pan, and put pairs of remaining blocks, 
successively, on the other pan. 


423 
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6. (a) For a first weighing, put four coins on each pan. 
(b) k=7. Prove that if the number x of coins does not exceed 
3" — 3 
ae 
weighings and simultaneously to determine whether it is light or 


rn 





, then it is always possible to detect the counterfeit by x 


3 then 2 weight 





heavy (of course, 2 > 2 is understood.) If 2 


trials may not suffice. Then proceed by mathematical induction, in 
several stages. Specifically, prove the following propositions: 

(A) Divide N coins into two sets, X and Y; it is understood that 
the counterfeit coin is in one of these sets. If this coin is in set X, 
it is light; and if it is in set Y, it is heavy. Then if N< 3", the 
counterfeit can be detected by N weight trials; and if N > 3”, there 
is no procedure which can guarantee success in N trials. 

(B) Given N coins, among which there is one counterfeit which 
differs in weight from the others (although it is not known whether 
it is lighter or heavier than a genuine coin), then we know we have 


— us then by N weight 





at least one genuine coin. Now, if NS : 
trials we can detect the counterfeit and know whether it is light or 
heavy. But if N> 24 





, then this number of weighings may not 


suffice. 
(C) See the suggestion given at the beginning of this hint. 


7. (a) One link. (b) Seven links. 
8. The second. 
9. Prove first that all the weights are even or odd. 


10. The evenness or oddness of the first four numbers of each 
row of the number triangle depends only upon the evenness or the 
oddness of the first four numbers of the preceding row. 


11. Change the order of the squares themselves in such a way 
that the problem becomes one of moving chips from one square to 
an adjoining one. 

12. 15,621. 

13. 2 roubles. 

14. (a) The rule for the alternation of the number of days in the 
year is as follows: Each year whose total number of days is divisi- 


ble by 4 is a leap year (has an extra day), with the exception of 
those years divisible by 100 but not by 400. It is easy to see that 
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400 years contain an integral number of weeks. Consequently, it 
remains to prove whether the new year begins most often with a 
Saturday or a Sunday for any 400-year period. 
Answer: With Sunday. 

(b) On Saturday. 


15. All numbers ending in 0, and also the two-digit numbers 11, 
22, 33, 44, 55, 66, 77, 88, 99, 12, 24, 36, 48, 13, 26, 39, 14, 28, 15, 16, 17, 18, 
19. 


16. (a) 6250---0,2=0,1,2,-::. 
pom sae 
2 times 
(b) Try to solve the following: Find an integer beginning 
with a given digit and which is reduced to 3 its original value if 
the initial digit is deleted. 


17. (a) Prove the number can be reduced to y its value only 
on deleting the digit zero, which must stand in the second position. 
(b) 10,125, 2025, 30,375, 405, 50,625, 6075, 70,875 (to each of 
these numbers may be attached, at the end, an arbitrary number of 
zeros). 


18. (a) Numbers in which all but the first two digits are zeros. 
(b) Investigate separately the cases in which the first digit of 
the number sought is: 1, 2,3, ---,9. There is a total of 104 numbers 
satisfying the conditions of the problem. To each may be attached 
(at the end) an arbitrary number of zeros. 


19. (a) The smallest possible number is 142,857. 
(b) The digits 1 or 2. The smallest number beginning with 
2 is 285,714. 


20. Recall that numbers which are divisible by 5 must end in 0 
or 5, numbers divisible by 6 or 8 in an even number. 


21. Try to solve the following problem: Find a number with a 
given initial digit which is doubled upon transferring the initial 
digit to the end. 


22. This solution is analogous to that of problem 21. 


23. The smallest number satisfying the conditions of the problem 
is 7, 241, 379, 310, 344, 827, 586, 206, 896, 551. 


24. (a) A number whose inversion exceeds it by a factor of 5,6, 
7, or 8 must necessarily have 1 as its first digit; a number whose 
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inversion exceeds it by a factor of 2 or 3 can begin only with digits 
1, 2,3, 4, or, respectively, 1,2, or 3. 

(b) Some numbers which are 4 of their inversions are: 0, 2178; 
21,978; 2,199,978, --- (*). All other such numbers are of form 


PP: ++ Pa-PaPa-i' + PaP, ’ 
where P,, P2, -::, P, represent numbers given by the («)-display. 


25. (a) 142,857. 
(b) Set up the equations to be satisfied by an eight-digit num- 
ber which is multiplied by 6 if we transfer the final four digits to 
the front (maintaining the same order for these). 


26. 142,857. 

27. Factor the given polynomials. See what remainders are pos- 
sible upon dividing by 3 (and, respectively, by 4,5, 7, and so on). 

28. (a) Use the fact that the difference a’* — 6" is divisible by 
a+. 

(b) See the hint to problem 27. 

(c) 56,786,730 = 2-3-5-7-11-13-31-61. Further, use the proposi- 
tions of problem 27 (a-d) and also the results of Fermat’s theorem 
(problem 240). 

29, Note that 2? + 327+5=(n+ 7)(m — 4) + 33. 
30. Factor the given expression and compare the number of fac- 
tors with the number of factors of 33. 


31. Use the fact that every integer not divisible by 5 can be re- 


presented in the form 5k 1 or else 52+ 2. 
Answer: 0 or 1. 


32. Use the result of the problem 31. 


33. 625 and 376. 
34, Find the last two digits of m?°; and the three final digits of 
200. 

Answer: 
pe2t3tec t= 


n Ts 3. 
Grouping separate terms of 


2k + 3" +---+n*, show that this sum is divisible by 
1), or by ” and ant. 


n(n + 1) 
35. a: 3 
the sum e+ 
‘# and by + 
2 
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36. The sum of alternate digits of the second, fourth, and so on, 
places minus the sum of the alternate digits of the first, third, fifth, 
and so on, places must be a number divisible by 11. 


37. The number is divisible by 7. 


38. It is always possible to find an integer with first two digits 
1,0 and divisible by &. If the difference of this number and its in- 
version is again divisible by k, then it can be shown that 9 is divi- 
sible by &. 

39. 26,460 = 2?-33-5-7?. Show that the given expression is divisible 
by 5:7? and also by 2?-3?. 

40. Use the identity 

1°— 1. =(11 — 1)(119 + 118 + 117 +---4+114+1). 


41. Write the given number in the form 
(22225555 + 45555) + (55552222 a 42222) at (45555 = 47222) . 


42. Use mathematical induction. 


43. Use the facts that 10° — 1 = 999,999 is divisible by 7, and that 
any power of 10 yields a remainder of 4 when divided by 6. 
Answer: 5. 


44. (a) 9; 2. (b) 88; 67. (c) Find the final two digits of 7°" 
and 20414) | 
Answer: 36. 


45. (a) 7; 07. (b) 3; 43. 
46. Investigate the numbers 
2=9,2,= 971, Z, = 972, +++, Zio, = 971000 = N 


and determine the final digit of the number Z,, the final two digits 

of Z2, the final three digits of Z;, the final four digits of Z,, the final 

five digits of Z,, and the final five digits of Z, Z:,-+-, Zio: = N. 
Answer: 45,289. 


47. The 1000 digits sought will be pPP--- P, where 
and 


23 times 
P = 020408163265306 12244897959 1836734693877551 
is the periodic part of the fraction 1/49, and p is the number compris- 
ing the final 34 digits of the periodic part of P. For the proof, use 
the fact that 
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_ 5Oro — 1 LQ 8 ec 
ee 50-1 49 i 


48. 24. 


49. (a) Compare the powers of any prime / in the product a! and 
in the product (¢ + 1)(¢ + 2)---(¢ + a). 
(b,c) Use the results of part (a). 
(d) First prove the existence of a number & such that kd, where 
d is the common difference of a progression, yields a remainder of 
1 upon division by 2!. 


50. Not divisible. 


51. (a) (2-1)! is not divisible by » if is a prime number or if 
n=A, 
(b) (x— 1)! is not divisible by »? if m is a prime or twice a 
prime, or if n=8 or n=9, 


52. Prove that all such numbers are less than 7? = 49. 
Answer: 24, 12, 8, 6,4, and 2. 


53. (a) Show that the sum of the squares of five consecutive in- 
tegers is divisible by 5 but not by 25. 
(b) Determine the remainder obtained when the sum of the 
even powers of the three consecutive integers is divided by 3. 
(c) Find the remainder obtained when the sum of the same 
even power of nine consecutive integers is divided by 9. 


54. (a) Find the remainders upon division of each of the numbers 
A and B by 9. 
(b) 192, 384, 576; or 273, 546, 819; or 327, 654, 981; or 219, 
438, 657. 


55. The square must end with four zeros. 


56. Use the Pythagorean theorem. Prove, separately, that the 
area of the rectangle is divisible by 3 and 4. 


57. Investigate what remainders are possible if 6? — 4ac is divided 
by 8. 


58. Note that after the addition and reduction to lowest terms the 
denominator is divisible by 3 and by 2. 


59. To show that M and Ncannot be integers, it would suffice to 
show that after the indicated addition is made the denominator is 
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divisible by a higher power of 2 than is the numerator. For the 
fraction K, use 3 instead of 2. 


60. (a) The denominator of the sum of the fractions is (p— 1)!. 
The numerator is the sum of all possible products of the first (p—1) 
integers taken (f— 2) at a time. Designate the sum of all possible 
products of » numbers 1,2,---,#, taken k at a time, by mk. It is 
to be shown that m}7}, where p isa natural number, is divisible by 
p’. 

Using the formula (relation between roots and coefficients) 

CH= De= 2a 3a pt) 
= xP-l— Wy yxP Pee + MD, 


and 





[a Dae 2) 8) eS pe Dep) 
=e = Dix = 2)(x = 3) (eX -P + DE PI, 

prove that the two polynomials, whose coefficients depend upon 
Mp1, Ip-1,°**, Wp. are equal. Equating coefficients of like powers 
of the two polynomials produces a set of relationships between the 
values ;-,, from which the result asked for in the problem emerges. 

(b) When the fractions are added we have the denominator 
[((p — 1)!)? and the numerator (13-3)? — 2(p — 1)! 75-1. Refer to the hint 
for part (a). 


61. Use the fact that the fraction p/g is reducible to lower terms 
if and only if g/p is. 


62. Prove that for any integer 6 the number of differences a,—a, 
which are divisible by 6 is not less than the number of differences 
k —1 which are divisible by 5. Investigate first the case in which 
nis a multiple of 0d. 


63. Prove, first, the following equality: 
(1 + 104 + 10° +---+ 10**)-101 
= (lr 10F =e 108 eee 10) C10 ae) 
64. (a) a—b. (b) a-—b. 
65. Show that (2?" + 1) — 2 is divisible by all the preceding num- 


bers of the given sequence. It then follows that 2?” + 1 and those 
preceding numbers cannot have a common factor differing from 2. 
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66. Investigate what remainders are possible upon division of 2"—1 
and 2" + 1 by 3. 
67. (a) Investigate what remainders are possible if p, 8 — 1, and 
8p +1 are divided by 3. 
(b) Consider the possible remainders if p, 8p? + 1, and 8p? — 1 
are divided by 3. 


68. Show that p? — 1 is divisible by 12. 
69. Consider the possible remainders upon division by 6. 


70. (a) Prove that the common difference of the progression must 
be divisible by 2:3-5-7 = 210. 
Answer: 199, 409, 619, ---, 2089. 
(b) Prove that if the first number of the progression is not 11, 
then the common difference must be divisible by 2-3-5-7-11 = 2310; 
if the first number is 11, then the common difference is divisible by 


210. 
For problems like problem 70 (a, 5) it is convenient to refer to a 


table of prime numbers. 
71. (a) This will be an odd number not divisible by 3. 

(b) It suffices to find a number not having a common factor 
of 2,3,5, 7,11, or 13 with respect to the other fifteen numbers of the 
sequence. 

72. The product is equal to 22---2177--- 78. 
“s— —S—’ 
665 times 665 times 
73. The quotient is 777 000 777 000 --- 77700077 (there are 166 re- 
petitions of 777000); the remainder is 700. 
74, 222,222,674,025 = 471,405?. 
; aa 1 \100 1 \100 
75. Prove that if Ya <1— (<5) , then a<1— Go) 
76. 523,152 and 523,656. 
77. 1946. 


78. (a) Consider the sum of the arithmetic progression whose com- 
mon difference is 1 and whose first term is 10*"' and whose last 
term is 10" — 1. 

(b) 1,769,580. 


79. Consider, first, all the integers from 0 to 99,999,999, putting 


Answers (80-93) 431 


enough zeros before all those integers having fewer than eight digits 
to make them eight-digit ‘‘numbers’’. 


80. 7. 
81. No. 


82. Use the fact that nine weights of magnitude 7?, (x + 1), ---, 
(n + 8)? can be divided into three groups, the first two of which 
total the same weight and the third set is lighter by 18 units. 


83. 240. 
84. (a) 147, 258, 369. (b) 941, 852, 763. 
85-86. Use the formula for the sum of an arithmetic progression. 


87. Put the expression a(72 + 1)(7 + 2)(” + 3) + 1 into the form of 
a quadratic polynomial. 


88. Show that among the considered numbers there cannot be 
more than four which are pairwise distinct. 


89. Prove, first, that no matter what numbers we begin with, 
after at most four steps we arrive at four even numbers. 


90. (b) Having made some arrangement of the numbers from 1 to 
101, choose the longest increasing sequence starting with the first 
term of this arrangement. If fewer than eleven numbers can be 
found to make up such an increasing sequence, then cross out these 
numbers from the arrangement, and start over, beginning with the 
first remaining number. If again there are fewer than eleven num- 
bers, then cross out also these numbers, and start over as before. 
Every sequence which has been deleted consists of fewer than eleven 
numbers, and, unless the problem is solved for this arrangement, we 
will obtain no less than eleven sequences. This circumstance will 
allow the construction of the desired sequence. 


91. Factor out of each of the selected numbers the greatest power 
of 2 contained as a factor. 


92. (a) Consider that number which when divided by 100 yields 
the remainder of least absolute value. 
(b) let @, @,---,@io be the given numbers. Investigate the 
remainders, upon division by 100, of the numbers @,, a; + @, @ + a,+ 
lig tes 


93. Assume that the player, on some day, has played a, matches, 
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and at the end of the following day he has played, along with the 
previous day’s games, a, matches, and for three consecutive days 
he has played a total of a; matches, and so on. Consider the 154 
numbers qQ,, G2, +**, @17, @ + 20, a, + 20, +++, Qr7 + 20. 


94. Investigate the remainders, upon division by N, of the num- 
bers 1, 11,111, ---. 


95. The final digit of the difference of two successive numbers 
of the sequence yields the final digit of the number which precedes 
those two. Show that there exist natural numbers ” and & such that 
the final four digits of the (z+ k)th and (n+ k+ 1)st terms of the 
Fibonacci sequence are the same, respectively, as the final four digits 
of the kth and (k+1)st terms. Then the last four digits of the 
(n + k — 1)st term will be the same as those last four digits of the 
(k — 1)st term of the sequence, and so on. In this way it may be 
shown that it is possible to find a term of the Fibonacci sequence 
whose last four digits coincide with the first term, that is, zero. 


96. Investigate the fractional parts of the numbers 0, a, 2a, ---, 
1000 a. 


97. Prove that an interval (0, A) of the number axis (where A is 
an arbitrary natural number less than m + n) contains exactly A—1 
of these fractions. 


98. Designate by k&;(¢ = 1, 2,3,---) those of the numbers which 


are included between a and at and select those numbers (less 








than 1000) which are multiples of at least one of the numbers q a, 
tee, Qn. 
99. The length & of the period sf en be determined as the least 
q 
power & for which 10* — 1 is divisible by g. If k = 2/, then it fol- 
L 


lows that 10'+ 1 is divisible by g; that is, 22+ is an integer. From 





this, it is possible to show that in the period a@,a@z2°+-, Gt, Qis1, Gi+2,°** Qk 


p 


of the aOR we have 


4+ Qi =A2+ G42 =-' =artan=9. 


100. Use the fact that the number of digits in the period of each 
QAn+1 
na+i 





of the fractions * and is equal to the smallest of the natural 


numbers & and / such that 10* — 1 is divisible by p* and, respectively, 
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10’ — 1 is divisible by p"t!. 


101. Every number x can be represented in the form [x] + a, where 
Osa<l. 


102. Investigate all points in the plane, with integer coordinates, 
located inside the rectangle 0<x<q,0<y< p, (where x,y are 
coordinates of points in the plane) and under the diagonal, excepting 
the point (0, 0). 


103. Use mathematical induction. (The problem can also be solved 
geometrically. To do this, investigate all points of the first quadrant 
with integer coordinates under the hyperbola xy = 1.) 


104-106. In solving problem 104, we must use the fact that 
[(2+Y2yJ=24+V2"+2@-V2y-1. 
Similar comment holds for problems 105 (a, b) and 106. 


107. In the set of p consecutive integers, 7, z—1,"-—2,:--, 


n—p+1, one (and only one) is divisible by p. If this integer is 


Hn nr 


N, then [F]=> Then the difference a-{4 can be written 


n(n — 1)---(N+ DNN— 1)---a— pt) JagtN 
p! p- 


108. Prove, first, that if the number z of elements in the sequence 
[a], [2a], [3a],---does not exceed N, then na=N+1, where 1—aS/<l. 


109. Prove that a. is equal to the number of integers, not exceed- 
ing N, which are divisible by 2*-! but not by 2*. 
110. (a) 7744. (b) 29, 38, 47, 56, 65, 74, 83, 92. 


111. If @ is the number made up of the first two digits of the 
number sought, and if 6 is the number made up of the last two 
digits, then 99a = (a + 6?’ —-(a+b6)=(a+b)(a+b—)). 

Answer: 9801, 3025, 2025. 


112. (a) 4624, 6084, 6400, 8464. (b) There are no such numbers. 
113. (a) 145. (b) Only the number 1. 
114. (a) 1,81. (b) 1,8, 17, 18, 26, 27. 


115. (a) x cannot be greater than 4. 
Answer. x=l1,y=thx=3,y = 43. 
(b) x=1,¥ = +1,2 is any even number; x = 3, y =+3, z=2; 
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x =1,y =1,z is any odd number; x is any positive integer, 
y= U+2!+---4a,z=1, 


116. Find out by what powers of 2 it is possible to divide the 
four numbers sought. 

Answer: For odd nv, the representation is not possible. For even 
n, there exists just one representation: 


Qn = Ard L ae [2 (n/2) -1]2 + [2 (2/2) -1]2 
+ zoel "le . 


117. See the hint to problem 116. In part (b), the solution of 
which is analogous to that of part (a), there is only the answer 
x=yr=z=v=0. 


118. (a) It is possible to show that if x, 4, and z satisfy the given 

Lao then these numbers can be reduced in such 

a way as to continue to satisfy the equality. If xs #Y, ys ae, 

zs Ea, and x S y Sz, then it must follow that 2 < kx s 3. 
Answer: k=1 and k=3. 


(b) All such triples of integers can be obtained by using sub- 
stitutions of the form x, = x, y, = y, 2, = kxy — zinone of the triples 
1,1,1 and 3,3,3. In all, there are (considering integers less than 
1000) 23 number triples satisfying the conditions of the problem. 


equality, and if z> 


119. Let x and y be a pair of numbers satisfying the conditions 


4125 ng HI 


of the problem. Then =v, where uw and 


v are integers. Show that the number pairs (x,z) and (y,v) also 
satisfy the condition that the square of one number when increased 
by 125 is divisible by the other. It follows that if one pair of prime 
numbers is found to satisfy the condition, it is possible to construct 
an infinite chain of numbers in which adjacent numbers have this 
property. To find all such chains, prove that every chain contains 
a number not exceeding 1/125 < 12. 

There are 31 number pairs which satisfy the conditions of the 
problem. 


120. Investigate the cases in which all four numbers are ‘different, 
two numbers are the same but the other two are different, two pairs 
of equal numbers appear, and so on. 

Answers: 96, 96, 57, 40; 11, 11, 6, 6; A(3k + 2), RBk +2), R(3BR+ 2), 1, 
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[k is an arbitrary integer, but such that &(3k + 2) is positive]; 1, 1, 
1, 1. 


121. 2,2 and 0,0. 
al 1 eee & an 
eS aa Tau ae or waa Gee 7 
123. (a) Reduce the problem to the following: To find two num- 
bers whose product is a multiple of their sum. 
(b) x = mon + wt, y = non + nyt, z= mnt, where m,n, and y 


are arbitrary whole numbers. 


124. (a) Let » > x; prove that then vy is divisible by x. 
Answer: x =2,v=4. 
(b) x= (Ae yo = a) : where / is an arbitrary in- 
teger differing from 0 and —1. 
125. 7 or 14. 


126. By comparing the number of points won by the ninth graders 
with the number of games played by them, it is possible to conclude 
that all the ninth grade students won every match played by them. 
It follows from this that only one ninth-grade student could have 
participated in the tournament. 


127. Use Heron’s formula for the area of a triangle. Let p—a= 
x,p—b=vyv, and p—c=z, where a,b, and c are the sides of the 
triangle and p is its semi-perimeter. Then the problem reduces to 
the solution in integers of xyz =4(«+y+42),or x -2t% Assum- 


ing x = y, we can investigate the squared inequality in y (with coef- 
ficients in terms of z); this enables us to found bounds for z and y. 

Answer: The sides of the triangle can be equal to 6, 25, 29; 7, 15, 
20; 9, 10, 17; 5, 12, 13; or 6, 8, 10 (all five solutions). 


128. (a) The problems lead to the solution of the equation x?+y’= 
z*, If x,y, and z are not relatively prime, then the equation can be 
divided through by the greatest common factor; hence we may con- 
sider the case for which x,y, and z are pairwise relatively prime. 
Then z is odd, and one of x or y is even and the other odd. Write 
the equation in the form Cae eer ee and use the fact that 


_ 2 2 
24” and ie are relatively prime. 


Answer: x = 2tab, y = t(a’ — b?),2 = t(a? + 6°), where a and 6 are 
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arbitrary relatively prime numbers (a> 0), and ¢ is any natural 
number. 

(b) The problem leads to the solution in integers of the equa- 
tion z? = x? + y? — xy, or [4z + (x + v)}? = [2x + 20e + y)}? + [(8(x—y)}?. 
Now use the result of problem (a). 

Answer: x =F 1020 —b),y= = tale —a),z= = t(a? + b? — ab), 
where a and 6 are relatively prime ra b< 2a), and at least one 
of the numbers ¢ or a + 3 is divisible by 3; otherwise, ¢ is arbitrary. 

(c) The solution is analogous to that of problem (b). 

Answer: x = ta(a — 26), vy = th(2a — b),2z = ta’? + 6? — ab), where a 
and 6 are relatively prime (a > 26), and at least one of the numbers 
t or a+ 6 is divisible by 3. 

129. Begin with the formulas iB. = sinnA | x _ sin(n + DAR ingle 

a sin A @ sin A 
B=nA), where » = 2,5, or 6. The right members of these equations 
can be expressed in terms of 2 cos A; use the fact that 2cos A is 
rational. 

Answers: (a) a=4, b6=6, c=5. (b) a@=1024, 6=1220, c= 
231. (c) a= 46,656, 6 = 72,930, c¢ = 30,421. 

130. Use the results of problem 128 (a) to show that if x‘+y!=2?, 
where x, y, and z are natural numbers, then there must exist positive 
integers x,, 1,21, where z, <z, such that x{ + yi= zi. But this al- 
lows us to prove the impossible equation x‘ + y4 =1, where x and y 
are positive integers. 

131. Multiply both sides of the equation by 2!(factorial ; see 
note to problem 28). 


1 i ee 
2. @ 1-2. o4[5-—+ 5]. 


171 1 
(©) $|4- n(n — 1)(n — 5 | : 


133. Use mathematical induction. 


134. (a) mn Een) (b) me 1)? . 
(c) et Gn fee ab : (d) n(2n? a 1) 


135. Transfer the 1 to the left side. 
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136. (a) (n+1)!—1. (b) Chien — 1. 





137. Use the fact that —— logad . 
log.a 

133. + —., 

AA": “An 
3 1 sin 2"+!q@ 

ay 2 (2 ge” =) : (b) 2*+! sina * 

140. 31. 
: : 2 4 6 98 

141. (a) Compare the given product with Sia ha Me aT or 


square the given inequalities. 
(b) Prove by mathematical induction that 


142. Use the inequalities of problem 141 (a). 


143. 99" + 100" exceeds 101" if #2 < 48 and is less than 101” if 
n> 48. 


144. 300! 
145. Prove, first, that for any positive integer kin 
1+2s(1 +7) 1 +242. 
146-147. Use the results of problem 145. 
148. Use mathematical induction. 
149. Use the binomial theorem. 
150. Use mathematical induction. 
151. Use the inequalities 
(R+1x*(x—-—1) > xtt!-1>(R+)D)(«e-1), 


from which it is possible to derive the following result for all posi- 
tive integers p: 


(p + 1)*+} = p*! > (Rk + 1)p* > pe —_— (p 2 1)FH : 
152. These inequalities may be obtained by using ‘‘majorizing 
series’’—that is, by replacing terms by larger (or, respectively, smal- 


ler) terms, and possibly using convenient new groupings, and com- 
paring the sums of the new series with the bounding values. 
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153. Prove first that 
ot _ 1 — a 
2Vn +1 -2Vn <p < 20 —2V/n—-1. 


Answers: (a) 1998. (b) 1800. 
154. First show that 


+ (Yar ~ Vi) <p < FY K YR—DF}. 


Answer: 14,996. 


155. (a) 0.105. 
(b) Use the fact that 


1 1 1 1 1/9 10 11 999 
jot in tart + joer <9 Gort rt ar #7 + Goon!) 
Answer: 0.00000029. 

156. Use the result of problem 152 (a). 

157. First determine the sum of the undeleted terms between 


Lund 


Tor ONS Joe: 


158. (a) Solve ina manner analogous to that used for problem 156. 
(b) Use the result of problem 132a). 


159. Prove that for all integers k and primes p = 2 





1 1 1 1 2 log 3 
ee alate ee es 
_ pp p pe p 
Using this result, deduce that 
| (1 eee ree ee +7) 
o8 Bier 3 4 n—-1 n 


| are | 1 
s2log3(p+at+y+ ee +7), 


where p; is the greatest prime between 1 and 2. 
160. 9. 
161. If @a+b64+c=0, then0=(+b+4+c%=@84654 c?— 3abe. 


162. (a) a +63 + c?— 3abe = (a +604 c)(a® +b? + c? — ab—ac — be). 
(b) (a+b4+ch-—@-B—cC=3(a4+ d(a+cj(b+c). 
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163. Use the result of problem 162 (a). 


164. Use the result of problem 162 (b). 
$)\3 __ 
165. Use the facts that a°+a5>4+1= ae 
(a5)> — 1, 
Answer: a +aQ4+1=(@4+a+1)(—-—a’it+a—a'+a—a +). 


166. Prove that the difference (+999 + x89 + +--+ x!!! 4 1) — (49+ 
xe+--+-+ x41) is divisible by °+ 2°+---+x+4+1. 


, and that @§—1l= 


a+b, a—-bV3.,, a+b a-bY3.- 
2 ee ae 2 =o 


where a = * 44 /¢ pt ne 4_/@ bp 
V4 4° 27° 2 4° 27° 


168. Square to eliminate radicals and solve the resulting equation 
for x in terms of a. 
Answer: 


167. x, = -—a-—b,x,= 





169. Use the fact that if x* + 2ax + = = y, then 


ST a+y—ag: 


and investigate the graphs of the functions y = x? + 2ax + « and 
1 
M=-at / 2 -_-—. 
1 a+x 16 


Answer: x,.= As /(; “3 a : 





170. (a) Prove that, necessarily, 3x = x? 
Answer: x, = 3,x,=0. 





(b) Prove that, necessarily, 1 
l+x 
x= 14V5 XX, = ened : 


Answer: 
2 
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171. The roots of the equation are all the numbers between 5 and 
10 (5s x < 10). 

172. The roots are —2 and all numbers not less than 2 (x = —2 
and x 2 2). 

173. For a= <1, the system has three solutions; if a=+V 2, 
the system has two solutions. 


174. (a) If a=—1, the system has no solutions; if @=1, the 
system has an infinite number of solutions. 
(b) If @ = +1, the system has an infinite number of solutions. 
(c) If a@=1, the system has infinitely many solutions; if a= 
—2, there are no solutions. 


175. For the system to have solutions it is necessary that three 
of the four numbers a, @2, a3, a, be equal to each other. If a,=a,.= 


a a 
a, =a, and a, = 8, then x, = x2 = 3 =p and x, =«(8-+). 


176. The only real solution is x=1,y=1,z=0. 


177. (a) The number of real roots of the equation is the number 


of points of intersection of the straight line y = am and the curve 


y=sinx. 
Answer: 63 roots. 
(b) The number of points at which y=sinx and y = logx 
will meet is 3. 


178. That x: + x? is a whole number can be shown by mathema- 
tical induction. Show, further, that if x? + x is divisible by 5, then 
also xt °+ xz ° is divisible by 5. 


179. The square of the first polynomial cannot contain the same 
number of positive and negative terms which are products a,a;, but 
the second polynomial can. 


180. Use mathematical induction; investigate separately the even 
and odd cases. 


181. If 99,999 + 111,111¥3 =(A+ BY 3), then 
99,999 — 111,111’ 3 =(A—BY 3). 


182. Prove that if “2 =p4+q)/r, then 2 would have to be 
rational. 
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183. The second number is the larger. 
_ ata,te:- tan 
7 n ‘ 
185. (a) Qi, G2, G4, Qs. 
(b) Prove that if a;, and ai, are any two of the given num- 
bers (a < 8) and ai,_,, @ig,, are numbers standing in the desired posi- 
tions before a;, and after aj,, then 


184. 


(Gis = Gi) (Gy = Bigg) SO 


Answer: Qy, G2, Qs, Ag ++ *) An—2y Any An—1) An—3) Ans, ***, 45,43 if n is 
even, @1, G2, Qs, Ge, *°*, An-1, Any Un-2, An-4, °° °, Asy As, if nt is odd. 


186. (a) Investigate in the plane the broken line A,A,A2--- An 


such that the projections of A,A.:, A,;A2,-+:, An-1An on the x-axis 

are, respectively, equal to a, dz, °-:,@,, and on the y-axis are, res- 

pectively, equal to b,,52,-+-,b,. The equality holds if rs = is = 
1 2 


ai a 
rie, 
(b) Use the inequality of problem 186 (a). 

187. For even », the problem can be solved geometrically, in a 
manner analogous to that used for problem 186 (a). The case in 
which » is odd can be reduced to the case for even x. The equality 
holds, for even n, if a4, =l—a,=ad;=1—Q,=:°+=Q,-1=1— 4a, 


and for odd x, only if a4, =a, =---=a,= +. 


188. Square both sides of the inequality. 
189. For all x, cos sinx exceeds sin cos x. 


190. (a) If log, x =a and log,z = 4, then 2/%+"/» = 10. 
(b) If log,x =a and log,2 = b, then b= =. 


191. (a) Use the facts that for every angle x in the first quadrant 
six x <x, cosx <1. 
(b) Use the fact that for every angle x in the first quadrant 
tan x > x. 


192. Employ the geometric construction of the tangent concept as 
the ratio of two line segments on the ‘‘trigonometric circle’’; also, 
there is a construction in which the tangent is the doubled area of 
a certain triangle. 


193. arc sin [cos(arc sin x)] + arc cos [sin (arc cos x)} = = 
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194. Substitute for x, in cos 32x + a3,cos3lx +---+ a,cosx, the 
angle x + z, and add the resulting expression to the original] expres- 
sion. 


195. Calculate, successively, 


2sin a,°45° , 


2sin (a + a) 45° 


; Aid, , AiG2A3\ jro 
2 sin (a + ids 4, Sates ) 48 


Cr 


2 si Gide aes) 48° 
sin(a + 9 eS ee Ona 


using the formula 
2 sin oS =+1Y/2—2cosa. 
196. 1. 


197. Use the fact that the given polynomials have the same coef- 
ficients for x?° as does (1 + x2+ 2°)! and (1—x?—x°)!°, respectively. 


198. Employ the identity (4+ d)(a@—b)=a@ — 0. 


1001! 
199. (a) Ch 


101 = 501951! ° 
51,050- 1001! 
(b) 1000 Cron — Cion = “Eorgsor 


200. Designate the given expression by 7. 


Wy = (y-1 — 2). 


Answer: a 
201. (a) 6. (b) 6x. 
202. —x+3. 


203. Use the fact that the polynomial x‘ + x? + 2x2 + x +1 divides 
the binomial x? — 1. 
Answer: 1. 


204. (a) x4— 10x22 +1=0. 
(b) x® — 6x1 — 6x3 + 12x? — 36x +1=0. 


205. Transform the expression (a — r)(8 -- r)(a + 6)(8 + 6), using 
the facts that a+ P=—p,eaB=1;71,+¢0=—q,76=1. 
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206. @?+q@— pP\Q+q) + qP? + Op — 2Q¢. 
207. a@a=1, a= —-2. 
208. a=8,a = 12. 


209. b=1,c=2,a=3;6 = -1,c =—2,a = —3;b=2,c =—la=l; 
b=1,c= -2,a=-1. 


210. (a) Never. 
(b) Only if » = 2,a.=a, +2 and” =4,a, = a,—-1,a; = a,4+1, 
a,=a,4+2. 


211. Use the fact that if 
(x — ai)*(x — az)*+ +(x — an)? + 1 = Plx)g(x), 
then p(x) and q(x), as well as (x — a,)\(x — a2)*+ +(x — an)? +1, will 


not vanish (become zero) for any x, and therefore cannot change 
sign. For the rest, the solution is similar to that of problem 210 (a). 


212. Use the fact that 14—7=7 cannot be factored in integers. 


213. If a polynomial is expressible as a product of two polynomial 
factors with integral coefficients, then for those values of x for which 
the polynomial takes on value 1 the factors also have value =1. 
Also use the fact that a third-degree polynomial cannot take on the 
same value for more than three values of x. 


214. If p and q are distinct integers, then P(~) — P(q) is divisible 
by p— 4. 
215. Prove that if P(+ <<: then bp =" and FS Gi S41, 


216. (a) Equate coefficients of like powers of x from both mem- 
bers of the equation 


(dy + ayx + doxt +o+ ++ agx") (bp + Bix + box? +e ++ + bm X™) 
= Co teCyx + Cox? +--+ Caamx"'™ 


and use the resulting relations to show that if the polynomial is fact- 
ored into the product of two polynomial factors, then all the coeff- 
cients of one of these factors must be even (but this is impossible 
because the leading coefficient—the coefficient of the greatest power 
of x—of the first polynomial is 1). 

(b) Make the substitutions x = y + 1 and then, as in part (a), show 
that if the new polynomial is factored into two polynomial factors, 
all the coefficients of one of these factors are divisible by the prime 
number 251. 
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217. Use the same formula as in problem 216 (a) (see the hint to 
that problem). 


218. Prove that (2), where i is in lowest terms, cannot be 


an integer. 


219. Let P(N) = M; prove that P(N + kM) — P(N) is divisible by 
M for all k. 


220. Represent the polynomial P(x), which takes on integral values 
for integral x, in the form of asum P(x)=boP (x) +6, P,(x) ++ ++ +baPa(X), 
where the coefficients 6), b,---,6, are to be determined, and find 
these coefficients by successively substituting in the latter equation 
x=0,1,2,---,n. 


221. (a) See the hint to problem 220. 
(b) Make the substitution y = x — k. 
(c) Investigate the polynomial Q(x) = P(x?). 


222. Use De Moivre’s formula. 

223. Use the results of problem 222 (b). 

224. If x +— =2c0s4, then x = cosa +isina. 
225. Use De Moivre’s formula. 


226. Use the result of problem 225. 
Answer: cos’a + cos?2a +---+ cos?za 


n—1 sin(u+ Dacos na 
= 
2 2sina 


sin’a + sin?2a@ +---+ sin’va@ 
nti sin (” + l)a cos na 
at ao 2sina : 


227. Use De Moivre’s formula and Newton’s binomial theorem. 
Answer: The given expressions are, respectively, equal to 


n+2 n+2 
tie Ga 


2 





a a. 
2” £085. cos a, and 2*cos” > Sin 


228. Use the identity sin Asin B= + [cos (A — B) — cos(A + B)] 
and the result of problem 225. 


229. Investigate the roots of the equation x**'!—1=0, 
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230. Use the formulas of problem 222 (b). 


231. Use the result of problem 230 (b). 
n(2n — 1) 2n(n + 1) 
ee amare (b) saat 
232. Use the result of problem 230 (a). 
Answer: (a) a and ae . 

1 


(b) J and YU. 


Answer: (a) 





233. Use the fact that if a is an angle in the first quadrant, then 
Sina<ac<tana. 


234. (a,b) Use the formula of problem 225. 
(c) Use the result of problem (b). 


235. (a) Use the proposition of problem 234 (a). 
(b) Use the formula of problem 225. 


236. (a) Use the proposition of problem 234 (a). 
(b) See the hint to problem 235 (b). 
(c) Use the result of problem 232 (a). 


237. Use De Moivre’s formula, representing sin®*°@ in the form 
of a sum of cosines of angles (multiples of a) with suitable coeffi- 
cients. 

5000- 50! 


Answer: 5000 CR = “5p FR 


238. Use the fact that 2cos A = 


is, for any ”, a polynomial of degree » in 2 cos A; also use the 
theorem of problem 218. 


Z. 2 __ 2 
{ook alee rational, and 2coszA 


239. (a) In the second formula of problem 222 (b) substitute @ = 


Miso cab So hee PE —., 
n pb 2) 


(b) If 0 = ae then (1 +itan 6)" = (1 —itan 6)". 


Putting here tan é = = p #q, leads to an impossible equality. 


240. Use the fact that if @ is not divisible by p, then the numbers 
a, 2a, 3a,---,(f— 1a all yield different remainders when divided 
by p. 


241. Use the fact that if k, k:,---,R, are integers less than N, 
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and are relatively prime to N, then the integers k.a, ka, ---, kr@ yield 
different remainders when divided by N. 


242. Use mathematical induction. 
243. Use Euler’s theorem (problem 241). 


244. Prove by induction that, no matter what the integer N is, 
there exists a power of 2 whose last N digits are all ones or twos. 
To prove this, use Euler’s theorem (problem 241) and the proposition 
of problem 242. 


245. See the hint to problem 240. 


246. Use Wilson’s theorem (problem 245). The conditions of the 
problem are satisfied by the number x = Gaul 

247. (a) Show that the product (a? + b?)(aj + 6;) can be represented 
as the sum of the squares of two polynomials. 

(b) Prove that if the product mp, where p is a prime number, 
and m is not 1 and is less than ~, can be represented as a sum of 
squares of two integers, then m can be reduced by some factor. That 
is, a number # < m can be found such that mp also can be repre- 
sented as a sum of squares of two integers. Also, use the proposition 
of problem 246. 

(c) Use the results of parts (a) and (b) and the proposition 
given in the hint to part (b). 


248. Prove that for every odd prime number p it is possible to 
find two numbers x and ¥, each less thanZ, such that x? and —y?—1 


yield the same remainder upon division by /. 
249. (a) Show that the product 
(xt + x2 + x5 + x4)(yi + y2 + ys + 9) 
can be represented as a sum of squares of four polynomials. 
(b) The solution is similar to that of problem 247 (see the 
hint to that problem). Instead of using the proposition of problem 
246 in that solution, we must use that of problem 248. 


250. Investigate what remainders can be obtained when the sum 
of three squares is divided by 8. 


251. First, show that if a number is representable as the sum of 
four squares of integers, then six times its square can be represent- 
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ed as the sum of twelve fourth powers of integers. Further, use 
the fact that every integer yields a remainder of at most 5 when 
divided by 6, and apply twice the theorem of problem 249 (b). 


252. The idea of the solution is as follows. It is necessary to 
find some solution in positive rational numbers for the equation 


P+y¥+2=a, 


where a is a given rational number. We have here one equation and 
three unknowns. If we assume that two of these unknowns are 
functionally related in some way, then the equation may be greatly 
simplified—for example, if we let y = —z, then we have simply x*=a. 
From the simplified equation it is sometimes possible to express one 
of the unknowns in terms of a; in this instance, for example, we 
obtained x = ¥%/a. Here x is irrational, which will generally be the 
case with such a procedure. We must try to find a functional de- 
pendence between two of the unknowns such that the third unknown 
comes out of the simplified equation with rational value (without the 
radical). If this can be done, it remains only to find suitable rational 
solutions for the two other unknowns, and these are related by the 
function which was set up between them. To do this, it is conveni- 
ent to change the unknowns x, y, and z to new unknowns. For the 
determination of the new variables, it is useful to begin with the 
identity of problem 162 (5). 


253. Let ~:, Po2,---,Px be m primes. Find an integer not divisible 
by any of these primes and larger than any of them. 


254. (a) Let p~i, po, --:, Pa be m primes of form 4k — 1 (or 6k — 1). 
Find an integer of form 4” — 1 (or 6” — 1) which is not divisible by 
any of the primes fi, f:,---,, and is larger than any of them. 

(b) The idea of the solution is somewhat similar to that of 
problem (a). The proof involves the result of problem 247 (c). 
(c) The proof is quite similar to that of problem (a). 


ae a (See Section 11.) 





255. Apply the inequality Vab < 


2 2 2 
256. Use the inequality is) < one (See Section 11.) 
257. Use the inequality of the hint to problem 255. 
258. See the hints to problems 255 and 256. 


259. See the hint to problem 255. 
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260. See the hint to problem 255. 
Answer: x= Wajb. 


261. See the hint to problem 255. 


262. (a) Apply the expressions for the arithmetic, geometric, and 
harmonic means to the numbers. (See Section 11.) 
(b) This follows from part (a). 


263. Use the result of problem 162 (a). 
264. Apply the inequality of problem 263. 
265. Apply the inequality of problem 263. 


a 
Answer. x=y=z2=—. 


3 
266. Use the inequality of problem 263. 


267. Apply the inequality of the hint to problem 255 (m times). 


268. First Proof. Prove that if the proposition holds for +1 
numbers, then it is valid also for x numbers; further, use the result 
of problem 267. 

Second Proof. Use mathematical induction, using the fact that if 
Qn+1 iS the greatest of the m+ 1 numbers 4d, @, ---, @aii1, then 


GQ, + Qe +++-4+4, 
Sa a a Z 


Ant 2 


Third Proof. Prove, by mathematical induction, that 
by + br +--++b; = nbibo-+-bn 


is equivalent to the theorem of the arithmetic and geometric means. 
(See Section 11.) 


269. Use the theorem of the arithmetic and geometric means (pro- 
blem 268). 


270. See the hint to problem 269. 

271. Use the inequality of problem 268. 

272. Use problems 268 and 270. 

273-275. Use inequality of problem 268. 

276. Put the left side of the inequality into the form 
(ager 1422") .. .myt/an 
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277-278. Use the inequality of problem 268. 
Answer: To problem 278: If x =0. 


279. Use the proposition of problem 269 (a). 


280. See the hint to problem 279. 


Qa 
Answer: b= 3" 


281. (a) Proof is similar to that of the theorem of arithmetic and 
geometric means (problem 268). 
(b) For 2=2 the inequality is proven by induction. The 
proof is analogous to the solution of problem (a). 


282. Apply the theorem of arithmetic and geometric means (pro- 
blem 268). 


283. For rational “Ai the problem reduces to the theorem of ari- 
thmetic and geometric means (problem 268). If 2 iS an irrational 


number then a limiting process is required. 


284. Use the theorem of the power means (problem 283). 
Answers: (a) 12, 24. (b) 18/%6,316. 


285. Use mathematical induction. 
286. Use the result of the preceding problem. 


287. Apply the theorem of symmetric means (problem 286). 
Answer: 8, 16. 


288. Use the theorem of symmetric means. 
Answer: (a) V3. Oe 
289. First Proof. Use the inequality 
(xa, + b,)? + (xa. + be +--+ + (xa, +b, 20, 
which holds for all real numbers x, and in particular if 


-_ a,b, + Arb, tees +t nbn 
ait+az+-+-+a, 


Second proof. Write 


a,=- 4 
a A’ 
b= 3 @ = 1,2, - me 
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where 
A=Vait---+ai, 
B=VO4- +8, 
and use the obvious inequality 
a:b: S ai + =i C212. en yn) 


Prove, first, that 


Gib, +--+ +Gnb, <1. 
Third Proof. Use mathematical induction. 
Fourth Proof. Prove, first, the equality 


(2, 0t)(3, 8) — (Bad) = 2B Blood — adr 


290. Use the Cauchy-Buniakowski inequality on the two sets 

Vai, Vary) Van 

and 
Ss, fle sie 
ay a, an 

291. Substitute into the Cauchy-Buniakowski inequality 

Op: = by Ss Shy 1s 
292. 


Use the Cauchy-Buniakowski inequality. 


293. Substitute into the Cauchy-Buniakowski inequality 
A) =X, + V1, Ay =X. = No + Yo, ++, An = Xn + Mn} 
Dj = 1, Oe = Me, <5 05 — 5 
and, 
Q, = X1 + M1, dg = X2 + Yo, + °°, An = Xn t+ Ya; 
By = 94 eS Ves 5 On = Ves 
294-296. Use the Cauchy-Buniakowski inequality. 
297. Compare the given inequality with that of Cauchy-Buniakow- 
ski. 
298. 


Apply the Cauchy-Buniakowski inequality twice. 
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299. If the sequence of numbers a; is an increasing sequence, 
a, Sa, --+ Sa,, then the relationship being examined is maximal 
when the sequence of 05; is decreasing: 6, = b, 2---26,. Write 


2 2 2 
Qs; = aa, + Bian 
2 2 2 
bj = a:b; + Bids, 


and use inequalities (2), after problem 288, and (1) of Section 11. 


@=2,3,-+-,n—-—l 


300. Consider the difference 
mayb, + Aoby +++ + Anbn) — (ay + Ag + e+ t+ an) (Oi + bp +++-+0,) . 


301. Use the theorem of arithmetic and geometric means (problem 
268). 


302. See the hint to problem 301. 


303. First Solution. Use the inequality of problem 302. 
Second Solution. Use the inequality of problem 301. 


304. The solution is analogous to that of problem 302. 
305. Use the inequality of problem 304. 
306. Compare the given inequality with that of problem 304. 


307. Use the inequality of problem 304 and the theorem of arithme- 
tic and geometric means (problem 263). 


308. Use Hdlder’s inequality (problem 303). 


309. (a) Use the formula 


a* s b* — (a = b) (ak! + a*-*b + a*-3h2 + = fours, + ab*-2 + bk-!) : 
(b) Apply the result of problem (a). 


310. First calculate the greatest coefficient of the series wu,’ = 
b,n*-! + --- [see problem 309 (a)]. 

311. Use mathematical induction. 

312. See the hint to problem 311. 

313. Use the formula of problem 311 (a). 

314. Use the formula of problem 313. 


315. See the hint to problem 314. 


2 — 
Answer: lt +2*+ 3¢+---+tnt= pin ens en ee as ml Ly 


316. (a) Investigate the series 
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Ug = 1* + 2° + BF fee nt , 
and use the results of problems 309 (b) and 314. 

(b) Apply the result of problem 310 to the series wu, = 1* + 
2k + 3% +.-- +n, and to the series uw,” =(m +1). Using the formula 
of problem 313, determine the numbers of the (k — 1)st difference 
of the kth degree sequence. 


Answer: The coefficient of »**! is equal to =ak the coefficient 
1 


of m* is —. 
2 
317. Use the formula of problem 313. 
318. Construct an addition triangle for the numbers Cz, Ca, Ca,-+-, Cr. 
Answer: Cin. 
319. Investigate the addition triangle for the numbers of the se- 
e e 1 a @ eee a 
quence 1, poy Ga 


320. Prove that the difference triangle of the sequence 1, =, = 





as --- has the form 
n 
he thee» gale _ 
Co aC} 3C3 4C3 
ie ee 
2%; 3C, 402 
1 1 
3C2 4c) 
1 


